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Abstract

The irregularity index of a simple graph G is the number of distinct elements in the

degree sequence of G. If the irregularity index of a connected graph G is equal to the

maximum vertex degree, then G is said to be maximally irregular. In this paper, we

determine the maximum size of maximally irregular graphs with given order and irregularity

index.

1 Introduction

Let G = (V,E) be a connected simple graph with vertex set V = V (G) and edge set

E = E(G). Let G has n = |V (G)| vertices and m = |E(G)| edges. The degree dG(v)

of a vertex v of G is the number of vertices adjacent to v. The degree sequence of
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a graph is the non-increasing sequence of the degrees of the vertices. The maximum

degree ∆ of a graph G is the maximum value of the degrees of vertices.

A graph G is is said to be regular if all its vertices have the same degree. Regular

graphs played an outstanding role in the history of graph theory [11] and are still in

the focus of interest of mathematicians. In mathematical chemistry, the importance

of regular graphs has much increased after the discovery of fullerenes and nanotubes.

A graph that is not regular is said to be irregular. In numerous applications of graph

theory, it is necessary to know how irregular a given graph is, or – what is the same

– there is a need for a (numerical) measure of irregularity.

In 1988, Chartrand, Erdős and Oellermann [12] posed a question “Which class

of graphs is opposite to the regular graphs?” According to them, a simple connected

graph is highly irregular if each of its vertices is adjacent only to vertices with distinct

degrees. The class of highly irregular graphs was studied in [6, 25, 26]. Majcher and

Michael [26] mention that during the Second Kraków Conference on Graph Theory

(1994), Erdős asked a question about extreme sizes of highly irregular graphs of given

order. The degree sequence of highly irregular graphs was studied in [25].

Any measure of graph irregularity, say I(G), must satisfy the following require-

ments:

(i) I(G) = 0 if and only if the (connected) graph G is regular.

(ii) I(G) > 0 if the (connected) graph G is not regular.

(iii) The quantity I is defined so that its numerical value follows our intuitive feeling

for “deviating from being regular”.

It may be that the first such measure of graph irregularity is found in the seminal

paper of Collatz and Sinogowits [14].

Let λ1 be the greatest eigenvalue of the adjacency matrix. Then the Collatz–

Sinogowitz irregularity measure is

CS(G) = λi −
2m

n
.

Another direction of approaching the irregularity is via the imbalance (or irregular-

ity) of edges. The imbalance of an edge e = uv ∈ E is defined as |dG(u)−dG(v)| [8,13].
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In [7], Albertson defined the irregularity of a graph G as

irr(G) =
∑

uv∈E(G)

|dG(u)− dG(v)|

which is usually referred to as the Albertson index , although Fath–Tabar re-named it

third Zagreb index [19]. A similar, yet not much studied quantity would be [20]

irr2(G) =
∑

uv∈E(G)

[
dG(u)− dG(v)

]2
.

Recently [1, 3] the total irregularity was introduced, defined as

irrt(G) =
∑

{u,v}⊆V (G)

|dG(u)− dG(v)| .

Bell [10] measured the irregularity of a graph by means of the variance of its vertex

degrees. Thus, his irregularity measure is

V ar(G) =
1

n

∑
v∈V (G)

(
di −

2m

n

)2

recalling that the average value of vertex degrees is 2m/n.

The above irregularity measures are also related to the two Zagreb indices M1(G)

and M2(G), and the F -index [17,20,22]

M1(G) =
∑

v∈V (G)

dG(v)
2

M2(G) =
∑

uv∈E(G)

dG(u) dG(v)

F (G) =
∑

v∈V (G)

dG(v)
3 .

Namely,

V ar(G) =
1

n
M1(G)−

(
2m

n

)2

and

irr2(G) = F (G)− 2M2(G) .

