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Abstract

Let I(G) be a topological index of a graph G. If I(G +¢€) < I(G) (or I(G +
e) > I(G), respectively) for each edge e ¢ G, then I(G) decreases (or increases,
respectively) with addition of edges. The vertex bipartiteness of a graph is the
minimum number of vertices whose deletion from G results in a bipartite graph. In
this paper, we determine the extremal values of some monotonic topological indices
and characterize the corresponding extremal graphs among all graphs with a given
vertex bipartiteness.

1 Introduction

The structural invariants of a (molecular) graph are numerical parameters of a graph
which characterize its topology and are usually called topological indices in chemical
graph theory. They are the final results of a logical and mathematical procedure which
transforms chemical information encoded within a symbolic representation of a molecule
into a useful number or the result of some standardized experiment, and have been shown
to be useful in modeling many physicochemical properties in numerous QSAR and QSPR
studies [21]. Some of the most famous topological indices are based on the graph-distances
(the Wiener index, the Harary index, the Kirchhoff index, the detour index, etc.), the

edge contributions (the Randié¢ index, the Zagreb index, the Szeged index, the Pl-index,
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etc.) and a variety of quantities to describe the structure of graphs (the energy, the
matching energy, the Estrada index, the Hosoya index, the Merrifield-Simmons index,
etc.), respectively.

On the other hand, many important topological indices have the monotonicity, i.e.,
decrease (or increase, respectively) with addition of edges, including the Wiener index, the
Kirchhoff index, the Hosoya index, the matching energy, the Zagreb index, ete. In [2,38],
we determined the extremal values of some monotonic topological indices in all bipar-
tite graphs with a given matching number, and the extremal values of some monotonic
topological indices in terms of the number of cut vertices, or cut edges, or the vertex con-
nectivity, or edge connectivity, respectively. In [26], Liu and Pan obtained the minimum
Kirchhoff index among graphs with a fixed number of vertices and fixed vertex bipartite-
ness. In [32], Robbiano, Morales and San provided an upper bound of the spectral radius
and signless Laplacian spectral radius in terms of the vertex bipartiteness of a graph.

Motivated from [2,26,32,38], we continue to study the mathematical properties of the
monotonic topological indices and concentrate on the extremal values of some monotonic

topological indices with a given vertex bipartiteness.

2 Basic properties

Throughout this paper we consider only simple and connected graphs. First, we consider
the effect of edge addition (or deletion) on topological indices.

Let I(G) be a topological index of a graph G. If I(G +e¢) < I(G) (or I(G+e) > I(G),
respectively) for each edge e € G, then I(G) decreases (or increases, respectively) with
addition of edges.

For example, the Wiener index and the Merrifield-Simmons index decrease with addi-
tion of edges, the spectral radius, the first and second Zagreb indices, the Hosoya index
and the matching energy increase with addition of edges.

In this section, we discuss the property of graphs with the minimum or maximum
topological indices decrease or increase with addition of edges among all graphs with a
given vertex bipartiteness.

Let G = (V, F) be a graph with vertex set V = V(@) and edge set E = F(G). For a
vertex v € V(G), denote by Ng(v) the neighborhood of v in G and by dg(v) = |Ng(v)|
the degree of v in G.

A bipartite graph is a graph G whose vertex set can be divided into two disjoint set
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X, Y such that every edge has an end vertex in X and the other one in Y. The set (X,Y)
is called a bipartition of G. A complete bipartite graph K, is a bipartite graph with a
bipartition (X,Y"), where |X| = s and |Y'| = ¢ and such that each vertex in X is joined
to each vertex in Y.

The distance dg(u,v) between vertices v and v in G is the length of any shortest path
in G connecting u and v. The eccentricity £(v) of a vertex v is the maximum distance
from v to any other vertex. When the graph is clear from the context, we will omit the
subscript G from the notation.

The vertex-disjoint union of the graphs G and H is denoted by G U H. The join
of the graphs G and H is the graph G V H such that V(G V H) = V(G) UV (H) and
E(GVH)=EG)UEH)U{uw :ue V(G) and v € V(H)}. Let K,, be the complete
graph with n vertices. For S C V(G), let G — S be the graph formed from G by deleting
the vertices in S and the edges incident with them.

