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Abstract

For a graph G, the atom-bond connectivity index (ABC index) is defined as ABC(G) =
Zu,UeE(G) 1/%7 where dg(u) is the degree of the vertex u. For a integer n, a
tree T is an n-optimal tree if 7" has the smallest ABC' index among trees with n pendent
vertices (leaves). In [1,2], the authors characterized the n-optimal trees for n < 53. In (3],
the authors characterized the m-optimal trees for 54 < n < 219. However, the problem
of characterizing the m-optimal trees for any n > 220 remains open. In this work, we
introduce some useful graph transformations, and present some properties of n-optimal
trees. For each n > 2, we give an algorithm to find the n-optimal trees and the smallest
ABC index of trees with n pendent vertices. In some sense, the problem to determine the
n-optimal trees and the smallest ABC' index of trees with n pendent vertices is resolved
completely.

1 Introduction

For a graph G, the atom-bond connectivity index (ABC' index) is defined as

da(u) +dg(v) — 2

ABC(G)= Y do(w)de(v)

weB(G)
where dg(u) denotes the degree of the vertex w.
For a integer n, a tree T' is an n-optimal tree if 7" has the smallest ABC' index among

trees with n pendent vertices.
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The ABC index is a vertex-degree-based graph invariant that found applications in
chemistry. It is currently attracting much attention of mathematicians (see [1] and the
references cited therein). Most known results can be found in [4] and the references therein.
For the developments after [4] see [1-3,6-11]. There exist two elementary problems remain

open in study the smallest ABC' index [3,5].

Problem A. Characterize tree(s) with minimal ABC index among the trees of order n.

Problem B. Characterize tree(s) with minimal ABC index among trees with n leaves.

The problem A seems to be hard [5]. For problem B, recent papers [1-3] got some
results.

Magnant et al. [1] claimed that, the unique n-optimal tree is the balanced double
star if n > 19. Unfortunately, the proof is wrong. Soon counterexamples were found by
Goubko et al. [2] by searching n-optimal trees for n < 53. Lin et al. [3] presented some
properties of k-optimal trees, and computer search k-optimal trees for n < 219.

In this work, we introduce some useful graph transformations, and present some prop-
erties of n-optimal trees. For each n > 2, we give an algorithm to find the n-optimal trees
and calculate their ABC indices. In some sense, the problem to determine the n-optimal

trees and the smallest ABC index of trees with n pendent vertices is resolved completely.
2 Some lemmas

Lemma 2.1 Let f(z) = /252 with d > 2. Then f(z) is decreasing for z > 2.

Proof. Note f'(z) = 2\/%( £922) < 0. So f(=) is decreasing for z > 2. |

Lemma 2.2 Let f(z ,/;—1;7 \/ ”111 with d > 2. Then f(z) is increasing for x > 1.

Proof. Let g(z) = (z + 1)? %ﬁl Then ¢'(z) = (z + 1)2,/1131_;1(1% + 2(m+1d_1) —
) > 0 and g(z) is increasing for z > 1.

(z+1)
ot () — d=2 1 1 1 1) _d2/_1
Note that f'(z) = T(\/Iﬁ? @+D)? ~ (a+2)? \/ﬁ) =5 Gw - q(z+1)) > 0. So f(x)
is increasing for > 1. [ ]

Lemma 2.3 Let f(z) = (z+1) ,/;E — /57 Then f(x) is increasing for x > 1.

Proof. Let p(z) = %\/%Jr Vzri- Then ¢'(z) = ﬁm > 0 and ¢(z) is a

increasing function on x.
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Note that f'(x) = /%55 — /757 + 51/ odap — 31/ i = ¢(z +1) — ¢(2) > 0. So

f(x) is increasing for z > 1. |

Lemma 2.4 ( [3]) Let T be an n-optimal tree. Then T has no vertices of degree 2.

3 Some useful graph transformations
In this section, we will introduce some useful graph transformations.

3.1 The edge cutting transformation

Let G be the tree as shown in Figure 3.1, where & > 2, t > 2, dg, (u;) > 3 for
i=1,...,kand dg, (v;) >3 fori=1,...,¢t

Denote G4 to be the tree obtained from Gy by deleting the vertex w and edges uu;
for ¢ = 1,...,k, and adding the edges vu; for i = 1,...,k (given in Figure 3.2). It is
clear that Gy and G have the same number of pendent vertices, de, (v;) = dg; (u;) for
i=1,....kand dg, (v;) = dg; (v;) for i = 1,...,t.

We say that G} is obtained from G; by the edge cutting transformation.

Figure 3.1: Tree G, Figure 3.2: Tree G}

Lemma 3.1 Let G be obtained from Gy by the edge cutting transformation. Then
ABC(G,) > ABC(GY).