For comparative studies of CS, irr, irrt, and V ar see [10, 15, 16, 21]. For more

information on the above specified irregularity measures see the recent papers [1–4,

16,17,20,22] and the references cited therein.
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2 Irregularity index

A simple, straightforward, and completely different way of expressing the irregularity

of graphs is via their irregularity index, equal to the the number of distinct elements

in the degree sequence. This concept was, in an implicit manner, used in the early

works [5,6,25,26], but was explicitly considered only quite recently [24,27,28]. In the

present paper we offer a few new results on this index.

Graphs whose all vertices have different degrees were referred to as perfect . For

such graphs, the irregularity index would be equal to the number of vertices. A

classical result of Behzad and Chartrand [9] establishes that there are no perfect

graphs.

Clearly, for any connected graph G, the irregularity index of G is less than or

equal to the maximum degree. If the irregularity index of a connected graph G is

equal to the maximum degree, then G is said to be maximally irregular .

Mukwembi [28] proved that every highly irregular graph is maximally irregular and

established an asymptotically tight upper bound on the size of maximally irregular

graphs of given order. Also, he studied a class of maximally irregular triangle–free

graphs and conjectured that if G is a maximally irregular triangle–free graph of order

n, then |E(G)| ≤ n(n+1)/6. Recently, Liu et al. [24] proved this conjecture and gave

a tight upper bound on the size of maximally irregular graphs.

For given integers n and t such that 1 < t < n, we denote by Mn,t the class of all

maximally irregular graphs of order n with irregularity index t. For a given positive

integer n, we denote

ξ(n) = n− 1

2

(√
4n+ 3− 2(−1)n − 1

)
. (1)

In this paper, first, we show that Mn,t ̸= ∅ for all integers n and t such that

1 < t < n. In addition, for t ≥ ξ(n), we prove that the maximum size of a graph in

Mn,t is equal to
⌊
n2

4

⌋
. Further for t ≤ ξ(n), we characterize the degree sequence of

maximally irregular graphs in Mn,t that achieve maximum size. Moreover, we give

a tight upper bound on the size of maximally irregular graphs in terms of order and

irregularity index.
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3 Existence of maximally irregular graphs in Mn,t

and the maximum size when t ≥ ξ(n)

As already mentioned, there exist no graphs with all degrees different. A degree

sequence is quasi–perfect if exactly two of its elements are same. The respective

graphs are also referred to as quasi–perfect. Behzad and Chartrand [9] showed that

there are exactly two quasi–perfect graphs of order n for each n > 1 and these two

graphs are mutually complementary.

Theorem 1 (Behzad & Chartrand). For each n > 1, there is a unique connected

quasi–perfect graph of order n and its degree sequence is[
n− 1, n− 2, . . . , ⌊n/2⌋, ⌊n/2⌋, . . . , 2, 1

]
.

From the above theorem, it follows that the connected quasi–perfect graph of

order n is maximally irregular and its the irregularity index is n− 1. Note that P2 is

the unique maximally irregular graph with irregularity index 1 and the irregularity

index of a graph is less than its order. Thus we consider the graphs of order n with

irregularity index t satisfying 1 < t < n.

Proposition 1. For given integers n and t such that 1 < t < n, there exists a

maximally irregular graph of order n with irregularity index t. i.e., Mn,t ̸= ∅.

Proof. By Theorem 1, there is a connected quasi–perfect graph of order t + 1 (say,

Gt+1) and its degree sequence is[
t, t− 1, . . . , ⌊(t+ 1)/2⌋, ⌊(t+ 1)/2⌋, . . . , 2, 1

]
.

If n = t+ 1, then Gt+1 ∈ Mt+1,t, that is, Mn,t ̸= ∅.

Then, suppose that t+1 < n. Let Gt+2 be a graph obtained from Gt+1 by adding

a new vertex vt+2 and joining it to each vertex of degree t−1, . . . , ⌊(t+1)/2⌋+1, ⌊(t+

1)/2⌋ in Gt+1 except one vertex of degree ⌊(t+ 1)/2⌋. Then dGt+2(vt+2) = ⌊t/2⌋ and

the degree sequence of Gt+2 is[
t, t, t− 1, . . . , ⌊t/2⌋, ⌊t/2⌋, . . . , 2, 1

]
.

