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Abstract

A molecular graph matrix, Harary matrix, was defined in honor of Professor Frank Harary.
Harary index is a graph invariant based on it. In this paper, we give sufficient conditions
for a graph being traceable and Hamiltonian in terms of the Harary index of a graph and
the complement of a graph, which correct and extend the result of Wang and Hua (2013) [5].
Furthermore, we also present sufficient conditions for a bipartite graph being traceable and
Hamiltonian in terms of the Harary index of a bipartite graph and its quasi-complement. Finally,
we give some sufficient Harary spectral conditions for a graph or a bipartite graph being traceable
and Hamiltonian in terms of the Harary spectral radius of its complement or quasi-complement.

1 Introduction

All graphs considered here are finite undirected graphs without loops and multiple edges.
Let G be a graph with vertex set V(G) = {v1, v, ..., v,} and edge set E(G). For a graph,
we use d; or dg(v;) to denote the degree of a vertex v; in G and use dg(v;,v;) or d;; to
denote the distance between two vertices v; and v; in G. The union of simple graphs G
and H is the graph G U H with vertex set V(G) UV (H) and edge set E(G)UE(H). If G
and H are disjoint, we refer to their union as a disjoint union, and generally denote it by

G + H. The disjoint union of & copies of a graph G is denoted by kG. The join of G and
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H, denoted by GV H, is the graph obtained from disjoint union of G and H by adding
all possible edges between them. Let G denote the complement of G.

A path in a graph is called a Hamiltonian path if it visits every vertex precisely once.
A graph containing a Hamiltonian path is said to be traceable. A cycle in a graph is
called a Hamiltonian cycle if it contains all the vertices of a graph. A graph containing a
Hamiltonian cycle is called a Hamiltonian graph.

The Harary index of a graph G, denoted by H(G), has been introduced independently
by Ivanciuc et.al. [6] and Plavsi¢ et.al. [10] in 1993 for the characterization of molecular
graphs. It has been named in honor of Professor Frank Harary on the occasion of his
70th birthday. The Harary index H(G) is defined as the sum of reciprocals of distances
between all pairs of vertices of the graph G, i.e.

1
H(G) WEZV(G) oL
Note that in any disconnected graph G, the distance is infinite between any two vertices
from two distinct components. Therefore its reciprocal can be viewed as 0. Thus, we can

define validly the Harary index of disconnected graph G as follows:

HG) =Y H(GY),

i=1
where G, Gy, ..., Gy are the components of G. We often use DAz(G) or ﬁvi(G) to denote
zz)JEV(G) m, then
HG) =2 3 D(G) = 1if)i(c).
2 vEV(G) 2

The Harary matrix RD(G) of G, which is initially called the reciprocal distance matrix
and introduced by [6], is an n X n matrix whose (7, j)-entry is equal to d%; ifi# jand 0
otherwise. The Harary spectral radius of G is the largest eigenvalue of RD(G), denoted
by p(G).

Up to now, there are many established results dealing with bounds and extremal
properties of Harary index, published both in mathematical and in mathematicl chemistry
literature, see [4,8,12-14]. In [3,5], they presented some sufficient conditions for a graph
to be traceable by using Harary index. But there is an error in its proof in [5]. Li [7]

presented sufficient conditions in terms of the Harary index for a graph to be Hamiltonian
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or Hamilton-connected using some proof ideas in [5]. Zeng [15] give a sufficient condition,
in terms of Harary index, for a connected bipartite graph to be Hamiltonian.

In this paper, we give sufficient conditions for a graph being traceable and Hamiltonian
in terms of the Harary index of a graph and the complement of a graph, which correct
and extend the result of Wang and Hua (2013) [5]. Furthermore, we also present sufficient
conditions for a bipartite graph being traceable and Hamiltonian in terms of the Harary
index of a bipartite graph and its quasi-complement. Finally, we give some sufficient
Harary spectral conditions for a graph or a bipartite graph being traceable and Hamilto-
nian in terms of its Harary spectral radius of the complement or its quasi-complement.
Our results extend and improve the results in [3,5,7,15].

