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Abstract
Topological relations between three degree-baseatiants of a connected graph G are investigated.
These are: the first and the second Zagreb indMgs), M,(G)) and the topological quantity defined
asr(G) =Y d*(v) where d(v) is the degree of the vertex v, andstiramation embraces all vertices
of the underlying graph. We present novel inegiealitncluding M(G), Mx(G) and F(G), and show
that in all cases equality holds if G is a regulaa semiregular graph. Additionally, the notionsof
calledweakly semiregulagraphs is introduced, they are considered as abp@ggeneralization of
traditional bidegreed semiregular graphs. Using Bagreb index-based graph irregularity measures
for purposes of fullerene stability prediction, quamative tests have been performed on a finitefset
dual graphs of C40 fullerene isomers. By analyzhmg findings obtained, the traditional concept of
graph irregularity characterization has been @iycreevaluated.

1 Basic notions

All graphs considered in this study are finite sienponnected graphs. For a graph G with
n vertices and m edges, V(G)z{v,,...vi,...Vp} and E(G) denote the set of vertices and edges,
respectively. To avoid trivialities, we always as®uthat &3. The degree of a vertex v is the

number of edges incident to v, and denoted bywhére d(v}1.
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Let d=d(v) be the degree of the ith vertex. Denote by ddteesponding n-element
vector of degrees, and by the number of vertices of degree j, ferlj Let A=A(G) and
8=3(G) be the maximum and the minimum degrees, reseégtof vertices of G. Moreover,
denote by pthe average of the degrees of the vertices adjaoewt]V(G). An edge of G
connecting vertices\and y is denoted by (i, j).

Using the standard terminology [1,2], let A=A(G)dab=D(G) be the adjacency matrix
of G and the diagonal matrix of its vertex degregugnce. For a graph G, we denote{y)
the largest eigenvalue of A(G) and call it the s#aadius of G.As usual, the Laplacian
matrix of G isL(G) = D-A, and the signless Laplaciaatrix of G is Q(G)=D+A, for details
see [3].

A graph is R-regular if all its vertices have tleare degree R. A connected graph G is
said to be bidegreed with degreeands (A>d) if at least one vertex of G has degreand at
least one vertex has degr&eand if no vertex of G has a degree different fréror 5. A
connected bidegreed bipartite grapm@] is calledsemiregularif each vertex in the same
part of bipartition has the same degree. By définjtacomplete split grapicS(n,p) consists
of an independent set with (n-p) vertices and gueliwith p vertices, such that each vertex of
the independent set is adjacent to each vertexeofltque [4].

Let ¢ be a positive integer. Denote Ky, the set of connected non-regular graphs for
which and|d, -d,|=¢ holds for any (i,j) edge in G. I6 0Q,, then G is said to beaeakly
semiregular graphlt follows that traditional bipartite semiregulgraphs represent a subset
of weakly semiregular graphs.

Based on the considerations outlined in [5,6, ¥om@nected non-regular graph G is called
nearly regular if ‘d‘ —dj‘ <1 holds for any (i, j) edge in G. From the definitjat follows that

if G is a bidegreed nearly regular graph qmd di‘ =1 holds for all adjacent verticesand y

in G, then G is semiregular. Examples of such gsaguie the complete bipartite graphsqK
where q=p+1.

2 Preliminary considerations
In what follows, we list the previously known reet results. Some of them will be
needed in the subsequent sections. Recall thdirgieZzagreb index MG) and the second

Zagreb index M(G) of a graph G are defined as follows [8-11]:
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M, =M,(G) = Zdz > +d)

i=1 (i,j)0E

M,=M,(G)= >.dd,.

(M=)

The Zagreb indices belong to the family of the mestensively studied molecular
structure descriptors. The fundamental propertie€agreb indices and the relationships
between them are summarized in surveys [8-15].

Recently, a ,forgotten topological index” denoted B(G) has gained interest in the
chemical graph theory [16,17,18]. It is defined as

FG) =Y d? =Y (d +d})
= @

Some basic properties and the chemical applicalfiF-index are detailed in [16].
Lemma 1[19]: Let G be a connected graph. Then

M,(G) < M 6(6) om

Ml(G)sm+Am
A

In both cases equality holds if G is regular or isegular.