Hence Gt+2 ∈ Mt+2, t.
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If n = t+2, then we are done. Otherwise, we add a vertex vt+3 and join it to each

vertex of degree t− 1, . . . , ⌊t/2⌋+ 1, ⌊t/2⌋ in Gt+2 except one vertex of degree ⌊t/2⌋.

Then dGt+3(vt+3) = ⌊(t+ 1)/2⌋. Therefore, the degree sequence of Gt+3 is[
t, t, t, t− 1, . . . , ⌊(t+ 1)/2⌋, ⌊(t+ 1)/2⌋, . . . , 2, 1

]
.

and it follows that Gt+3 ∈ Mt+3, t.

Repeating the above algorithm, we always arrive at a graph Gn of order n with

degree sequence either[
t, t, ..., t︸ ︷︷ ︸

n−t

, t− 1, . . . , ⌊(t+ 1)/2⌋, ⌊(t+ 1)/2⌋, . . . , 2, 1
]

if n− t is odd, or [
t, t, ..., t︸ ︷︷ ︸

n−t

, t− 1, . . . , ⌊t/2⌋, ⌊t/2⌋, . . . , 2, 1
]

if n− t is even.

Clearly, Gn is connected by the construction. Thus we have Gn ∈ Mn,t. This

completes the proof.

Let Mn be a class of maximally irregular graphs of order n, which was defined

in [24]. Then for any graph G ∈ Mn, we have the following.

(i) V (G) can be partitioned into X ∪ Y such that |X| = ⌊n/2⌋ and |Y | = ⌈n/2⌉.

Furthermore, the vertices in X have degrees 1, 2, . . . , ⌊n/2⌋.

(ii) G[X] is an empty graph and G[Y ] is a complete graph, where G[X] denotes the

subgraph of G induced by X.

(iii) For any positive integer k ≤ ∆, there exists a vertex v ∈ V (G) such that

dG(v) = k.

Mukwembi [28] proved that if G is a maximally irregular graph of order n, then

|E(G)| ≤ (n − 1)(n + 2)/4. Recently, Liu et al. [24] improved this bound and gave

the following result.

Theorem 2 (Liu et al). Let G be a maximally irregular graph of order n. Then

|E(G)| ≤ ⌊n2

4
⌋ with equality holding if and only if G ∈ Mn.
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By the definition of Mn and Theorem 2, the connected quasi–perfect graph of

order n belongs to Mn \Mn,t for all 1 < t < n−1. The size and irregularity index of

the connected quasi–perfect graph of order n are equal to ⌊n2

4
⌋ and n−1, respectively.

Therefore Mn \Mn,t ̸= ∅ for all 1 < t < n− 1.

Theorem 3. Let n and t be integers such that 1 < t < n. Then Mn,t ∩Mn ̸= ∅ if

and only if t ≥ ξ(n).

Proof. Suppose that Mn,t ∩ Mn ̸= ∅. Let G be a graph in Mn,t ∩ Mn. Then

since G ∈ Mn,t, we have 2|E(G)| ≤
t∑

i=1

i + (n − t)t. Also since G ∈ Mn, we have

|E(G)| = ⌊n2

4
⌋. Therefore from the above, it follows that

t∑
i=1

i+ (n− t)t ≥ 2

⌊
n2

4
q

⌋
. (2)

Thus, from (1) one can see easily that the inequality (2) is equivalent to t ≥ ξ(n).

Suppose that t ≥ ξ(n). Then we prove that there exists a graph G in Mn,t ∩Mn.

Consider two sets of vertices X = {x1, x2, . . . , x⌊n/2⌋} and Y = {y1, y2, . . . , y⌈n/2⌉}.

Let us construct a graph H of order n as follows:

(i) X is an independent set and Y is a clique in H,

(ii) For i such that i ≥ n− t, xi and yj are adjacent if and only if j ≤ i.

