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Abstract

Let G = (V, E) be a simple connected graph with n vertices and m edges. The
degree distance of a graph G is

D@ =Y (dew)+da(v;)) da(vi, vy).
{v, 4, }CV(G)

where dg(v;, v;) is the shortest distance between vertices v; and vj, and dg(v;) is
the degree of the vertex v; in G. The Gutman index (also known as Schultz index
of the second kind) of a graph G is defined as

Gut(G) = > da(v)da(vy) da(vi, v)).
{vi, v;}CV(G)

We obtain some lower and upper bounds on D'(G) and Gut(G) of a graph G in
terms of n, m, A and § and characterize the extremal graphs. Moreover, we present
some relations between D'(G) and Gut(G) of graph G.

1 Introduction
Throughout this paper, let G = (V, E) be a simple connected graph with vertex set
V =V(G) = {v1, va,..., v,} and edge set E(G). For v; € V(G), the degree of a vertex

v;, written by dg(v;) (‘or d;), is the number of edges incident with v;. The maximum and
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minimum degree of a graph G is denoted by A and §, respectively. Let u; be the average
degree of the adjacent vertices of vertex v; in G. For a graph G, the distance de(v;, vj)
(or d;;) between vertices v; and v; is defined as the length of the shortest path between
them. The sum of distances between a vertex v; of G and all other vertices is denoted by

D¢ (v;) (or D;), that is,

Z dG(Ui7 U])

v eV(G)
The degree distance of a vertex v; € V(G) is defined by D¢ (v;) = dg(v;) Dg(v;), where
de(v;) is the degree of the vertex v;.
Topological indices and graph invariants based on the distances between the vertices of
a graph are widely used in theoretical chemistry to establish relations between the struc-
ture and the properties of molecules. They provide correlations with physical, chemical

and thermodynamic parameters of chemical compounds [11-13,23,27].

The Wiener index is a well-known topological index which equals the sum of distances
between all pairs of vertices of a molecular graph [21]. The Wiener index is denoted by
W(G) and is defined as

WG = Y da(v, vy) Z Dg(v;) . (1)
{vi, v }CV(G) ueV(G
This molecular structure descriptor is one of the most used topological indices, well cor-
related with many physical and chemical properties of a variety of classes of chemical
compounds. For details, see the survey paper [14]. Dobrynin and Kotchetova [15] and
Gutman [20] introduced a new graph invariant that is more sensative than the wiener
index. The degree distance of G is

D(@G)= Y Dulw)= > de(w)Da(v)= Y  (da(v;)+da(v;)) da(vi, vy).

v eV(G) v E€V(G) {vi, v;}EV(G)
2)

The degree distance of graphs is well studied in the literature. The main properties of

degree distance D'(G) were summarized in [1,3,22,24-26].

The Gutman index (also known as Schultz index of the second kind) of a graph G is

defined as
Gut(G) = Z de(v;) de(vy) da(vs, vj).

{vi, v;}CV(G)
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The Gutman index of graphs attracts attention just recently. Some properties of Gutman

index can be found in [2,3,19].

Define the inverse degree of a graph G with no isolated vertices as

IDG)= Y !

werie) de(®)

where dg(v;) is the degree of the vertex v; € V(G). The inverse degree first attracted
attention through conjectures of the computer program Graffiti [18]. It has been studied

by several authors, see for example [4,17].

The first and second Zagreb indices, M;(G) and M(G), of a graph G are among the
oldest and the most studied graph invariants in mathematical chemistry. They are defined

as:

M(G)= > da(w) and My(G) = Y da(vi)da(v)).

v, eV(G) vv; €E(G)

For more details on these indices see the recent papers [5,7-10] and the references therein.

The paper is organized as follows. In section 2, we present some upper and lower
bounds on D'(G) and Gut(G) of a graph G and characterize the extremal graphs. In
section 3, we obtain some relations between D’(G) and Gut(G) of graph G.