Note that 6 > 1 and § > 2 are trivial necessary conditions for a graph to be traceable
and Hamiltonian, respectively. Hence we always make the assumption while finding spec-
tral conditions for traceable and Hamiltonian graphs or bipartite graphs throughout this

paper.
2 Corrigendum to Theorem 2.2 in [5]

Let NP = {K; V (K,_3 + 2K1), K1 V (K13 + K1), K24, Ko VAK;, Ko V (3K + K3), Ky V
K2157 K3 \/ 5K17 KQ \/ (K1,4 + K1)7 K4 \/ 6K1}

Lemma 2.1. ( [1]) Let G be a nontrivial graph of order n with degree sequence (dy,ds, .. .,
dy,), where dy < dy < --- < d, and n > 4. Suppose that there is no integer k < "T“ such
that d, <k —1 and d,_j41 <n—k—1. Then G is traceable.

Theorem 2.2. ( [5]) Let G be a connected graph of order n > 4. If H(G) > "2_2%,
then G is traceable unless G € {K1 V (K,—3 + 2K1), K2 V (3K1 + K»), K4 V 6K, }.
Theorem 2.2 provided a sufficient condition in terms of Harary index of a graph to be

traceable. But there is an error in its proof. It should be:

Theorem 2.3. Let G be a connected graph of order n > 4. If

2 _ =
H(G)zn C';nJro7

then G is traceable unless G € NP.

Proof. Assume first that G is nontraceable connected graph with degree sequence (dy, da,

..,dy) such that dy < dy <--- <d, and n > 4. By Lemma 2.1, there exists an integer
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k< "T“ such that dy <k —1 and d,_r41 <n—k — 1. Note that G is connected graph
and d. < k — 1, we have k > 2. Thus
H(G) =530, Di(G) < 50 [di + 5(n— 1 dy)]
=2 IV d

20D 4 Lk(k—1)+ (n—2k+1)(n—k—1) +(k—1)(n—1)]
_ n?-3n+5 _ (k—2)(2n—3k-5)
— =3 n35)

IA

Since H(G) > % we obtain that w <0.

Case 1: w =0,ie. k=2o0r2n—3k—-5=0. If £ =2, then G is a
graph with dy = dy =1,d3 =dy = -+ =d,—1 = n—3 and d,, = n — 1, which implies
G=K,V (K,_3+2K,). If 2n = 3k + 5, then n < 13 since k < "T“ Hencen=7k=3
orn =10,k = 5. The corresponding permissible graphic sequences are (2,2,2,3,3,6,6) and
(4,4,4,4,4,4,9,9,9,9), which implies G = K5 V (3K, + K3) or G = K, V 6K, respectively.

Case 2 : B=2C355) g je k>3 and 2n — 3k — 5 < 0. In this case, n > 2k > 6.
If n > 10, then 2n — 3k —5 > 2n — 3 —5 = 2219 > . Ifn = 9, then k < 4 and
2n — 3k —5>1. If n =17, then k£ < 3, and hence, 2n — 3k — 5 > 0. In each case, we get

a contradiction.

If n =8, then k < 4. If k£ < 3, then 2n — 3k — 5 > 2, a contradiction. Now assume
that £ = 4. Then ,d5 < 3 and 17 < m < 18. From the inequality dg + d; + dg =
2m — Z1§i§5 d; > 19, we obtain dg = 7. Also note that Y d; = 2m > 34 and > d; is
even. If dg = d7 = 6 and ds = 7, then the permissible graphic sequence is (3,3,3,3,3,6,6,7),
hence G = K,V Ky5. If dg = 5 and d7 = ds = 7, then the permissible graphic sequence
is (3,3,3,3,3,5,7,7), hence G = Ky V (K13 + K»). If dg = 6 and d7 = ds = 7, then the
permissible graphic sequence is (2,3,3,3,3,6,7,7), hence G = KoV (K1 4+ K). If dg = d7 =
ds = 7, then the permissible graphic sequence is (3,3,3,3,3,7,7,7), hence G = K3 V 5 K.