The minimum number of vertices whose deletion yields a bipartite graph from G is
called the vertex bipartiteness of G and it is denoted v,(G), see [7]. Let G, s be the set of
the graphs with n vertices and v,(G) < §, where 0 is a natural number such that § < n—2.

Recently, many literatures [24, 37] etc. have been involved in the research of the
extremal value for some topological indices in terms of some given parameters, such as, the
graphs (bipartite graphs) with given matching number, the graphs with given diameters,
the graphs with given connectivity, the graphs with given cut vertices (edges), etc.

In fact, all topological indices in these literatures above are monotonic, and the ex-
tremal graphs for these indices have some common structural characteristics over all
graphs with n vertices and a given parameter [2,38]. The following result shows a com-
mon structural characteristic of the extremal graphs for monotonic topological indices
over all graphs with n vertices and a vertex bipartiteness.

Proposition 1. Let G € G, 5. Then there are positive integers s and t such that s +t =
n—0 and

(i) I(G) > I(KsV Ks;) for the topological index I which decreases with addition of edges;
(1) I(G) < I(KsV Ks;) for the topological index I which increase with addition of edges.
Proof. Without loss of generality, we assume [ is a topological index which decreases
with addition of edges. Let Gy € G, s be a graph with the minimum value of I, i.e.,
I(Gy) < I(G) for any G € G, 5. Since Gy € G, 5, there are vy, vy, .. ., v € V(Go) (k <96)

such that Go\{v1,va,...,v;} is a bipartite graph with a bipartition (X,Y"). Let |[X| = s
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and |Y| =t. Hence s+t =n — k.

If Go\{v1,va,..., 04} # K, then there exist two vertices x € X and y € Y such
that x and y are not adjacent. By adding a new edge e = xy, we will get a new graph
Go+e € Gns, and I(Go + €) < I(Gy), a contradiction. So, Go\{v1,vs, ..., v} = K.

On the other hand, if there exist two vertices v;,v; € {v1, v, ..., v} such that v; and
v; are not adjacent, then we can also obtain a new graph Gy + v;v; € G, 5 by adding a
new edge v;v; into Gy, and I(Go + v;v;) < I(Gy), a contradiction again. This implies the
subgraph induced by {v1,va,..., v} is K. So, Gy = Ki V Ky .

Finally, we show that & = §. Assume the opposite, namely that ¥ < § — 1 and
s+t=n—k>n—-356+12>3. Thus s+t > 3, implying | X|=s>2or [Y]|=1¢>2.

Without loss of generality, we assume |Y| = ¢ > 2. By taking a vertex y from Y, and

adding all edges yv; into Kj V K, where v; € {v1,v2,...,0¢}, we obtain a new graph
Kiy1V Kgi1 € Gos and I(Kjp1 V K1) < I(Kg V Kyy), a contradiction. Therefore,
k=06 and Gy = K;V K. | |

3 Applications

In this section, using Proposition 1 above, we will give the extremal values of some

topological indices with vertex bipartiteness at most 9.

3.1 The extremal values of the Kirchhoff index and the number
of spanning trees over graphs with a given vertex bipartite-
ness

The Kirchhoff index was introduced by Klein and Randi¢ [23], defined as
Kf(G)= Z re(u,v)

{uv}CVv(G)

where rg(u,v) is the effective resistance between vertices u and v computed with Ohm’s
law when the edges of the graph are supposed to have unit resistances.

The following Lemmas 2, 3 and 4 are well known, see [15,27].
Lemma 2. Let G be a connected graph but not complete. Then, for each e ¢ E(G), we
have (i) [27] Kf(G +e) < Kf(G); (i) 7(G +e) > 7(G).

Let 7(G) denote the number of spanning trees of a connected graph G and 0 = y; <
po < -+ < u, the Laplacian eigenvalues of G. There are famous relationships between

the Laplacian eigenvalues, K f(G) and 7(G).
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Lemma 3. [15] Let G be a connected graph of order n. Then Kf(G) = n)_ i and
i=2""
7(G) = % 1T i, where 0 = py < po < -+ <, are the Laplacian eigenvalues of G.
i=2

Lemma 4. [29] If 0 = oy < ap < --- < a5 are the Laplacian eigenvalues of Gy and 0 =
b1 < By < --- < By are the Laplacian eigenvalues of Ga, then the Laplacian eigenvalues
of Gy V Gy are O, +t, -+ o, +t,Pa+ 5, , B+ 8,5+ L.