By the construction, x1, x2, . . . , xn−t−1 are isolated vertices in H and dH(xi) = i

for n− t ≤ i ≤ ⌊n/2⌋. Now, we calculate the degrees of the vertices in Y . If i ≤ n− t

then the vertex yi has ⌈n/2⌉ − 1 neighbors in Y and ⌊n/2⌋ − (n− t− 1) neighbors in

X. Then it follows that dH(yi) = t for all i ≤ n− t. If i > n− t, then the vertex yi has

⌈n/2⌉−1 neighbors in Y and ⌊n/2⌋− i+1 neighbors in X. Therefore, dH(yi) = n− i

for n− t < i ≤ ⌈n/2⌉. From the above the degree sequence of H is[
t, . . . , t︸ ︷︷ ︸

n−t

, t− 1, t− 2, . . . , ⌊n/2⌋︸ ︷︷ ︸
⌈n/2⌉−(n−t)

, ⌊n/2⌋, ⌊n/2⌋ − 1, . . . , n− t, 0, . . . , 0︸ ︷︷ ︸
n−t−1

]
. (3)

On the other hand, it is easy to see that the inequality ξ(n) ≤ t is equivalent to

n−t−1∑
i=1

i ≤
⌈n
2

⌉
− (n− t).
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Hence we construct a new graph G of order n by adding
n−t−1∑
i=1

i edges to H. For each

i such that i ≤ n− t−1, xi and yj are adjacent in G if and only if ⌈n/2⌉− i(i+1)/2 <

j ≤ ⌈n/2⌉− i(i−1)/2. Then dG(xi) = i for 1 ≤ i ≤ n− t−1 and dG(yj) = dH(yj)+1

for ⌈n/2⌉+1−
n−t−1∑
i=1

i ≤ j ≤ ⌈n/2⌉. Thus from (3), the degree sequence of G is defined

as follows[
t, . . . , t︸ ︷︷ ︸

n−t

, t− 1, t− 2, . . . , t− q, t− q, . . . , ⌊n/2⌋+ 1, ⌊n/2⌋, ⌊n/2⌋ − 1, . . . , 2, 1
]

(4)

where q = ⌈n/2⌉ − (n− t)−
n−t−1∑
i=1

i. Therefore, G ∈ Mn,t. From (4), we get

|E(G)| = 1

2

(
t−1∑
i=1

i+ (n− t)t+ t− q

)
=

⌊
n2

4

⌋
.

Hence G ∈ Mn by Theorem 2. This completes the proof.

Corollary 2. Let n and t be integers such that 1 < t < n. If t ≥ ξ(n) and n− t > 2

then Mn,t \Mn ̸= ∅.

Proof. Since t ≥ ξ(n), there exists a graph G in Mn,t ∩ Mn which realizes the

sequence (4) by Theorem 3. Therefore there are vertices u and v in G such that

dG(u) = dG(u) = t because we have n− t > 2. By the construction of G, uv ∈ E(G).

Let G′ be a graph obtained from G by deleting an edge uv. Then clearly G′ ∈ Mn,t

and G /∈ Mn. Hence the corollary.

We now give an interesting result on the class Mn,t. Namely, from this result it

follows that the maximum size of a graph in Mn,t depends only on the order n when

t ≥ ξ(n).

Theorem 4. Let n and t be integers such that 1 < t < n. If t ≥ ξ(n), then the

maximum size of a graph in Mn,t is equal to
⌊
n2

4

⌋
.

Proof. Since t ≥ ξ(n), there exists a graph G in Mn,t ∩ Mn. Since G ∈ Mn, we

have |E(G)| =
⌊
n2

4

⌋
by the definition of Mn. By Theorem 2, |E(H)| ≤

⌊
n2

4

⌋
for all

H in Mn,t such that 1 < t < n. Therefore G has the maximum size in Mn,t. This

completes the proof.
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4 Degree sequence of maximally irregular graphs

in Mn,t and the maximum size when t ≤ ξ(n)