2 Bounds on the degree distance of graphs

In this section we present some upper and lower bounds on D’(G) and Gut(G) of a graph

G and characterize the extremal graphs.

Theorem 2.1. Let G be a connected graph with n vertices, m edges, minimum degree §

and mazimum degree A. Then
A(n — Dym — My(G) + Qa(W(G) +m—n(n— 1)) < D'(G) < 4(n — 1)m — My(G)
+2A(W(G’)+mfn(nf 1)), (3)

where W(G) is the Wiener index of graph G. Moreover, both the equalities hold in (3) if
and only if G = K, or G is a graph of diameter 2 or G is a regular graph of diameter

greater than or equal to 3.
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Proof: We have

D(G) = > diDi= Y d Y dy= Y = (di+d)dy

v, eV(G) v,eV(G)  v;eV(G) {vi,v;}CV(G)
= Y (di+d)+ D 2Adi+d)+ D (di+dy) (di—2)
v v;€E(G) {vi,v}CV(G) {v;,v,1CV(G)
22 dij>2

= Zd2+2[ (n—di—1)+ (27n—d7:—d¢ui)]+ Y (di+dy)(dy—2)

1<i<j<n
di;>2
as  dijy; = Z d;
vj: v €EE(G)
< A -Dm=DM(G)+2A Y (dy—2) as My(G) = d? =Y di; (4)
1<i<j<n i=1 i=1
di;>2

= 4(n71)m7M1(G)+2A( Sod-2 Y 1)

1<i<j<n 1<i<j<n
;22 dij 22

= 4(n—1)m— Mi(G) + ZA(W(G) +m—n(n— 1)) by (1).

Now suppose that the right equality holds in (3). Then the equality holds in (4). From
equality in (4), we get d; = A for all v; € V(G) when G has diameter 3 or more. Thus
G = K, or GG is a graph of diameter 2 or GG is a regular graph of diameter greater than

or equal to 3.

Conversely, one can see easily that the equality holds in (3) for complete graph K, or

graph of diameter 2 or regular graph of diameter greater than or equal to 3.

Similarly, we can prove that

D'(G) > 4(n — 1)m — My(G) + 26<W +m—n(n— 1))

with equality holding if and only if G = K, or G is a graph of diameter 2 or G is a regular

graph of diameter greater than or equal to 3. |
In a similar manner as Theorem 2.1, we can prove the following result for Gutman

index:
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Theorem 2.2. Let G be a connected graph with n vertices, m edges, minimum degree o

and mazimum degree A. Then
4m? — My(G) — My(G) + 6* (W(G) +m—n(n— 1)) < Gut(G) < 4m?* — My(G)
—My(G) + A (W(G) +m—n(n— 1)>7

where W(G) is the Wiener index of graph G. Moreover, both the equalities hold if and

only if G = K, or G is a graph of diameter 2 or G is a reqular graph of diameter greater

than or equal to 3.

3 Relation between degree distance and Gutman in-
dex of graphs

In this section we give some relations between degree distance and Gutman index of

graphs. For this we need the following result:

Lemma 3.1. [16] If @ = (a1, as,..., ay), b = (b1, ba,..., by) are sequences of real
numbers and ¢ = (c1, ¢a,..., cy), €= (e1, €a,..., ex) are nonnegative sequences, then
N N N N
echla,ZwLZczzelb2>220,a,z:e,Z (5)
i=1 =1 =1 =l

Ifc; and e; (i=1,2,..., N) are positive, then the equality holds in (5) if and only if

a=0b=k, where k= (k, k,..., k) is a constant sequence.
Theorem 3.2. Let G be a connected graph of order n with m edges and diameter d. Then

2 D'(G) Gut(G) < <(" —DAS  (n=l(n=2) % +(n-1) ID(G))

A+§ 2
X (2 md* My(G) — (d* = 1) [Zm —(n—DA| M(G) — (A —A+1) 5Ml(G)> , (6)

where A and § are the mazximum degree and minimum degree, respectively. Moreover, the
equality holds in (6) if and only if G = K.