Note that the Laplacian eigenvalues of the complete Ks are 0,9, --- ,d, by Lemma 4,
the Laplacian eigenvalues of K = K¢V Ky are0,s, - ,s,t,--- ,t,s+t, and the Laplacian
eigenvalues of K5V K, are 0,6 +s+¢,--- ,0+s+t,s+6,--- ,s+0,t+6,--- ,t+6,s+t+
8,5 +t+06. So, Kf(KsVEe) = (0+s+1)(Gmm X0+ D)+ 5 x -1+ g5 x(s—1)) =
§+s+t—1+ LD 4 D and 7(K; V Kyy) = (§+ s+ 1)%(s +8)(t+6)*.

Lemma 5. Let G = K;V Ky and G' = K5V Kg1421. If s <t —2, then (i) Kf(G') <
Kf(G) and (ii) 7(G") > 7(G).

Proof. Since Kf(KsV Ks;) =d+s+t—1+ 14:51 + “t;; we have

, t—1Dt—2) s(s+1) -t s*—s
KA@) = KHG) =05 Yioi56 550 1390
(s+13+ (=12 —(s+1)2>—(t—124+((s+1)*+(t—1)2—s—1t)§
(s+1+0)(t—1+0)
S+ -4 (PP —s—1)
(s+0)(t+0)
_ (s+124+(t—12—(s+1)2=(t =12+ ((s+1)2+(t—1)2—5—1)
(s+1+06)(t—1+9)
S+ -2+ (8P +12—s5—1)8
(s+1+06)(t—1+09)
32 =32+ s+t —2+ (25 — 2t +2)6

- Grilto)(—1+0) <0

and
(G) (s+ 1482t —1+06)*
(G) ~ (s+0)(t+0) 1
:(s+1+6)“’ (8+1+5)t—s—1(t—1+6)5 1

t+46 s+ (s +g)t—s-1

sH1+0 =140\ (t—1+0\ (s+1+35\ "
= — X >1
t+0 s46 s+0 s+0
Thus, K f(G') < Kf(G) <0 and 7(G") > 7(G). |

The following result shows the extremal values and the corresponding extremal graphs

of the Kirchhoff index and the number of spanning trees over graphs with a given vertex

bipartiteness.
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Theorem 6. Let G € G, 5, 1 <6 <n—2. Then

§+ 1+ 2ot g ) iy — 5 ds odd
6+1+%, ifn—0 is even

(1) [26] Kf(G) > {

with equality if and only if G =2 K5 V KL%M%T

n’ (%(H) "= (#)%H if n— 9 is odd,

nd ("TM)THP , if n— 0§ is even

(i) 7(G) < {
with equality if and only if G = K5V K|ns) n=sy.

Proof. (i) It is easy to see that

n(n—38-3)

§+1+ 4 20D e — § s odd;
Kf(KsV K ns) fosq) = oy T ’
FEsV K sy racsy) { 414 e if n— & is even

Let G be a graph with the minimum Kirchhoff index among all graphs with n vertices
and vertex bipartiteness at most 6. By Lemma 2 and Proposition 1, there are positive
integers s and ¢, such that s+t =n — 0 and G = K; V K,;. From Lemma 5, we have
[t—s|<1,and G 2 KsV K| ns| n_sq.

1222105
(ii) It can be proved by the same way as in (i). |

3.2 The extremal value of the modified-Wiener index over
graphs with a given vertex bipartiteness

The modified-Wiener index [11] is defined as

WG = > da(u,v)

{u0}CV(G)
where A # 0 is a real number, and in particular, W, (G) is the Wiener index [18] and the
Harary index [20,31] for A = 1 and A = —1, respectively.
The following lemma is the direct consequence of the definitions of the Modified-Wiener

index.