A sequence d = [d1, d2, . . . , dn] is said to be graphic if there exists a graph whose

degree sequence is d. Let d = [d1, d2, . . . , dn] be a non-increasing sequence of non-

negative integers and k be any integer such that 1 ≤ k ≤ n. Let d′ be the sequence

obtained from d by deleting dk and by setting d′i = di − 1 for the dk largest elements

of d other than dk. This operation of getting d′ is called laying off dk and d′ is called

the residual sequence by laying off dk; for more details see [29] and the references

cited therein. There are several characterizations of a graphic sequence and we apply

two of them to characterize the degree sequence of maximally irregular graphs for

which gives the maximum size. Havel and Hakimi independently obtained recursive

necessary and sufficient conditions for a degree sequence, in terms of laying off a

largest integer in the sequence. Kleitman and Wang [23] proved the necessary and

sufficient conditions for arbitrary layoffs.

Theorem 5 (Kleitman & Wang). A non-increasing sequence of non-negative integers

is graphic if and only if the residual sequence obtained by laying off any non-zero

element of the sequence is graphic.

The following result is the well known combinatorial characterization of graphic

sequences, due to Erdős and Gallai [18].

Theorem 6 (Erdős & Gallai). Let d = [d1, d2, . . . , dn] be a non-increasing sequence

of non-negative integers. Then the sequence d is graphic if and only if
n∑

i=1

di is even

and the inequalities
k∑

i=1

di ≤ k(k − 1) +
n∑

i=k+1

min(k, di)

hold for each k such that 1 ≤ k ≤ n.

Let n and t be integers such that 1 < t < n. If t ≥ ξ(n), then the constructed

graph G in Theorem 3 has maximum size in Mn,t and its degree sequence is defined

by (4). We now characterize the degree sequence of graphs in the class Mn,t such that

t ≤ ξ(n) that achieve the maximum size. Note that the size of a graph is maximum
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if and only if the sum of elements of its degree sequence is maximum. Let t ≤ ξ(n)

then we consider the following two sequences[
t, t, . . . , t︸ ︷︷ ︸

n−t+1

, t− 1, . . . , 2, 1
]

(5)

and [
t, t, . . . , t︸ ︷︷ ︸

n−t

, t− 1, t− 1, . . . , 2, 1
]

(6)

where 1 < t < n. If the sequence (5) is graphic, then obviously it achieves maximum

size in Mn,t. Thus, we now study the above two sequences.

Lemma 3. Let n and t be integers such that 1 < t < n. If t ≤ ξ(n), then
n−t∑
i=1

i ≥ ⌈n/2⌉

with equality holding if and only if t = ξ(n).

Proof. Since t ≤ ξ(n), we have n− t ≥ n− ξ(n). Thus
n−t∑
i=1

i = (n− t)(n− t+ 1)/2 ≥

(n− ξ(n))(n− ξ(n)+1)/2 = ⌈n/2⌉ by using (1) and it is easy to see that the equality

holds if and only if t = ξ(n).

The following result is useful for our main results in this section.

Proposition 4. Let n and t be integers such that 1 < t < n. If ⌊n/2⌋ ≤ t ≤ ξ(n),

then

(i) the sequence [
⌈n/2⌉, ⌈n/2⌉, . . . , ⌈n/2⌉︸ ︷︷ ︸

⌈n/2⌉

, n− t, . . . , 2, 1
]

(7)

is graphic if and only if the sum of the elements of (7) is even.

(ii) the sequence[
⌈n/2⌉, ⌈n/2⌉, . . . , ⌈n/2⌉︸ ︷︷ ︸

⌈n/2⌉

, n− t+ 1, n− t− 1, . . . , 2, 1
]

(8)

is graphic if and only if the sum of the elements of (8) is even.

Proof. Since (7) and (8) are graphic, the sums of their elements are even. Conversely,

suppose that the sums of the elements of (7) and (8) are even.