Proof: Suppose that each ¢ in Lemma 3.1 corresponds to a vertex pair (v;, v;) such that

N = "(" D Setting ¢; = e; = d; d; (d; +d;) d?j and each a; is replaced by 5 dlld and b; is
v %y Yy

replaced by m‘, then from (5), we get
T 7 ]

S ey T (0 ) 20 S waa, S, 0)
i J

i<j i<j 1<j 1<j
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Since .
Z d; =2m and Z d? = My(G),
i=1 i=1
we have
S didi(di+dy) = Y (dPd;+did)
i<j i<j
= Z d? (2m — d;)
i=1
= 2mM(G) - > d}.
i=1
and

Soodidi(divdy) = Y ddi+ > did]

viv;€E(G) viv;€E(G) viv;€E(G)
n
3
= E dy i
i=1

idf[?mfdif(nfdifl)A]

>
i=1
as dip; >2m—d; — (n—d; — 1)A
_ [2m_(n—1)A]M1 A1) Zd3
Using the above results, we get
Sodidi(di+dy)dl =Y didi(di+dy)+ Y didy (di+dy) d
i<j viv; €E(G) i<j,dij>2
< Z d; d; (d; + d;) + & z d; d; (d; + dj)
viv; EE(G) i<, di;>2
= & didj(di+d)—(d*—1) Y did;(d; +dy)
i<j vv; €EE(G)
< 2md My(G) — (d® — 1) [zm —(n— 1)A] My(G)
—(PA-A+1)Y & (8)
i=1
< 2md® My(G) — (d® — 1) [Qm —(n— 1)A] M(G)
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—(*A-A+1)5M(G). (9)

Since
2 < 1 n 1 < 2
A~d dj— 9
we have
d; d; A
< —.
di+d; — 2
Again since
1 n 1 < 1 n 1
d 6~ A 0§
we have
d; o Ao
< —.
di+0 ~ A+9
Suppose that v, is the minimum degree vertex of degree §. Using the above results,
we have
3 did; 2 did d; d;
i<j d; + d; = dito i<j<n d; + d;
(n—1)A4d n(n—1) A
< — — -
< i (e wen)g
_ (n=1A (n—-1)(n—2) A
I 2 2 (10)
and
d; + d; 11 " n—1
b2 e A — ) = =(n—-1)ID(G). 11
2 " q.d; Z(dﬁdj) ) g~ (- 1IDG) (11)
1<j 1<j i=1

From the above two results, we get

d; d; d; + d; (m—1)A5 (n-1mn-2)A
< — — .
> <di+dj 0 ) < xoso 5 5+ =1IDG).  (12)

i<j

Using the above result with (9) in (7), we get the required result in (6). First part of

the proof is done.
Now suppose that equality holds in (6). From equality in (7), by Lemma 3.1, we get

1 1 1 1
= = = f i\ U;, )
di (1]' (]z] di dk dzk ((]1 + d]) dij (dl + dk) d,k orany i, Uy, Uk < V(G)

From the above,

d;+dj =d;d;, thatis, d;=d; =2 forany uv;, v; € V(G).
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Again from the above, we get d;; = dy, for any v;, v;, v, € V(G). Thus we have d = 1.
Hence G = K3.

Conversely, one can see easily that the equality holds in (6) for Kj. |

Corollary 3.3. Let G be a connected graph of order n with m edges and diameter d.
Then

2 D'(G) Gut(G) < ((” —DAd (n=l(n=2) % fn-1) ID(G)>

A+§ 2

x (2 md? My(G) — (d? — 1) [Qm —(n— 1)4 Mi(G)

(EA-A+1) (6Ml(0) - 1)p)>, (13)

where A, 6 and p are the mazimum degree, minimum degree and the number of pendant

vertices in G. Moreover, the equality holds in (13) if and only if G = Kj.