If n =6, then k < 3. If k <2, then 2n — 3k — 5 > 1, a contradiction. If k¥ = 3, then
dy < 2and 8 < m < 9. From the inequality ds + dg = 2m — 219'9 d; > 8, we obtain
4 < dg < 5. Also note that Y d; = 2m > 16 and > d; is even. If d5 = dg = 4, then
the permissible graphic sequence is (2,2,2,2,4,4), hence G = Ky 4. If d5s = 4 and dg = 5,
then the permissible graphic sequence is (1,2,2,2,4,5), hence G = K; V (K3 + K;). If
ds = dg = 5, then the permissible graphic sequence is (2,2,2,2,5,5), hence G = K, V 4K].

Note that G = K, V (K3 + K») is traceable and the other obtained graphs contain
no Hamiltonian path. Hence G € NP. |
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3 Harary index on traceable and Hamiltonian graphs

Lemma 3.1. ( [9]) Let G be a graph on n > 4 vertices and m edges with 6 > 1. If
m> (", 2) + 2, then G is traceable unless G € NP,

According to Lemma 3.1, we present a simple proof of Theorem 2.3.
Proof. Suppose that G is nontraceable. Then
H(G) = 330, Di(G) < § T [di + 5(n — 1= dy)]
=M+ d
= 2el) |y Ly

Note that H(G) > 2 2=3nt5 | we have

mn?—3n 45— "D ("_2)+2‘

2 2
By Lemma 3.1, we obtain that G € NP. By a direct computation, for all G € NP,
H(G) > w This completes the proof of Theorem 2.3. |

Theorem 3.2. Let G be a connected graph of order n > 4. If

—_5m?—19n+20
H(G) < Tf&
then G is traceable unless G € {Ki13, K1 V (Ks + 2K4), K1 V (K3 + 2K1), K3 V (K15 +
K0), Ko, KoV AK L Ko V (3K + o), K0V Kas, K V 5K, Ko V (K1g + K1), Ku V6K )
Proof. Suppose that G is nontraceable. Then
H(G) =530 Di(G) 2 5 Toevioldalv) + 75 (n — 1= dg(v))]
=3 ZveV((‘)[l + 2=2dg(v)]
=5+ 5 1) ZUGV(G) n—1-dgv))

n—1)
= n(LQ - 2(7;—21) ZvEV(G) de(v)

_ n(n=1) _ n=2
- 2 n—1

Note that H(G) < W7 we have

_ 2 En2 —
m> n(n—1)% 5n°—19n+20 _(n—2 oy
2(n —2) 2(n—1) 2

By Lemma 3.1, we obtain that G € NPP. Note that n > 7,

n?+n—8  5n%—19n+ 20

KV (K. =t 2K)) >
AV (K +2H0)) 2 ———— > ===

So we obtain this result. |
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Let NC — {K2 \/ (an4 + 2K1),K3 \/ 4K17 KQ \/ (KL?’ + K1)7 Kl \/ K2’47K3 \/ (KZ +
3K1), Ky VBK, K3V (K144 K1), KoV Ko5, K5 V 6K }.

Lemma 3.3. ( [9]) Let G be a graph on n > 5 wvertices and m edges with 6 > 2. If

n—2

m > ( 2 ) +4, then G contains a Hamiltonian cycle unless G € NC.

Theorem 3.4. Let G be a graph on n > 5 vertices and m edges with § > 2. If

9, 5
H(G) > LZBR7

then G is Hamiltonian unless G € NC.
Proof. Suppose that G is non-Hamiltonian. Then
H(G) = 3 X0y Di(G) < 3 XL [di + 3(n = 1= )]
=T
= % + %m

Note that H(G) > W we have
(n—1 -2
m2n273n+77y: (n2 )+4.