For a connected graph G the general sum-connectivitex X,(G) proposed by Zhou
and Trinajstt [20] is defined as

X.(G)= 3 (@ +d)’

(e
wherea is a real number. We can conclude thgiG§ generalizes the first Zagreb index.

Lemma 2[20]: Let G be a connected graph G. Ok a <1thenX (G)<MI(G)m™®, and if
a<0 ora>1, thenX, (G)=M{(G)m ™. In both cases equality holds if and only if eftk®

is regular or G is a bipartite semiregular graplepénding on the choice of parameter
several different types of topological indices bangenerated.
Corollary 1 If a=-1/2, as a particular case the ordinary sum-cdivigcindex denoted by
X(G) is obtained [20]. For X(G) the following inegity yields:

3/2
m

X(G) =X _y,(G) =
Q)= ()(‘%E’idml

Equality holds if and only if G is regular or seegular.
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Corollary 2 Let a=2. It follows that
X,(G)= Y (d,+d)?*=d'Qd=F+2M, 2MZ/m

(i,J)0E
where Q is the signless Laplacian matrix of Gs lblbvious that in the above formula equality
holds if and only if G is regular or semiregular.
Because (d+ ¢ )< 2A for any (i, j) edge, this implies that

F+2M, _d'Qd_ M,
M, M, m

2N 2

with equalities if and only if G is regular.

Corollary 3 For each edge (i, j) of G, the inequality fdd ) < m+1 is fulfilled, and equality
holds if and only if G is isomorphic to the complegraph K or G is isomorphic to the m-
edge star graph,$:[21]. Then from Corollary 2 one obtains that

S F+2Mm, _ d'Qd
(m+DYM,;  (m+DM,

and the equality holds if and only if Gzlér G=S+1.
If G is a triangle-free graph, then for each edgg) of G the inequality (d+ ¢ ) < n holds
with equality if and only if G is a complete bigéetgraph [20]. This observation implies that

12':;2'\/'2 :@

nM, nM,

and the equality is attained if and only if G isn®orphic to a complete bipartite graph.
Corollary 4 [11]: Let p(G) be the spectral radius of a connected graphri@&n as a
consequence of Corollary 2 we get

oGz Me M F
M, m M,

and the equalities hold if and only if G is regular
Corollary 5 If 0=3, it follows that
X4(G) = Y. (d +d)*=M;/m?

(i,J)0E
with equality if and only if G is regular or sengdar.

Because(tt ¢ )< 2A for any (i, j) edge, we obtain
@ +d)’
op s Xa(G) _ u;)u"E CooooM M
~X,(G) F+2M,  (F+2M,)m* m’d'Qd

with equality if and only if G is regular.
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Let X'= [X1,X2,...Xi,...Xs] be a vector whose elements are defined on thte fiet of
vertices. More exactly, let f be a non-negativettwmous function defined on the vertex set V
={V1,Vz,...Vi,...Vy} Of G and let x=f(v;) be non-negative real numbers for i=1,2,...,n
Lemma 3[22]: Let G be a connected graph G. Then

fev,)  f(v)) X X,
X; =y f(v,) L+ . 1)
Z Z (%id(V) d(v;) (%:E d(v;) d(v))
Lemma 4 As a particular case, lef'xd"=[d1,db,...d;,...ds]. By using identity (1) it follows
that

> =d)* =Y (d +d) -2 dd, Zd3 2% dd;=F-2M,20  (2)

(i,j)uE (i,j)0E (i,j)UE (i,j)0E

with equality if and only if G is regular.
Remark 1 The inequality (2) can be rewritten in the follogiaquivalent form:
IRL(G) =F(G)-2M,(G) = Y .(d, -d,)*=d"Ld =0 (3)

(.00E
where L is the Laplacian matrix of G. Because ety (3) holds if and only if G is regular,
this implies that IRL(G)=tLd can be considered as a graph irregularity index.
Remark 2[16]: If G is an n-vertex connected graph, thergiraity ‘d, —dj‘ <n-2is fulfilled
for any (i, j) edge in G, and equality holds if aoly if G is isomorphic to ann-vertex star
graph Q.This implies that

IRL(G) = F(G) -2M,(G) =d"Ld < m(n - 2)?
with equality if and only if G is the stap.S
Lemma 5[23]: Let G be a connected graph G. Then

0 2my 2m 8m?
F(G):dezTde=TM127, @)
i=1 i=1

with equality if and only if G is regular.
Remark 3 Starting with (4) it is possible to establish a elograph irregularity index IRF(G)

defined as
IRF(G) = K(G) —27”” M,(G) 0.