(i) By using the Erdős–Gallai theorem, we show that (7) is graphic. Since ⌊n/2⌋ ≤

t < n, (7) is the non-increasing sequence of positive integers. For convenience we
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denote the sequence (7) by d1, d2, . . . , ds, where d1 ≥ d2 ≥ · · · ≥ ds and s = ⌈n/2⌉ +

n− t. Then

di =
⌈n
2

⌉
for 1 ≤ i ≤

⌈n
2

⌉
and di = s− i+ 1 for

⌈n
2

⌉
< i ≤ s. (9)

Case 1. Let k > ⌈n/2⌉. Then by (9), k − 1 ≥ ⌈n/2⌉ and di ≤ ⌈n/2⌉ for 1 ≤ i ≤ s.

Therefore,

k(k − 1) +
s∑

i=k+1

min(k, di) ≥ k(k − 1) ≥ k
⌈n
2

⌉
≥

k∑
i=1

di .

Case 2. Let k ≤ ⌈n/2⌉. Then by (9), min(k, di) = k for k ≤ i ≤ ⌈n/2⌉. Therefore,

k(k − 1) +
s∑

i=k+1

min(k, di) = k(k − 1) + k
(⌈n

2

⌉
− k
)
+

s∑
i=⌈n/2⌉+1

min(k, di)

= k
⌈n
2

⌉
− k +

s∑
i=⌈n/2⌉+1

min(k, di)

=
k∑

i=1

di − k +
s∑

i=⌈n/2⌉+1

min(k, di) (10)

since di = ⌈n/2⌉ for 1 ≤ i ≤ ⌈n/2⌉ and k ≤ ⌈n/2⌉. Hence, it is sufficient to prove

that
s∑

i=⌈n/2⌉+1

min(k, di)− k ≥ 0 . (11)

If k < n − t, then (11) holds because d⌈n/2⌉+1 = n − t and min(k, d⌈n/2⌉+1) = k. If

k ≥ n − t, then min(k, di) = di for ⌈n/2⌉ + 1 ≤ i ≤ s. Therefore from t ≤ ξ(n) and

k ≤ ⌈n/2⌉ we get

s∑
i=⌈n/2⌉+1

min(k, di) =
s∑

i=⌈n/2⌉+1

di =
n−t∑
i=1

i ≥
⌈n
2

⌉
≥ k (12)

by using (9) and Lemma 3. Thus, in this case, the Erdős–Gallai inequalities hold

from (10). Hence, it follows that (7) is graphic.

(ii) Let n be odd. Then, consider the following sequence[
⌈(n− 1)/2⌉, ⌈(n− 1)/2⌉, . . . , ⌈(n− 1)/2⌉︸ ︷︷ ︸

⌈(n−1)/2⌉

, n− t, . . . , 2, 1
]
. (13)
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It is easy to see that the difference of the sum of the elements in (8) and (13) equals

to 2⌈n/2⌉. Hence the sum of the elements of (13) is even. On the other hand, from

the hypothesis of this Proposition we have ⌊(n− 1)/2⌋ ≤ t− 1 ≤ ξ(n)− 1 ≤ ξ(n− 1).

Therefore, the sequence (13) is graphic by Proposition 4 (i) and it is the residual

sequence by laying off a element ⌈n/2⌉ of the sequence (8). Thus the sequence (8) is

graphic by the Kleitman–Wang theorem.

Let now n be even. Then we consider the sequence[
⌈(n− 2)/2⌉, ⌈(n− 2)/2⌉, . . . , ⌈(n− 2)/2⌉︸ ︷︷ ︸

⌈(n−2)/2⌉

, n− t, . . . , 2, 1
]

(14)

and proceeding similarly as above, prove that (8) is graphic. This completes the

proof.

Lemma 5. Let n and t be integers such that 1 < t < n. If t > ξ(n), then (7) and (8)

are not graphic.

Proof. Since t > ξ(n), by Lemma 3 we have
n−t∑
i=1

i < ⌈n/2⌉. Therefore, from (10) and

(12) when k = ⌈n/2⌉, we get the opposite of the Erdős–Gallai inequality . Therefore,

(7) and (8) are not graphic.

A sequence d is potentially graphic if there is a connected graph with degree

sequence d.

Lemma 6. If the sequences (5) and (6) are graphic, then they are potentially graphic.