Lemma 7. Let G be a connected graph but not complete. Then, for each e ¢ E(G), we
have (1) Wi(G + ¢) < WA(G) for A > 0; (it) WA(G + €) > Wi(G) for A < 0.

Lemma 8. Let G = K;V Ky and G' = K5V Kyy14-1. If s <t —2, then (i) WA(G') <
WA(G) for A > 0; (i) WA(G') > WA(G) for A < 0.
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Proof. By the definition of the modified-Wiener index, we have

WA(GY) — WA(G) =2 (5(5; R 2)) (st 1)

=(1-2Y(t—-s—1).

Thus, Wy (G') — W(G) < 0 for A > 0 and W, (G") — W(G) > 0 for A < 0. | |
The following result shows the extremal values and the corresponding extremal graphs

of the modified-Wiener index over graphs with a given vertex bipartiteness.

Theorem 9. Let G € G, 5, 1 <6 <n—2. Then

(i) For A > 0,

WA(G) > 1[n? 4362 —26n — 26 — 1+ 236 — 2n — dn+n® +1)], ifn—§ is odd;
A= 1n?+38% 46+ 22 (n—d)(n— 6 — 2)], if n— 9 is even

with equality if and only if G = K5 V KL%M%T

(i1) For A <0,

(@) < Hn? +36% —26n — 26 — 1+ 2)(36 — 2n — on+n® +1)], if n— 4 is odd;

A= 1n?+38% 46+ 22 (n—d)(n— 6 — 2)], if n— 4 is even

with equality if and only if G = K5 V KL%M%T

Proof. It is easy to see that

VV)\(Kg\/K@ n—s ) =
%520, 07320
1[n? +30% —20n — 26 — 1+ 236 — 2n — dn+n® + 1)], if n— 4 is odd;
1[n? 4+ 302 — 40 + 2X(n — 6)(n — 6 — 2)], if n— 4 is even
Let G be a graph with the maximum modified-Wiener index for A < 0 (or, the min-
imum modified-Wiener index for A > 0, respectively) among all graphs with n vertices
and vertex bipartiteness at most §. By Lemma 7 and Proposition 1, there are positive
integers s and ¢, such that s+t =n — 0 and G = K; V K,,;. From Lemma 8, we have
[t —s| <1, ‘(IIlngK(;VKL%A’J?’-%T |
In addition, the extremal values and the corresponding extremal graphs of the hyper-
Wiener index [37] and the multiplicative Wiener index [13,14] for graphs with n vertices

and vertex bipartiteness at most d, can also be obtained similarly.
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3.3 The extremal values of the Zagreb indices over graphs with
a given vertex bipartiteness

One of the oldest graph invariants is the well-known Zagreb indices introduced by Gut-
man and Trinajestié¢ [17], where Gutman and Trinajst¢ examined the dependence of total
m-electron energy on molecular structure, and it was elaborated in [16]. For a (molec-
ular) graph G, the first Zagreb index M;(G) and the second Zagreb index Ms(G) are,

respectively, defined as follows:

M(G)= > (de(u) +da(v) = Y de(u)® and My(G)= > dg(u)-da(v)

weE(Q) ueV(G) weE(G)
Two fairly new indices [35,36] with higher prediction ability than their classical ver-
sions, named the multiplicative Zagreb indices [12], are given by
H dg(u)? and TI(G H de(u) - dg(v) H dg(v) ’iC(U)
ueV(G) uwveE(G) veV(G)
Some recent results on the Zagreb indices can be found in [4,5,7, 34].

The following lemma is the direct consequence of the definition.