From the definition it follows that if graphsa@&nd G have identical degree sequences then
IRF(Ga)=IRF(Gg) holds.
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Corollary 6 If G is a connected graph, then

2. ;
M 5 _F andF=>d’=2M,.
n 2m  2m =

In both formulas equality holds if and only if Grsgular. In this particular case, the well-
known Zagreb indices equalityyields [13,14,15]:

e
Ml_zzlldi M

Mi—i=m M2
n 2m m

Corollary 7 Let G be a connected graph. From Corollary 3 andrha 4 it follows that

+ T
n—Fle(G)zF 2M2(G):d Qd
2m m+1 m+1

with equality if and only if G=K.
Lemma 6[24]: Let G be a connected graph. For G the follmyiwo sharp inequalities are
valid:

> and —2%2 . 5
7 . (%)

M, _ 4m? M, _ 4m?
n

In both cases the equality holds if and only ifsGegular.

Lemma 7Let G be a connected graph G. From Lemma 5 and laefme get

3
F+2M,= 3 (d +d,)? =d"Qd= 2" M, +2M, =2m(&+&j216’1‘
n n m n

(i,J)0E

with equality if and only if G is regular.
Lemma 8[25]: Let G be a connected graph G. Then
F<(A+3)M,(G) -2mAg, (6)
with equality if G is a regular or a bidegreed drap
Corollary 8 Let G be a connected graph. From [26] and Lemntddlows that

M, _ [F+2mAd
p(G)E\EE\ n+3)

and equality in each inequality holds if G is reguwr semiregular.

Starting with the concept outlined in [27], a negular connected graph is calledvell-
stabilized graphif any two non-adjacent vertices have equal degr@eme different types of
well-stabilized graphs are illustrated in Fig.1.€T¢omplete bipartite graphs, the non-regular

complete multipartite graphs, the wheel graphs With n>5 vertices, the complete split
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graphs CS(n,p) and the generalized windmill grg283$ form the subsets of well-stabilized
graphs. As can be observed, the diameters of @tlhgr depicted in Fig.1 are equal to 2.

G1 GZ
Gs Gy

Figure 1 Examples of well-stabilized graphs

Lemma 9[27]: Let G be a connected graph G. Then
F< 2M,(G) +nM,(G) —4m? @)
with equality if G is a regularor a well-stabilizgdaph.
Corollary 9 Consider the irregularity index VAR(G) of a conregtgraph Gdefined as [28]:
VAR(G) = L(G)—[Z—mjz
n n
Then IRL(G)=F(G)-2M(G)=d'Ld< n"VAR(G) holds with equality if G is a regular or il
stabilized graph.

Corollary 10 From [11] and Lemma 9 we obtain that

2
p(G)Z%Z F+4m -n
Ml Ml

i

and equalities are attained if G is regular.

3 Zagreb indices based inequalities resulting in equidy for
semiregular graphs

In what follows, some relations between the topmiagindices M(G), Mx(G) and F(G)
will be investigated. Using these topological irgats, novel inequalities are established,
moreover it is verified that in all cases equaliblds for regular and semiregular graphs.

Proposition 1Let G be a connected graph. Then
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M,(G)= Y Jddup,

(i, ))0E

with equality if G is regular or semiregular.