Proof. We follow an argument used in [29]. Since the sequence (5) is graphic, there

is a graph H with degree sequence (5). Suppose that H is disconnected and let Ci

and Cj be components of H. The unique vertex of H has degree 1 and degrees of

others are greater than 1 because we have 1 < t < n. Therefore, each component

of H contains a cycle. Let uivi be an edge of a cycle in the component Ci and ujvj

be an edge in Cj. We now delete the edges uivi and ujvj of H, and add the edges

uivj and viuj. Then the obtained graph has same degree sequence as H and the

number of components subtracted by 1. By repeating the above operation we arrive

at a connected graph. Thus the sequence (5) is potentially graphic. Similarly, the

sequence (6) is also potentially graphic.
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Since the sum of elements of the sequence (5) is even, it follows that t(2n−t+1) ≡

0 (mod 4). It is easy to check that t(2n−t+1) ≡ 0 (mod 4) if and only if t ≡ 0 (mod 4),

or t ≡ 1 (mod 4) and n ≡ 0 (mod 2), or t ≡ 3 (mod 4) and n ≡ 1 (mod 2). Also,

since the sum of elements of the sequence (6) is even, t(2n − t + 1) ≡ 2 (mod 4).

Thus t(2n − t + 1) ≡ 2 (mod 4) if and only if t ≡ 2 (mod 4), or t ≡ 1 (mod 4) and

n ≡ 1 (mod 2), or t ≡ 3 (mod 4) and n ≡ 0 (mod 2). Therefore, for the given integers

n and t such that 1 < t < n, we always get a sequence either (5) or (6) in which its

the sum of elements is even.

We say that a sequence d is MI-graphic if there exists a maximally irregular graph

which realizes the sequence d .

Theorem 7. Let n and t be integers such that 1 < t < n. Then

(i) the sequence (5) is MI-graphic if and only if t ≤ ξ(n) and t(2n−t+1) ≡ 0 (mod 4).

(ii) the sequence (6) is MI-graphic if and only if t ≤ ξ(n) and t(2n − t + 1) ≡

2 (mod 4).

Proof. (⇐) Let t ≤ ξ(n). It is easy to see that since t(2n − t + 1) ≡ 0 (mod 4) and

t(2n− t+1) ≡ 2 (mod 4), the sums of the elements in (5) and (6) are even. Now, we

prove that (5) and (6) are MI-graphic. We distinguish the following two cases.

Case 1. t ≤ ⌊n/2⌋.

We consider a non-increasing sequence d = [d1, d2, . . . , dn] such that

dℓ+1 = t− 1, dn = 1and di = t for 1 ≤ i ≤ ℓ where ℓ = n− t+ 1 or ℓ = n− t . (15)

Now, we prove that the sequence d satisfies the Erdős–Gallai inequalities.

Since t ≤ ⌊n/2⌋, we have

ℓ ≥ t. (16)

Suppose, first, that k > ℓ. Then clearly k − 1 ≥ ℓ and di ≤ t for 1 ≤ i ≤ n from

(15). Using these inequalities and (16), we get

k(k − 1) +
n∑

i=k+1

min(k, di) ≥ kℓ+
n∑

i=k+1

min(k, di) ≥ kℓ ≥ kt ≥
k∑

i=1

di .

Suppose, now, that k ≤ ℓ.
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If k < t, then we have min(k, di) = k for k < i ≤ ℓ + 1 and di = t for 1 ≤ i ≤ ℓ

from (15). Therefore,

k(k − 1) +
n∑

i=k+1

min(k, di) = k(k − 1) + k(ℓ+ 1− k) +
n∑

i=ℓ+2

min(k, di)

= kℓ+
n∑

i=ℓ+2

min(k, di) > kℓ ≥ kt =
k∑

i=1

di

from (16) and k ≤ ℓ.

If k = t, then min(k, dℓ+1) = t− 1 and min(k, dn) = 1 from (15). Therefore,

k(k − 1) +
n∑

i=k+1

min(k, di) ≥ k(t− 1) + t = kt =
k∑

i=1

di

from (16) and k ≤ ℓ.