Lemma 10. Let G be a connected graph but not complete. Then, for each e ¢ E(G),
we have (i) My(G + e) > Mi(G) and My(G + €) > My(G); (it) II, (G + €) > I1(G) and
IL(G + e) > II1(G).
Lemma 11. Let G = K5V K,y and G' = K5V Kop1-1. If s <t —2, then (i) My(G') >
Mi(G) and Ms(G') > My(G); (i) II;(G') > I11(G) and lx(G') > Is(G).
Proof. (i) By the definition of the Zagreb indices, we have
M(G) = My(G)=(s+1)(6+t =1+ (¢t —1)(F+s+1)> —s(5+1)> —¢t(0 +5)°
=(t—s—1)(40+s+t)>0
and
My (G') — My(G)
=@0+t-D@+s+Ds+DE—1D)+n—-1)0+s+1)d(t—1)
+(n=1)0+t—-1)0(s+1)— (0 +t)(d+ s)st — (n—1)(d + s)0t — (n — 1)(6 + t)ds
=[(0+t—1)0+s+1)(s+1)(t—1)— (6 +1)(6+ s)st]
+on -0 +s+L)(t-1)+@0+t—=1)(s+1)— (6 +s)t — (6 +1)s]
>[0+t—1)0+s+1)—(0+t)(0+9)]st+25(n—1)(t—s—1)
=({t—s—1)st+26(n—1)(t—s—1)>0.
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(i) For the multiplicative Zagreb indices, we have
(G (§+t—1)2+D(§5 4 54 1)20-D

1, (G) (6+1)%5(0 + )2
(et I\ (s 1\ o+t —1)\°
S\ 0+t §+s S+s+1

>((6+t—1)(6+s+1))2s>1

(§+1)(6 +s)
and
(G (6 + 54 1)OFsTDE=D(§ 4 — 1)6+=D(s+1)
(G) (6 + 5)@+E(§ + £)(0+Ds
_(0+s+1 G+t 754y 1\ O+Ds (641 — 1)p+-s1
= 0+ s O+t (64 s+ 1)5s—t+1
s+ 1\ o bt I\ (@ s+ DEHE- DO
0+ s 0+t (0 +s)(0+1) :
Thus, the proof is complete. -

The following results show the extremal values and the corresponding extremal graphs
of the Zagreb indices over graphs with a given vertex bipartiteness. They can be proved

by Lemma 10, Proposition 1 and Lemma 11, similar to the proof of Theorem 9.

Theorem 12. Let G € Gn5, 1 <5 <n—2. Then

(i)
8(n —1)°+ 1(n® + 60> — 6*n —n — 6% — 30), if n— 6 is odd;
M(@) < { 6(n —1)% + 1(n® 4 6n* — §°n — 6%), if n— 0 is even
and
%5(5_1)(”—£)Z+$[((n+5)2—1)((n—6)2—1) _ _
My(G) < +46(n — 1)(2n? — 26% — 2)], if n— 8 is odd;

106 —1)(n— 1)+ £(n? — 6%)(n? — 6% + 86n — 86), if n— 4 is even

with equality if and only if G =2 K5V KLnTﬂs”nTﬂsw.

(ii)
L,(G) < 220=m(n — DX(n+ 5+ )" Hn+6—1)"H ifn—§ is odd
)= 2207 (n — 1)%(n, + §)2(=9), if n— 4 is even
and
(n — 1)5-D) (n+§—1)%(”2*52+25*1) (n+5+1)%(”2*52*25*1> ifn— 6 is odd:
I(G) < 2 1l 2 T '
(n —1)°=1) (2£2) 2?5 , if n— 48 is even

with equality if and only if G = K5V KL%H"T"’W‘
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3.4 The extremal values of the connective eccentricity index,
the eccentric distance sum index and the adjacent eccentric
distance sum index over graphs with a given vertex bipar-
titeness

The connective eccentricity index (CEI) [9] of a graph G is defined as

. - 1 1 B dg(v)
C@= 3 (56(’[t)+ G(U))i 2 £6(v)

weE(G) © veV(G)

where £¢(v) is the eccentricity of v in G.

The eccentricity distance sum (EDS) [10] of a graph G is defined as

¢@= Y (el +ec(v)duv) = Y e6v)- Dalv)
{u,v}eV(G) veV(G)

where Dg(v) = Y. dg(u,v).

As a novel topological descriptor, the adjacent eccentric distance sum index was put
forward by Sardana and Madan [33], which is defined to be

v ea(v) - Dg(v

e dc(v)

Since the degree of some vertices will increase, the distance sum Dg(v) of at least
vertex v € V(G) will decrease and the eccentricity ¢ will not increase by adding new

edges in a graph G, we can get the following result.

Lemma 13. Let G be a connected graph but not complete. Then, for each e ¢ E(G), we
have (i) £(G + €) > £(G); (ii) £1(G + ) < £4(G); (iii) (G + e) < £(G).