Proof. Considering the known identity formulated as
_1S e
M (G) =22 din .
i=1
Using the transformation rule represented by LerBinae get
1
MZ(G) :EZ(d'p" +d]u])2 Z\ dldjulu]
] (i.)0E

It is obvious that equality holds for R-regular gina, because R==d |y is valid for any
vertex. If graph G4,3) is semiregular, then §G(A,3))=mAg, moreover, for an arbitrary (i, j)
edge of G4,5) the equality gly= dj =AS holds. This implies that

ZJdidipiuj =mAd=M,(G(A,9)) .
(i.)0E
Several novel inequalities including topologicavaniants M(G), Mx(G) and F(G) can be
easily generated by the appropriate use of thedatig Lemma.
Lemma 10 Let w be non-negative numbers (weights) for whichrwe+...wi,...+ w, =1.
Then
n 2 n
{ZwiBi} <Y wB? (8)
i=1 i=1
where B are also non-negative numbers for i=1,2,...n andetpeality holds if and only if
BlzBZZ' . .:3.
Proof. Using the Cauchy-Schwartz inequality,one gets that

n 2 n n n
S} <{Sw{Swer|=Swer
i=1 i=1 i=1 i=1
Corollary 11 Let w =1/n for i=1,2,..,n. In this particular case, #tm®wn inequality yields:
2
13 13
=MB,p <=» B? 9
ief =2%e ©

Corollary 12 Let G be an m-edge graph and denote by (i,j) ae edd> with end-vertices;v

and y. If B(i,j) is a non-negative number belonging tige (i,j) in G, then
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{ 2 B, J>} <L v (10)

m ‘e M i oe
Corollary 13 Let G be an m-edge graph whose any edge (i,j) &adterized by a non-

negative number w(i,j) for which

> w(i, j) =1.

(.0E
If B(i,j) are also non-negative numbers, and altrefm are defined as a function of edges (i,j)
in G, one gets that
2
{ZW(LJ)B(LJ)} < > w(i, )B(i, ) - 11
(i.D0E (.)0E

Proposition 2Let G be a connected graph. Then

{Z did; (d; +dj)} <M (G)M,(G)
(e

with equality if G is regular or semiregular.

Proof. LetB(i, j) =,/d, +d, /,/d,d; and w(i, j) =d,d, /> d,d, =d,d,/M,(G).

()]

Then using inequality (11), we have

{ z(G)uZ\/m} M (G)Z(d +d)) =M,(G)/M,(G).

J)oE (i)

It is easy to see that for semiregular graphs thelty holds. This is due to the fact that if
G(A,9) is a semiregular graph, then the topological tjtias
d,+d; =A+38 and dd,(d; +d;)=A5(A+9)
are constant for any (i,j) edge in G.
Let A be a real number, and denote by

*M,(G) = Zd?d?
(.0E

the second variable Zagreb index introduced bydehiic and Nikoli[29].
Proposition 3If G is a connected graph, then

2
My (6)= Y did > M)

(i,)0E

with equality if G is regular or semiregular.
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Proof. Let B(i,j)=dd, for any (i,j) edge in G. From inequality (10) wetg

1 M (G)j2

= dd ; =| =221,

m(l%D:E( ) { (l%D:E J} ( m
For a semiregular graph &§) the quantityd,d, =A3 is constant for any edge (i, j). This
implies that for semiregular graphs equality holds.

Proposition 4If G is a connected graph, then

Zd5+2 3 —Zd5+2( M (G))>—

(i,j)0E i=1
Equality holds if G is regular or semiregular.

Proof. Let B(i,j)= d? +d?. Then using inequality (10), one obtains

Lsfsa) =Y 5 reathe 3o 2 sl

M 5ce (i )E (h)E i E

From this it follows that

m(Z(df+d?)+22dfdj) (Zd5+22d j{gd?}Z:Fz.

(.00E (.IE (.0E
Equality holds if GA,8) is a semiregular graph,because for semiregulaaphgr
d? +d? = A? + % is constant for any edge (i, j) in G.

Proposition 5Let G be a connected graph. Then

2
l n
Ml(G) 2 E{Z\jdi“i }
i=1
with equality if G is regular or semiregular.

Proof. By definition, letB; =,/d,y; fori=1,2,..., n. From inequality (9), one gets
2
13 13 2 1
{*Zvdi Ui} S*Z(\/di Ui) :*zdilli :
ni= Nz Nz

Additionally, using the known |dent|tZd2 zd Y, =M,(G), it follows that

i=1 i=1

{%z}/di pi} s@.