Proof: Since p is the number of pendant vertices in G, we have
Mod=p+ D dzptd > A =p+5(M(G)-p).
i=1 v;€V(G),d;#1 v;€V(G),d;#1
Using this result in (8), we get the required result in (13). Moreover, the equality

holds in (13) if and only if G = Kj. |

Lemma 3.4. (Radon’s inequality) For real numbers p > 0, x1, xa,..., , >0,

ay, s, ..., a. >0, the following inequality holds:

r p+1
LS > Ik)
Z Ty > (k:l
a? = r b
k=1 K (Z (lk)

k=1

We now give another relation between degree distance and Gutman index of graphs.

Theorem 3.5. Let G be a connected graph of order n with m edges and mazimum degree
A, minimum degree 0. Then
ASD'(G)? < (A +6)2Gut(G)W(G) (14)

with equality holding if and only if G is a regular graph.
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Proof: Suppose that each k in Lemma 3.4 corresponds to a vertex pair (v;, vj) with

n(n 1)

r= ) and p = 1. Setting each wy is replaced by (d; + d;) d;; and ay is replaced by

d; d; d;;, then from Lemma 3.4, we get

2
> (di +dj) dyj
<i<,- o <Z(di+dj)2d“
S dididy & didy

i<j

R <5 (58 o

In [6], it has been shown that

(-48) <37

Moreover, the equality holds if and only if G is a regular graph or G is a bipartite

that is,

semiregular graph.

From the above two results, we obtain

DI(G)? _ (A+0)? (A +6)2
Gut(G) = AD D dy S =15 W(G).

i<j

Moreover, the equality holds if and only if G is a regular graph. |

Theorem 3.6. Let G be a connected graph of order n with m edges and the number of

pendant vertices p. Then

Gut(@) < D(@)+ Zmonm - 2 O =P=l = p—2) Ma(G)

227 a6y - wio) (15)

with equality holding if and only if the distance between any two non-pendant vertices in
G is at most 2.

Proof: We have

N = Y i Y )+ Y

viv; €EE(G) viv; €E(G) viv; €EE(G) vv; €E(G)

= My(G) — My(G) +m.
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and
Ddi-Dd-1) = Y (-1 -1
i<j i<j,di, d;>2
= > didyj— Y (di+d)+ > 1
i<j,di, d;>2 i<j,di, d;>2 i<j,d;, d;>2
-l z d;(2m — d; — p) ! Z [(n p—1)d
=3 i li =] B D i
v, EV(G),d; >2 v, EV(G), d; >2

(n=p)n-p-1)

1 , 1
= 5@m=p) =S (M(G)=p) = (n—p—1)(2m—p)
L=pe-p-1)
2
1
=3 [(Qm —n)(@2m—n—+1)+2m— Ml(G)].
Using the above two results, we get
Gut(G) - D'(G)+ W(G) = > (didj—d; —d;+ 1) d;;
i<j
= Y @-Dd -+ > (di—1)(d;—1)dy
viv; EE(G) i;j,j”;;
< ) [@di=D)d—-1)+m-p-1)
viv;€E(G)
x> (di—1)(d;— 1) (16)
i<j, dij>2
dj,d;>2

= (n—p-1) Y (di—1)(d;j—1)— (n—p—2)

i<j

X Z (di —1)(d; - 1)
viv; €E(G)
2m—-n)2m—-—n+1)(n—p—1)

- 5 +m—(n—p-—2)M(G)

+ w My(G) — W(G).
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First part of the proof is done.
Moreover, the equality holds in (15) if and only if the equality holds in (16), that is, if
and only if d;; = 2 for any v;, v; € V(G), viv; ¢ E(G) with d;, d; > 2. Hence the equality

holds in (15) if and only if the distance between any two non-pendant vertices in G is at

most 2. |
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