By Lemma 3.3, we have G € NC. By a direct computation, for all G € NC, H(G) >

@. This completes the proof. |

Theorem 3.5. Let G be a graph on n > 5 vertices and m edges with § > 2. If

—._ 5n?—23n+28
Pt i
H(G) < 20n—1)

then G is Hamiltonian unless G € {KyV 3K, Ko V (K + 2K1), Ko V (K3 + 2K7), K3 V
4Ky, KoV (K 3+ K1), Ki VKo 4, K3V (Ko+3K,), K4 V5K, K3V (K 4+ K1), KoVEs 5, K5V
6K}
Proof. Suppose that G is non-Hamiltonian. Then
H(G) = %ZUEV(G) Dy(G) > %ZvEV(G) [dg(v) + ﬁ(” —1—dg(v))]
=3 Deviel + =idg(v)]
=5+ 2(7;7121) ZUEV(G)(n —1—dg(v))

-1 _
= n(nz L 2(7:1721) Zvev(c) de(v)

n(n—1) n—2

2 n—1
. — 2 o
Since H(G) < 572552 we have

—1)2 En2 _ _
m> n(n—1)>  5n°—23n+28 _(n—2 i
2(n—2) 2(n—2)
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By Lemma 3.3, we obtain that G € NC. Note that n > 8,

n>—n-—=8 - 5n% — 23n + 28
4 2(n—1)

H(Ky V (K,q + 2Ky)) >

So we obtain this theorem. |

4 Harary index on traceable and Hamiltonian bipar-
tite graphs
Let G = G[X,Y] be a bipartite graph, where |X| = |Y| = n > 2. The bipartite graph
G* = G*[X,Y] is called the quasi-complement of G, which is constructed as follows:
V(G*) =V(G) and 2y € E(G*) if and only if 2y € E(G) forz € X,y €Y.
Let G[X,Y] be a traceable bipartite graph. Then |X| = |Y| or |X| = |Y| + 1. These

two types will be discussed separately.

Lemma 4.1. ( [11]) Let G = G[X,Y] be a bipartite graph with § > 1 and m edges, where
| X|=1Y|=n>3. Ifm>n?—2n+3, then G is traceable.

Theorem 4.2. Let G = G[X,Y] be a bipartite graph with 6 > 1 and m edges, where
X|=Y|=n>3.1If ,
H(G) > In 161n,+12"
then G is traceable.
Proof. Let G be a graph satisfying the condition in Theorem 4.2. Then
H(G) = 3 X4 DiG) < 3300 [di+ §(n — di) + 5(n = 1)
4T+ )
= W%M + %212:1 d;
= 5”2773” + %m.

. 2_
Since H(G) > 2=4mt12 we have

In? —1ln+12 —5m?+3n
m > 6

3 2
X —=n"—2 3.
5 n n—+

According to Lemma 4.1, then G is traceable. |

Theorem 4.3. Let G = G[X,Y] be a bipartite graph with § > 1 and m edges, where

[X|=1Y]=n>3.1If
12n2 — 21n + 12
HGY S —/m8M ————
(@) < 4n — 2 ’

then G 1is traceable.
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Proof. Let G* be the quasi-complement of G. Then

H(G") = 3320 Di(G) = 5320 [ () + 57 (n = da- (v)) + 3575
1 Eede (v) + 525 + 1]
=X Pdc«w)w%]
= St} + 2 L (0~ da(vr)

2(
4n3—n 2(n—1)
2(2n—1) ~ 2n—1

Since H(G*) < % we have m > n® — 2n + 3. ;From Lemma 4.1, then G is

= m.
traceable. |

Let G = K, ,,—» +4e be a bipartite graph obtained from K, ,,_» by adding two vertices
which are adjacent to two common vertices with degree n — 2 in K, ,_s, respectively,

where p > n — 1.

Lemma 4.4. ( [11]) Let G = G[X, Y] be a bipartite graph with § > 2 and m edges, where
[ X|=|Y|=n>4. If m >n®—2n+4, then G is Hamiltonian unless G = K, ,,_» + 4e.