The equality holdsfor semiregular graphsA@) because,/d.p; =+JAS is constant for any
vertex in G, moreover the identity{G(A,8))=m(A+8)=nAs is fulfilled.
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Proposition 6 Let G be a connected graph. Then

M@ _ 1
. 1(6)2( M)

andequality holds if G is regular or semiregular.
Proof. Let B = d; for i= 1,2,...,n. Using inequality (9) we have

Corollary 14 From [25] we obtain that

3 du )?
pZ(G)zg( ) M,
M, n'
and equality in each inequality is simultaneoustgiaed if G is regular.

Proposition 7 Let G be an n-vertex connected graph. Then

iuf%{i\di —u.\} +M,(G)

with equality if G is regular or semiregular.

Proof. By definition, letB, =|d, -j,|= 0 for i= 1,2,..., n. Using inequality (9), one gets

{ > u\} 23 {zd2+2u —Zde}

i=1

Becausezn: d? = id‘ui =M,(G), it follows that
i=1 i=1

2
13 13 1]
(2390 ulf <230 up =25 -me).
n i=1 n i=1 n i=1
If G=G(A,3) is a semiregular graph, th&h-,|=A -3 is a positive constant for any vertex v

in G. Consequently, we have

{%Z\d -u.\}z ={a-3 =%i(d, e =%2(A—6)2 .

i=1 i=1

Proposition 8Let G be a connected graph. Then

{U,DJ( ﬂ} <M.(©)-2 3 i,

with equality if G is regular or semiregular.



-196-

Proof. LetB(i, ) :‘\/E—\/m Starting with inequality (10) we obtain

(22N ] 2] - =] 2 )2 3

(i, )E

Now, using the Lemma 2, we g, (G) :Zn:dip‘ = Z(Hi +uj). This implies that
i=1

(i,1)0E

2
1 2
2w - il] = Bl -y f <@ -2 3
(i,J)oE (i,J)0E (i,j)0E
If G=G(A8) is a semiregular graph, equality yields becaW—\/E‘:\/ﬁ—\/S is a
positive constant for any (i, j) edge in G.
Proposition 9 Let G be a connected graph. Then

L1 _faodf
X;(G)= Y. (d +d)’= F(G)+2M ,(G
©) %E( +d)) >M1(G){< )+2M ,G)f = M(G)

In the above formula equality is fulfilled if G iegular or semiregular.

Proof. Let B(i,j)=d + 4 andw(i,j)=(d, +d,)/ > (d, +d,) =(d, +d;)/M(G).
(i)

Starting with the inequality (11), we have

(G) (i,j)0E [ (G) (i,j)0E ]

It follows that

(G) (I%E( [ (G) (i,j)0E )

Finally, one gets

M,(G) Y. (d +d)’ [Z(d +d)J ={F(G)+2M @) ={dod} .

(=4 (DeE
It is easy to see that in the above formula equdifulfilled if G is regular or semiregular.
Corollary 15 Because (d+ d )< 2A for any (i,j) edge, we obtain on the one hand
2AM,(G) = F(G) +2M ,(G) =d"Qd,
and the other hand

F
2M,

aA-_F M
M

with equality in both cases if G is regular.
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Proposition 10If G is a connected graph then

d, +d,

Xfm(G):{z\/dﬁdj} ML) Y ——
(.poE - HiMj

(i, )0E

Equality is fulfilled if G is regular or semiregula

Proof. LetBy(i, j) =,/d, +d; /d,d;and w(i, j)=d,d, /> d,d, =d,d,/M,(G) . Now, using inequa-
(i.9)

lity (11) we have

{ L dd‘/m}zz{ ! ZW}2< L dei{m}z.

M,(G) 4 ' dd, M, (G) iire MG dd,

For regular and semiregular graphs the equalitdshdf G(A,5) is a semiregular graph, then
the topological quantities
d; +d; =A+dand(d, +d;)/dd; =(A+38)/ A3

are constant for any (i, j) edge in G.