Lemma 14. Let G = K;V Ky; and G' = K5V Koy 1. If s <t —2, then (i) £(G') >
£4(G); (i) §1(G") < §4(G); (i) £ (G") < £7(G).

Proof. (i) By the definition of the connective eccentricity index, we have

EGQ(G,)%CE(G):(5+t—21)(s+1)+(5+s+21)(t—1) B (5+2t)37(5+25)t

=t—s—1>0.

(ii) For the eccentricity distance sum (EDS), we have
EUG) —EUG) =2(s + 1)(§ + 25+t — 1) +2(t — 1)(§ + 2t + 5 — 3)
—25(0+2s+t—2)—2t(6+ 2t +5—2)
—A(s—t+1)<0.
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(iii) Similarly, we have
w0 . 2s+1)(0+2s+t—1) 2(t—1)(0+2t+s—3
) — gy oD ), 2= 1) )

o+t—1 0+s+1
C25(0+2s+t—2) 24(0+2t+s—2)
o+t d+s

(25s+2)(0+t)(0+2s+t—1)—2s(6+t—1)(0+ 25+t —2)
@+t)6+t—-1)
2000+ s+ 1)(0+s+2t—2) — (2t —2)(6 + 8)(0 + s+ 2t — 3)
(6+8)(0+s+1)
(25 +2)( 0+ )0+ 25+t —1)—25(5+t — 1)+ 25+ 1 —2)
(6+s)(0+s+1)
2000+ s+1)(0+s+2t—2) — (2t —2)(0 + $)(0 + s+ 2t — 3)
B (6+s)(0+s+1)

<

220+ s+ 1) (s —t+1)
(6480 +s+1)
Therefore, the proof is complete. |

< 0.

From Lemma 13, Proposition 1 and Lemma 14, the following results can be proved
by the same way in Theorem 9, which show the extremal values and the corresponding
extremal graphs of CEI, EDS and the adjacent eccentric distance sum index over graphs
with a given vertex bipartiteness.

Theorem 15. Let G € G,5, 1 <d <n—2. Then

(i)
ce dn—1)+31(n? =82 —1), ifn—70 is odd,
€16 < { d(n—1)+ (n* = &%), if n— 0 is even
with equality if and only if G = K5V KLnTﬂsJ‘[nTﬂsw.
(ii)
(G > 02 —3n+36 +3n2 —4n+1, ifn— 6 is odd;
=1 62— 30n+ 335 +3n® — 4n, if n—0 is even
with equality if and only if G = K5V KL"T’JH"T’ﬁT
(iii)

£(G) =

+0+1 n+o0—1
0+

2n=0)(Sn=0-4) if n— 0 is even
with equality if and only if G = K5V KLnT—éJ,[%-‘.

{ 5+ (n—=8—1)(3n—35-5) T (n—5+1)(3n—5—3)7 ifn— 6 is odd;
n+4§ ’