Next, we consider the other type |X| = [Y]+ 1. Let G[X,Y] be a bipartite graph,
where |X| = n+1, and |Y| = n > 2. Denote by dx and dy the minimum degrees of
vertices in X and Y, respectively. Note that §x > 1 and dy > 2 are the trivial necessary
conditions for G to be traceable. Let G[X,Y + v] be the bipartite graph obtained from
G[X,Y] by adding a vertex v which is adjacent to every vertex in X. It is easy to see
that G[X,Y] is traceable if and only if G[X,Y + v| is Hamiltonian.

Let K, ,—1 + 2e be a graph obtained from K, ,_; by adding two vertices which are

adjacent to a common vertex with degree n — 1, respectively.

Theorem 4.5. Let G = G[X,Y] be a bipartite graph with 6x > 1 and &y > 1, where
X|=n+1and|Y|=n>3.If

2 _
HG) > In 62n+8’

then G is traceable unless G € {Ky ,—1 + 2€, K412 + 4€}.

Proof. Let G be a bipartite satisfying the conditions in Theorem 4.5.
H(G) =33 v Du(G)
< LS+ b= d) + 3]
+3 25l + g(n+1—dy) + 55
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_ z[571(ﬂ+1 + Zn-H ZdL 4 ﬂ(5n 1) + szrl 2§ }

_ an6+2n L, YL dy)
= @ + ;m
Since H(G) > %, we have m > n?—n+2. Note that d(v) = n+1in G[X,Y +v],
hence

m(GX,Y +v])=m+(n+1)>n*+3=(n+12-2n+1)+4.

From Lemma 4.4, we obtain that G[X, Y +v] is Hamiltonian or G[X, Y +v] = K41 ,,-1+4e.
Hence G[X,Y] is traceable or G € {K,,,,—1 + 2€, Ky 41,2 + de}. |
Theorem 4.6. Let G = G[X,Y] be a bipartite graph with 6x > 1 and 6y > 2, where
X|=n+1and|Y|=n>3.If

24n% — 28n + 15
H(G") < W7
then G is traceable unless G € {K3o+2e, K1 +4de, Ky 3+ 2e, K50 +4e, K54+ 2e, Ko 3 +
de, K5 + 2e, K74 + 4e}.
Proof. Let G* be the quasi—complement of G. Then
H(G") = 5 Y ev(e) Do(G7) 2 § 70 [da (v) + g7 (n = - (v:)) + 35

+3 2 palda (u5) + 5o (n + 1 — dg-(uy)) + 3575
_ 2[(/171 D(n+l) _ 2-2n n+1 dG*(U;)]

2(2n—1) 2n—1
1r(dnthn _ 2-2n
+2[2(2n—1) 2n—1 dG*(UJ)]
_ 8n3+48n%—4n—1 _ _2n-—2 n+1 .
= T 4D 2(2n-1) E da(v;)

- 2(227:;21) 27:1 de(uy)]

8n3+8712—4n—1 2n—2

4(2n-1) 2n—1
Since H(G*) < W we have that m > n? — n + 2. Note that d(v) =n+ 1 in

G[X,Y + v], hence

m(GX,Y +v])=m+n+1)>n*+3=(n+1)>-2n+1)+4.
(From Lemma 4.4, we obtain that G[X,Y + v] is Hamiltonian or G = K,11,-1 + 4e.
Hence G[X,Y] is traceable or G € {K,, -1 + 2€, Ky 41n—2 + 4€}. But

n?+5n —4 - 24n? — 28n + 15
4 42n—-1)

H((Kn,n—l + 4@)*) = H((Kn«kl.nf? + 46)*) Z n Z 7.