4 Some properties of nearly regular and weakly semigular
graphs

The bidegreed nearly regular graphs have akkedevant applications in the mathematical
chemistry. The benzenoid graphs [30] having vestiaéth degrees 2 and 3 belong to the
family of nearly regular graphs. Similarly, the sétdual graphs of classical fullerene graphs
with vertex degrees 5 and 6 is considered as asdmdass of nearly regular graphs.

As we have already mentioned, weakly semiregulaplys are obtained as a possible
generalization of bidegreed semiregular graphsrélleaists a particular class of connected

non-regular graphs for Whic‘ldl —d]‘ =1 holds for any (i, j) edge in G. For simplicity,cbu

graphs are calledveakly irregular graphs From this definition it follows that weakly
irregular graphs are weakly semiregular and neadylar simultaneously.

In Fig. 2 different types of non-regular graphs am@wn.Graph His a bidegreed weakly
semiregular graph with=2, graph H is a tridegreed weakly irregular graph, while dnsp
denoted by Hand H are nearly regular graphs.
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H1 HZ

Hs Ha

Figure 2. Some different types of non-regular graphs

Consider the Albertson irregularity index [31] ofieaph G defined as
Ir(G) = Yld, ~d. (12)

(RS
Proposition 11Let G be a connected graph. Then
Irr(G) < F(G) - 2M,(G) =d'Ld (13)
with equality if G is regular or nearly regular.
Proof. On the one hand, one obtains that
FG)-2M,(G)=d'Ld= > (d,~d,)’ = >'|d, ~d|=Im(G)

()0E (L)0E
on the other hand, equality holds if

(d —d,)? =|d, —d,| =0or (d, -d))* =|d, -d| =1
for any edge (i,j) in G. It is easy to see that #ve equalities are fulfilled forregular and
nearly regular graphs.
Corollary 16 If G is a weakly irregular graph with m edges, then

I (G) =F(G) -2M,(G) =d"Ld =m.
Proposition 12Let G be a connected graph. Then
2
Irr2(G) ={ >ld —dj\} <m(F(G)-2M,(G)) =md'Ld .
(i, )0

In the above formula equality holds if and onlyG¥js regular or weakly semiregular.
Proof. Letg(i, j) =|d, - d,| . Using inequality (10) we obtain

ERIRIE PR

(i,1)0E (i,1)0E
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It follows that
2
[ >, —dj\j <mY (0, -d,f :m{Zd? -2 Zdidl}.
(i,))0E (i,))0E i=1 (i,))0E
It is obvious that equality holds if G is regultoreover, it is easy to see that equality is also

fulfilled for weakly semiregular graphs Wh@ie— dl\ =g =>1holds for any (i,j) edge of G.

Proposition 131f G is a weakly semiregular graph wittr 1, then G is bipartite.
Proof. It is known that (i) every acyclic graph is biptat and (ii) a graph is bipartite if and
only if it does not contain an odd cycle [1]. Camsently it is enough to verify that if G is a
weakly semiregular graph with> 1, then G does not contain odd cycles. Lgb€a cycle in
G which includes M edges. Denote byi{ws,... Vi, Vis1,... , W.1, Wm} the sequence of
vertices in G, and by {d, d,... d, d1,... ,du1, v} the corresponding degrees of vertices,
where yi.1=v1 and ¢h+1=0d;, by definition. Because cis a cycle in a weakly semiregular
graph, this implies that®l 2, d.; — d = +¢ or —¢, and

SumcC,)=(d, -d,) + (d, —-d,)+,...+ (d,, —d,) =0.
Denote by M and M, the numbers of edges for which.{d- d) are positive and negative
numbers, respectively. Sumgl0 is fulfilled only if My, = M,. In this case M=2M=2M,,
consequently the edge number M in the cyglesBould be an even number.
Remark 4 Let A>2 be an arbitrary integerand denote by {1, 2):1, A} an increasing
sequence of\positive integers. There exists a weakly irregutee graph I characterized
unambiguously by the degree set{l1, 2,A-1, A}.

Figure 3. Dendrimer graph J(case ofA=4)

The construction of the uniquely defined tree grapls illustrated in Fig. 3.