3.5 The extremal value of the general zeroth-order Randié index
over graphs with a given vertex bipartiteness

The general zeroth-order Randié index [25], denoted by °R,,, is defined by

"Ra(G) = > da(u)*

ueV(G)
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where o # 0 is a real number, and °R, is the zeroth-Randi¢ index [22], the first Zagreb
index [30], the forgotten index [8] and the inverse degree [6] of a graph for & = —1/2,
a =2, a=3and a = —1, respectively.
By the definition of the general zeroth-order Randi¢ index, we can get
Lemma 16. Let G be a connected graph but not complete. Then, for each e ¢ E(G), we
have (i) °Ro(G +€) > "R, (G) for a > 0; (i) "Ry (G + ¢) < "R (G) for a < 0.
Lemma 17. Let G = K5V Ky and G' = K5V Kgy14-1. If s <t —2, then (i) "R,(G) <
R (G") for 0 < a < 1; (ii) "Ro(G) > "Ru(G") for a < 0.
Proof. (i) For 0 < a <1, we have
ORW(G) = Ro(G) = (s + D)6+t —1)*+ (= 1)(6 + s+ 1)* — s(6 + ) — (6 + 5)°
=s[(0+t—1)*=(+) ]+t -0 +s+1)*=(0+s))+ (0 +t—-1)*—(0+5)°
>s[(0+t—1)"=(0+1)"+ (0+s+1)*— (6 +5)7
=s[¢(0+t) —p(d+ s+ 1))
>0 (since 6 +t >+ s+1)
where ¢(z) = (x — 1)* — 2%, and ¢'(z) = af[(z — 1)* ' =271 > 0 for 0 < o < 1 and
x> 1.
(i) Similarly, for o < 0, we have
ORW(G) = Ro(G) = (s + D)0+t — )"+ (= 1)(6 + s+ 1)* — s(6 + ) — (6 + 5)°
=s[(0+t=—1)*=(@0+)]+(t =D +s+1)*=(d+s) ]+ (0 +t-1)*=(0+5)
<@E-D@0+t-1D)*=@+t)*+ (@ +s+1)*—(0+9)°]
= (= DBE+) — 65 +5+1)
<0 (since 6 +t>0+s+1)
where ¢(z) = (z—1)*— 2%, and ¢'(z) = af(z —1)* -2 < Ofora<Oand z > 1. B
From Lemma 16, Proposition 1 and Lemma 17, the following result can be proved
by the same way in Theorem 9, which show the extremal values and the corresponding
extremal graphs of the general zeroth-order Randi¢ index over graphs with a given vertex
bipartiteness.
Theorem 18. Let G € G, 5, 1 <6 <n—2. Then
(i) For 0 < a <1, we have

'R.(G) < S(n—1)*+ ”‘3‘1 ("+§“): + ”_SH ("+§_1)a, if n— 4 is odd;
: B 5(n_1)a+(n_5)(n7+6) , ifn—90 is even
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with equality if and only if G = K5V KL%M%T

(i1) For a < 0, we have

OR.(G) d(n—1)*+ ”’;H ("*3“)“ + ”*3“ (n+¢2571)a7 if n— 4 is odd;
: B 5(n,1)a+(n75)(n7+5)&7 ifn— 0 is even

with equality if and only if G = K5 V KL%M%T

In view of the result above, an interesting problem is valuable to be considered.
Problem. For a > 1, how to determine the graph with the general zeroth-order

Randié¢ index °R,, over graphs with a given vertex bipartiteness?

3.6 The extremal values of the additively weighted and multi-
plicative weighted Harary indices over graphs with a given
vertex bipartiteness

The additively weighted Harary index H*(G) and the multiplicative weighted Harary
index H*(G) of a graph G are defined as
i — d(u) +d(v) i d(u) - d(v)
HY(G) = {M}%@ o 4 H (G) = {w}%@ :
HT(G) is also called the reciprocal sum-degree distance of G, introduced independently
by Alizadeh et al. [1] and Hua and Zhang [19]. It was shown that the reciprocal degree
distance can be used as an efficient measuring tool in the study of complex networks
Alizadeh et al. [1]. Deng et al [3] determined the extremal values of the multiplicatively
weighted Harary indices for some familiar classes of graphs and characterize the corre-

sponding extremal graphs.

Lemma 19. [19] Let G be a connected graph but not complete. Then, for each e ¢ E(G),
we have (1) HY(G +e¢) > HT(G); (i) H*(G +¢) > H*(G) .

Lemma 20. Let G = K5V K,y and G' = KgV Kyy14-1. If s <t —2, then (i) HY(G') >
HY(G); (1) H*(G') > H*(G).
Proof. By the definition of the additively weighted Harary index, we have

HT(G) =0s[(n — 1)+ (6 + )] + 5t[(n — 1) + (0 + 5)] + st(26 +t + 5)

+ %s(s — 1)@ +1)+ %t(t — D)6 +5)+6(—1D)(n—1)
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and
HYG) =06(s+ Dn—1)+ @+t -]+t —-D[(n—1)+ (6 +s+1)]
s 1)t D@5+ 1+ 5)+ gss+ DG +1-1)
+ %(t— D(t—2)@+s+1)+5(6—1)(n—1)
So,
HH(G) - HY(G) = %(t S 1)(60+3s+3t—2) > 0.
Similarly,

H*(G) =0s(n —1)(6 +t) + dt(n — 1)(d 4+ 5) + st(d + t)(d + 5) + is(s — 1) +1)?