So we have G € {K39 + 2¢, K41 + 4e, Ky 3 + 2e, K59 + 4e, K5 4 + 2¢, Kg 3 + 4e, K¢ 5 +
2e, K74 + 4e}. |
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Theorem 4.7. Let G = G[X,Y] be a bipartite graph with 6 > 2 and m edges, where

X|=Y|=n>4.If

n2 _
HG) > In 161n+ 167

then G is Hamiltonian unless G = K, ,_o + 4e.
Proof. Assume that G is non-Hamiltonian.
H(G) = 3300 Di(G) < 3500 1di + §(n — d) + §(n = 1)]
= 5200 (52 + 3dy)
=B Y d

_ 5n%-3n , 2
=% *tim

Note that H(G) > W, we have m > n® —2n + 4. From Lemma 4.4, we obtain
that G = K, ,,—o + 4e. |
Theorem 4.8. Let G = G[X,Y] be a bipartite graph with § > 2 and m edges, where

X| = Y| =n>4. If
12n? — 25n + 16
4n — 2

then G is Hamiltonian unless G € {Kyo + 4e, K53 + 4e, Kg 4 + 4e, K75 + de}.

H(G") <

)

Proof. Assume that G is non-Hamiltonian.
H(G") = 3320 Di(G) 2 530 [ () + 57 (n = da- (v2)) + 3575
= 3 o0 e (0) + 5 + )
= %E?gl[%:ﬁj)d@ (v:) + 2(427;,:11)]
St Fmty L (7 — da(v)

2(
and—n _ 2(n=1)
2(2n—1) 2n—1

Note that H(G*) < %, we have m > n®—2n+4. From Lemma 4.4, we obtain

that G = K,, ,—» + 4e. Note that

n?+3n—8 - 12n% — 25n + 16
4 dn —2

H((Kn,n72 + 48)*) > n > 8.

)

So we have G € {Ky» + 4e, K53 + 4e, Ko 4 + 4e, K75 + 4e}. |

5 Harary spectral radius on traceable and Hamilto-
nian graphs

Lemma 5.1. Let G be a graph on n vertices. Then p(G) > ZHTgG), and the equality holds

if and only if the row sums of RD(G) are all equal.



-205-

Proof. Let x = -=(1,1,...,1) be a unit n-vector. Then by Raleigh principle, applied to

7n

the Harary matrix RD(G) of G, we get

p(G) =

zRD(G)xt
zat

ﬁ[RDl,RDQ ,,,,, RD,I]ﬁ[l,l...,l]"

1

1
n 219‘9 RD;

2H(G)
==

Now suppose each row of RD(G) sums to a constant, say k and 2H(G) = nk. Then

by the Theorem of Frobenius [2], k is simple and greatest eigenvalue of RD(G).

p(G) = = 2 = G

n

== and hence equality holds.

Thus

Conversely if equality holds, then x is the eigenvector corresponding to p(G) and hence

2RD(G) = p(G)z. So the row sums of RD(G) are all equal. The proof is completed. W

Theorem 5.2. Let G be a connected graph of order n > 4. If

< 5n% — 19n + 20

P(G) = nn—1) '
then G is traceable unless G = K 3.
G a p(@) |z
K3 Ky UK, 2 2
K1V (Kp3+2K1) | (K2V(n—3)K) UK, | 2=2t/n 20060 5'%2(—,?f1+)20
Koy KoUKy 3 2.8667
Ky V4K, KyU2K, 3 2.8667
K>V (3K + Ks) (K3 V2K,)U2K,; 3.8117 3.1429
KV Ky KyUK; UK, 4 3.3571
K3 V5K, K5V 3K, 4 3.3571
KoV (K144 Ky) | (K V (Ky+ Kyp))U2K, 44115 3.3571
Ky V6K, K¢ U4K, 5 3.6667

Table 1: The harary spectral radius of complements of graphs

Proof. Suppose that G is nontraceable. From Lemma 5.1, we have

p(G) >

Since p(G) < %7

we have m > ( 2

2H(G)

n

>(n—1)—

n—2

2(n —2)m
nn—1) "

) + 2. According to Lemma 3.1, we have

G € NP. By a direct computation, we have the above Table 1. jFrom Table 1, we obtain

the result.
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Theorem 5.3. Let G be a graph on n > 5 vertices and m edges with § > 2. If