5 Chemical application: Structural characterization of fullerene
isomers

By using the inequalities considered it is possiblalefineseveral molecular descriptors of
new types by which the structure of molecules carcharacterized and compared on the
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basis of quantitative criteria. In what follows,ettapplication of some novel molecular
descriptors is demonstrated on an example conagritia structural classification of all
carbon fullerene molecules.

A fullerene (fullerene graph) with k vertices, dew by G exists for all evenk 20 except
k=22, where the number of pentagons is 12, anddthgber of hexagons is k/2-10 [32]. In our
investigation, for testing purpose, the set of Gdllerene isomers was selected. As it is
known, in the majority of cases, for the stabiptgdiction of lower fullerene isomers @ith
k<70 the so-called pentagon adjacency index Np id [B233,34]. By definition, Np is equal
to the total number of edges between adjacent gensa It is supposed that fullerenes which
minimize Np are more likely to be stable than thibsg do not [32-38].

When analyzing and testing the ability of a topataginvariant for prediction purposes, it is
important to take into consideration the followiogncept: it is required that a selected graph
invariant (a topological descriptor of a fulleremejist be able not only to distinguish between
isomers structures but also to rank the isomerthénorder of decreasing (or increasing)
stability. For the structural characterization oflérenes we used the dual graphs of the

original fullerene graphs [38]. The dual grafif' of a traditional fullerene isomenGs a
bidegreed planar graph, it contains 12 verticedegfree 5, and any remaining vertices are of
degree 6. Three topological invariants definedhenget of C40 dual graphs were selected for
testing purpose: the traditional pentagon index &gl the indices IRL(G) and IRM(G). The
IRL(G) index is represented by formula (3)

IRL(G) =F(G)-2M,(G) = Y (d, -d,)*=d"Ld 2 0. (14)

(.00E
The IRM(G) index proposed recently by Hamzeh antl iR¢38] is defined as
3
IRM(G) =M, (G) -0 = m[JMz(G) -Z’“JNWG) +2:])zo. (15)

n? m n m

Both of them belong to the family of graph irregitha indices, they are non-negative
numbers, and IRM(G)=IRL(G)=0 if and only if G igegular graph.

Starting with the previous considerations it shobéd emphasized that the duals graphs of
fullerene graphs belong to the family of nearlyuleg graphs, (the inequalityil —d]‘sl

holds for any (i, j) edge o€®). This implies that according to formula (13§ trelation
between the Albertson irregularity index Irr(G) atie IRL(G) index ofC*®dual graphs

reduces to the following simple identity:
IRL(C{*) =d"Ld = Irr(C**)
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From the definition of Np pentagon inc it follows [22] that for a dual fullerene graC®
IRLd = IRL(C*) = Irr(C*') =60- 2Np. (16)
Moreover, performing simple calculations it is eésghow[38] that for C{** dual graphs

54k3
(k+4)°

As can beseen, the pentagon adjacency incs included in both formulas, arlRLd and

17

IRMd = IRM(C*®) =54k + Np—360-

IRMd are linear function®f Np. From thisobservation we can conclt that for classical
fullerenes the discriminating power IRLd and IRMd indicess considered to be equivale
Simultaneously, using th®ensity Functional Tight-Binding (DFB) method [3] we
calculatedhe total tight binding enercTQ characterizing the relatiwtability of isomer: On
the basis othe calculated energy vali, the relative stability ofullerene isomers can be
predictedwith high accurac. It is generally supposed thatet most stable isomers ¢
characterized by the lowest vas of this energy [36,37,38,39].

In Fig. 4 for the forty Go isomersthe variationof the tight binding energy TQ wi IRLd and
IRMd indices is shownFrom diagrams depicted in F 4 we can conclude that IRLd a
IRMd topological descriptors can be efficiently dstor stability prediction of fulleren
isomers, both of them have a v good correlation with the total tight binding eng The
coefficient of determination measuring the strerafthinear relationship is relatively high,
values are equal®¥0.955) for both diagrams displayed in Fic

This finding can be explained by the fact, that éRind IRMd indices are the linear functic
of pentagon adjacency indélp.