If k > t, then we have k − 1 ≥ t, min(k, di) = di and di ≤ t for 1 ≤ i ≤ n from

(15). Therefore,

k(k − 1) +
n∑

i=k+1

min(k, di) = k(k − 1) +
n∑

i=k+1

di ≥ k(k − 1) ≥ kt =
k∑

i=1

di

since k < ℓ.

From the above, the sequence d satisfies the Erdős–Gallai inequalities. Hence (5)

and (6) also satisfy the Erdős–Gallai inequalities. Therefore since the sums of the

elements in (5) and (6) are even, (5) and (6) are graphic.

Case 2. ⌊n/2⌋ < t ≤ ξ(n).

(i) Since t > ⌊n/2⌋, there exists an element n − t + 1 in (5) which is equal to the

number of t. Then by laying off the element n− t+1 of the sequence (5), we get the

residual sequence[
t− 1, t− 1, . . . , t− 1︸ ︷︷ ︸

n−t+2

, t− 2, . . . , n− t+ 2, n− t, n− t− 1, . . . , 2, 1
]
.

Again by laying off the element n− t+ 2 of the above sequence, we get[
t− 2, t− 2, . . . , t− 2︸ ︷︷ ︸

n−t+3

, t− 3, . . . , n− t+ 3, n− t, n− t− 1, . . . , 2, 1
]
.
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Repeating the above described algorithm, we arrive at the sequence (7). By Propo-

sition 4 (i), the sequence (7) is graphic. Thus (5) is graphic by the Kleitman–Wang

theorem.

(ii) Similarly, by using the laying off operation to the sequence (6) we get the sequence

(8). By Proposition 4 (ii), the sequence (8) is graphic. Thus the sequence (6) is

graphic from the Kleitman–Wang theorem.

Since (5) and (6) are graphic, by Lemma 6 they are potentially graphic. Therefore,

the sequences (5) and (6) are MI-graphic.

(⇒) Let (5) and (6) be MI-graphic. Suppose that t > ξ(n). Then by Lemma 5, (7)

and (8) are not graphic. Therefore it follows that from Case 2, (5) and (6) are not

graphic by the Kleitman–Wang theorem.

Example. Consider the sequence[
10, 10, 9, 9, 8, 7, 6, 5, 4, 3, 2, 1

]
.

Since n = 12 and t = 10, we have ξ(n) = 9. Also t(2n− t + 1) ≡ 2(4), but t > ξ(n).

Therefore by Theorem 7, this sequence is not graphic. On the other hand it does not

satisfy the Erdős–Gallai inequality when k = 6.

Theorem 8. Let G ∈ Mn,t. If t ≤ ξ(n), then

|E(G)| ≤
⌊
t(2n− t+ 1)

4

⌋
(17)

with equality holding if and only if G realizes the sequence either (5) or (6).

Proof. Since t ≤ ξ(n), by Theorem 7 it follows that there exists a graph H in Mn,t

which realizes the sequence either (5) or (6). Then |E(G)| ≤ |E(H)|. If H realizes

the sequence (5), then |E(H)| = t(2n−t+1)
4

, otherwise |E(H)| = t(2n−t+1)−2
4

. Therefore

from the above, we get (17).

Moreover, if G does not realize either (5) or (6), then clearly the inequality in (17)

is strict. Hence the theorem.

* * * * *
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Concluding this paper, we wish to point out an open problem.

We have studied the maximum size of maximally irregular graphs with given order

and irregularity index (maximum degree). As shown above, the class of maximally

irregular graphs of order n with irregularity index t is a large class of graphs. In [28]

and [24], it was proven that if G is a maximally irregular triangle–free graph of order

n, then the irregularity index t of G satisfies t ≤ ⌊2n
3
⌋. Thus the following problems

arises naturally: Establish an upper bound on the size of maximally irregular triangle–

free graphs in terms of order and irregularity index. Characterize the degree sequence

of a maximally irregular triangle–free graph with given order and irregularity index

for which the size is maximum.
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