5n% — 23n + 28

p(G) < W7
then G is Hamiltonian.
G G p@) | ot
KoV (K, 4 +2K)) | (KyV (n—4)K)U2K, | =3t "2“8"’79 5”1133;’348
K3V (4K7) K, U3K, 3 2.6667
KV (Ki3+ Ky) | (K V(K3 + Kp)) U2K, 3.4575 2.6667
K1V Koy K, UKy, UK, 3 2.6667
K3V (Ky+ 3K71) (K3V2K)U3K; 3.8117 2.9286
K, V5K, K5 U4K, 4 3.1389
K3V (Ki4+ Ky) | (K V(K + Kp)) U3K, 4.4115 3.1389
KoV Ko KUKy U2K, 4 3.1389
K5 V6K, KgUbBK, 5 3.4545

Table 2: The harary spectral radius of complements of graphs

Proof. Suppose that G is non-Hamiltonian. From Lemma 5.1, we have

QHTEG) >(n—1)— 275,7;”/—_2)11)71‘

p(G) >

Since p(G) < 5"2”’(573"1';&8, we have m > (";%) + 4. According to Lemma 3.3, we obtain

G € NC. By a direct computation, we have the following Table 2. From Table 2, we

complete the proof. |

6 Harary spectral radius on traceable and Hamilto-
nian biparatite graphs

Theorem 6.1. Let G = G[X,Y] be a bipartite graph with § > 1 and m edges, where

X|=Y|=n>3.If
12n? — 21n + 12

o) <
p(G*) < FCRRE

then G is traceable.

Proof. According to Lemma 5.1, we have

2H(G*) > l[ dn®—n  2(n-—1)

) > - .
&) n22n—-1) 2n-1 ™)

)

Note that p(G*) < ZE=2nt12 we haye m > n? — 2n + 3. By Lemma 4.1, then G is

4An?—2n

traceable. ]



-207-

Theorem 6.2. Let G = G[X,Y] be a bipartite graph with 6x > 1 and 6y > 2, where
X|=n+1and|Y|=n>3.If

24n? — 28n + 15

G'[X,)Y)) <
p( [ ) D — ) 2 )
then G is traceable.

Proof. According to Lemma 5.1, we have
> 2H(G*) > 2 [8n3 +8n% —dn—1 2(n— Um]
m+1 241 A(2n - 1) o — 1

p(G)
Note that p(G*[X,Y]) < “";;%, we have m > n? —n + 2. Note that d(v) =n+1in
G[X,Y + v], hence
m(GX,Y +v])=m+n+1)>n*+3=(n+1)2>-2n+1)+4.

From Lemma 4.4, G = G[X,Y + o] is Hamiltonian unless G = K,,;+1,-1 + 4e. Hence

G = G[X,Y] is traceable unless G € {K,,,,—1 + 2¢, K;, 11,2 + 4e}. Note that
p((Kn,n—l 4 26)*) _ n—1+\/nz+26n—23 > 24712;3?73—%—157 n> 3.

_ n—=1+vn?+26n—23 24n%—28n+15
p((KrH—l,n—Q + 4(’)*) = 1 > 8n2—2 , Z 3

The proof is completed. |

Theorem 6.3. Let G = G[X,Y] be a bipartite graph with § > 2, where | X| = |Y|=n > 4.
If
12n? — 25n + 16
< —
&) = dn2 —2n
then G is Hamiltonian.

Proof. According to Lemma 5.1, we have

2H(G*) < 1.4n*—n  2(n—1)

ey "2 ™

G*) > —
&) z 2n T n
Note that p(G*) < %, we have m > n? — 2n + 4. By Lemma 4.4, we obtain that
G = Ky n—2 + 4e. Note that

n—2+vn2+24dn—48 12n> — 25n + 16
Ko +4e)") = )
A(Knna +4e)7) 4 - 4n? — 2n "

> 4.

The proof is completed. |
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