-333 333

~ ~

338 T~ 334 —
~ ~
-335 ~ -335 -
> P
336 ~ -336 -
~e - e
337 337
338 ~_e 338 o .
e . I N e -339 -

310 . -310 3 A
3 o~ Ee ~3
342 o E I

22 25 30 35 40 250 215 300 325 350

IRLd IRMd

Figure 4. Relation betwee IRLd and IRMd indices and tottight binding energ

In Fig. 5, thecorresponden: between the graph irregularity indicéRLd and IRM is
demonstrated.
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Figure 5. Relationshipbetween topological indices IRLd and IRNtt Cyoisomers

The diagram shown in Fig.Bs strange and surprisin@omparing the comput IRLd and
IRMd indices for C4@somers, th following interesting results ambtained

i) Eliminating the pentagc index from(16 and 17)we get a linear equatic
representing aimple correspondence between IRLd anMd indices

54° IRLd

IRMd =54 - 330 -
(k+4? 2

where k is the verterumber ofan arbitrary ¢ isomer.From this equation it follows th.
IRLd and IRMdcharacterize therregularity of dual graphs of fullerene ison in a revised
order.

i) As an example,dr C40:38 and C40:0 isom: the following valuesof computed
graph irregularityindices were obtained (see Fig. 5):

24.876=IRVId(C40:38) <IRMd(C40:1)=34.87and 40=IRLd(C40:38) >IRLd(C40:1)=:

As can be observed, for tlireegularity classificatiorof C40:38 and C40:0 isom¢ we have
completely different resultwith IRLd and IRMd indices.I{ is known the among forty C40
isomers, fulleren€40:38 is the most stable, arhe least stable isomer is C4 [32,33,34].)
On the basis of oufindings it can be concluded that there exisfinitely many graphs fo
which the irregularity ranking performed tIRLd and IRMd is not empatble with our
“subjective” expectations.

It is important to emphasizthat fom equations (14) and (L& follows directly the linear
relationship
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am* _IRL(G)
n? 2

This is generally valid for all sets of n-vertexnoected graphs having an identical vertex

(18)

IRM(G) :%F(G)—

degree sequence. As an example, consider the @&veltemical tree graphs,;,TT, and
Tsdepicted in Fig. 6 [40].

Figure 6. Structurally similar trees with identical verteagtee distribution [40]

They are characterized by an identical vertex degeguence (4, n=3, n=1) and the
following topological parameters: T1)=30, Mx(T2)=32, Mx(T3)=37 and F(})=92 for
j=1,2,3. Performing simple computations, as a paldr case of (18) we obtain:

IRM(T,) = 24.5625—%IRL(TA) .
where Ta denotes any 8-vertex tree with vertex degree semuén=4, =3, n,=1).

Our observations demonstrate clearly thatin sevesés the usual concept applied to graph
irregularity characterization is false, becauseist based on ‘ill-founded subjective
considerations”. This strange phenomenon called gtaph irregularity paradox”, roughly
speaking, can be interpreted as follows: Theret goasticular sets of connected graphs for
which the result of evaluation (ranking) of graptegularity by using various irregularity
indices is determined primarily on their definitigrconsequently the results of classification
dependonly to a limited extent on the true topalabstructure of graphs considered.

6 Final remarks

Formulas (10) and (11) can be efficiently used &megate novel inequalities between
different degree-based topological indices. Thislesnonstrated on the following example.
Consider the ordinarysum-connectivity index X(Gylahe harmonic index H(G) of a graph
G [20,21]:
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2

X(G) = H(G) = :
(.%E.[d +d (iEEdi +dj
Now, usingthe inequality (10) in which the non-néga numbers B(i,j) are defined as

B(i, j) =1/./d, +d, , one obtains that

2
2 2 1
H(G) = =X*(G) == —_—.
m m (%D:E /di +dj
It is easy to see that in the above formula equdldlds if and only if G is regular or
semiregular. According to Corollary 1, for any cented graph G the inequality
X(G) 2 m*?/M1%is fulfilled. This implies that
2m?
M,(G)
where equality holds if and only if either G reguta G is a bipartite semiregular graph.

H©G) 2~ 2 x2(G) >

Moreover, as a particular case, for an R-regulaplgrGwith n vertex and m edge, one
obtains that

H(G,) =§XZ(GR) = MZ(’Z =

NS
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