+ %t(t 16482+ %5(5 D 1)?

H(G)=6(s+1)(n—-1)(@0+t—1)+6¢t-1)(n—1)(6+s+1)
+(s+1)(t—1)(5+s+1)((5+t—1)+is(s+1)(§+t—1)2

+ i(tf Dt —2)(6+s+1)*+=0(6 — 1)(n — 1)

1
2

And we have
H*(G — H*(G) = i(t — 5 —1)(5t — 7s — 126 4+ 86n + 60t + 125t + 26> — 6) > 0.

|

The following results show the extremal values and the corresponding extremal graphs

of the additively weighted and multiplicative weighted Harary indices over graphs with a
given vertex bipartiteness. They can be proved by Lemma 19, Proposition 1 and Lemma

20.

Theorem 21. Let G € G, 5, 1 <6 <n—2. Then
(i)

H(G) <
56— 1)(n — 1) 4 £[6n® + 36n* — 56%n — 86n — 2n? — 5n — 36 + 1062 — § + 2],
ifn—0 is odd;
5(6 —1)(n— 1)+ 3(n — 8)[3n* — 2n — 352 — 26 + 46(n — §)(3n + 6 — 2)],
ifn—0 is even
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with equality if and only if G =2 K5 V KL%M%T
(ii)
HY(G) <
L1(168 + 3)n® + (1082 — 346 — 6)n® — (166° + 308% — 165 — 2)n
+36% + 186°% + 186% + 66 + 3],
if n—0 is odd;
Em? = 0)[M* =6 — (n+6)(n—386—2) —85(n—1)] + 26(6 — 1)(n — 1)2,
if n—0 is even
with equality if and only if G = K5V KV’%@[%T'
3.7 The extremal value of the Merrifield-Simmons index over
graphs with a given vertex bipartiteness

The Merrifield-Simmons index of a graph G, denoted by i(G), was introduced by Merrifield
and Simmons [28], which is defined as the total number of independent vertex sets of G,

including the empty vertex set. The following result is well-known.
Lemma 22. Let G be a graph and wv be an edge of G. Then
i(G) =i(G — uwv) —i(G — Ng(u) U Ng(v)).

By Lemma 22, we have
Lemma 23. Let G be a connected graph but not complete. Then i(G+e¢) < i(G) for each
e ¢ E(G).
Lemma 24. Let G = K;V Ky and G' = K5V Kgi14-1. If s <t —2, then i(G") <i(G).
Proof. By the definition of the Merrifield-Simmons index, we have

@=()+ () + () )+ O+ () () =+ ()

=l+n+(28—s—1)+ (2" —t-1)

@ =)+ (1) + (3 (5 ()
(1) (%) e ()

=14+n+ 2 —s—2)4+ (271 —1).

and
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So,
(G —i(G) =2 —s =)+ (2" —t) = (2 —s—1) = (2" =t —1)
=25 271 < (.
|
Using Lemma 23, Proposition 1 and Lemma 24, we can prove the following result,
which shows the extremal values and the corresponding extremal graphs of the Merrifield—

Simmons index over graphs with a given vertex bipartiteness.

Theorem 25. Let G € G, 5, 1 <6 <n—2. Then

n—6+2

272 401, ifn—0 is even

n—6—1 n—3+1 .p .
i(G)2{2 2 +2 2 +0—1, ifn—24is odd,
with equality if and only if G = K5V KL"T"SH%W'

4 Conclusions

In this paper, we give a common characterization of a graph with the extremal value for a
monotonic topological index among all graphs of order n with vertex bipartiteness at most
J, and determine the extremal values of some monotonic topological indices (including
the Wiener index, the Harary index, the Zagreb index, the connective eccentricity index,
the eccentricity distance sum, the Merrifield-Simmons index etc.).

As future work, we will study the extremal values of other monotonic topological
indices, such as the Hosoya index, the matching energy, the Estrada index, the distance
spectral radius, the distance signless Laplacian spectral radius, the Harary spectral radius

etc, over graphs with a given vertex bipartiteness.
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