Proof. Note that dg,(u) =k +1, dg,(v) =t + 1, dg; (v) = k +t. Denote

A—\/dol( u) +de, (v Z dGld +dg, (wi) — Z dGld +dg, (vi) — 27

de, (u )dal — G (w)de, (ui) — G (v)day (vi)

and

k
dey (v) + dey (ui) — 2 der (V) + der (v;) — 2
B = Z G o, (u;) Z G G( ) '
dgf dgf u7 dg/ dg/ (v )

i=1
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Then

ABC(G,) — ABC(G}) = A— B

E+t de, () de (v;) +t—1
(k+1)(t+1) +; (k + dG1 Z\/ t+1 )de, (v;)
i dap(u) +k+t—2 i dgfl(@i)+k+t—2
LN Tk Odoy(w)  EN\ T (R Odey(v)

Since t > 2, k > 2, by Lemma 2.1, we have

dcl(u,;)+k—1> dGi(ui)-‘rk-i-t—Q i1 1
(k + 1)do, (w) (it Bda () L

dcl(v,;)+t—1> dey (vi) + k41 -2 . .
(t+1)dg, (v:) (k+t)dg ()

Note that 4 /m > 0. Then ABC(G,) > ABC(GY). |

3.2 The first kind branches exchanging transformation

Let G3 be the tree as shown in Figure 3.3, where

M Ek>1,K>1,t>1,¢>1,and k+ k' >t -+, that is, dg,(u) > dg,(v);

(2) dg,(u;) > 3 for i = 1,...,k, dg,(u}) = 1 for i = 1,...,k, dg,(v;) > 3 for
t=1,...,t,dg,(v)) =1fori=1,...,t;

(3) Gy is a tree or empty graph (if Gg is a empty graph, then uv € E(G2)).

Denote GY to be the tree obtained from G5 by changing branches uu) and vv; to vu}
and uvy, respectively (as shown in Figure 3.4). It is clear that G5 and G% have the same
number of pendent vertices.

We say that GY is obtained from Gs by the first kind branches exchanging transfor-

mation.

uy o ujy vy vy

Figure 3.3: Tree G



uy Uy vy oy

Figure 3.4: Tree G

Lemma 3.2 Let G be obtained from Gy by the first kind branches exchanging transfor-
mation. Then

ABC(Gy) > ABC(GY).

Proof. Denote

dGz (u)dGz (ull) dGz (v)dGQ (’Ul)

B_ d(;/z(u) + dgfz (’Ul) -2 n dgfz (U) + dG;(ui) — 2.
dey, (u)dey (v1) dey, (v)dey, (uf)

A_\/dGQ(u)+dG2(u’1)2+\/dG2(v)+dGQ(U1)27

Then

ABC(Gs) — ABC(GY) = A~ B
_ dGz(u) -1 + dGz (U) + dGz (Ul) -2 _ dG[z (LL) + d(’wz (Ul) -2 _ dG,Z (U) -1
da,(u) dg,(v)da,(v1) day (w)dey (v1) dey(v)
Since dey (u) = da, (u) > da,(v) = dey (v), we have

dgy(u) —1 dgy(v) =1
\/ de, (u) = \/ dey(v)

Noticing dg, (v1) = dgy(v1) > 3, by Lemma 2.1,

de, (v)da, (v1) dey (u)dgy (v1)

So ABC(Gs) > ABC(GY). n

\/(162(1}) +da,(v1) — 2 < \/dG; (u) +dey(v1) — 2

3.3 The second kind branches exchanging transformation

Let G3 be the tree as shown in Figure 3.5, where

(O k>1,K>1,¢t>2,and k+ k' >t (that is, dg,(u) > dg,(v));
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(2) dgy(u;) > 3 for i = 1,...,k, dg,(v}) = 1 for ¢ = 1,..., K, and dg,(v;) > 3 for
i=1,...,t

(3) Gy is a tree or empty graph (if Gg is a empty graph, then uv € E(G3)).

Denote GY% to be the tree obtained from G3 by changing branches uu) and vv; to vu}
and wvy, respectively (as shown in Figure 3.6). It is clear that G5 and G4 have the same
number of pendent vertices.

We say that G4 is obtained from G3 by the second kind branches exchanging trans-

formation.

Figure 3.6: Tree Gf

Lemma 3.3 Let G be obtained from G5 by the second kind branches exchanging trans-

formation. Then

ABC(Gs) > ABC(GY).

Proof. The proof is similar to the proof of Lemma 3.2. We omit it. | |

3.4 The third kind branches exchanging transformation

Let G4 be the tree as shown in Figure 3.7, where dg,(u) > 3, and dg,(v;) =t;+1>3
fori=1,2.

Denote G to be the tree obtained from G4 by deleting the vertex v; and edges viu
and vyvy; for i =1,...,¢;, and adding the edges uvy; and vouy; for i = 2,...,¢; (as shown

in Figure 3.8). It is clear that G4 and G have the same number of pendent vertices.
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We say that G is obtained from G4 by the third kind branches exchanging transfor-

mation.

1 Va1 @ - Vo, L D
Figure 3.7: Tree G4 Figure 3.8: Tree G

Lemma 3.4 Let Gy be obtained from Gy by the third kind branches exchanging trans-
formation. Then

ABC(Gy) > ABCO(GY).

Proof. Denote

A\/d(4( )-‘rd(” Ul —2 tzl d(4 U1 +d(,4(’U]Z)—2

dg,(w)dg,(v1) dg, (v1)dg, (v1;)

4 d(u( )‘Fd(v1 Ug -2 i d(,1 Vg +d04(U2L) -2
de, (w)de, (v2 da, (v2)da, (vai)

N dG; (u) + d(;l4 (1711) -2 d(;g(u) + dci1 (’Ug) -2
b= \/ doy(W)dey (o) \/ dey, (u)de, (v2)

Z dgf V2 +d(V4 'U1, — Z dgf UQ + dg/ (’Ugl) -2
day, (v2)der (vai)

d(w (v2) d(w (v11)

Note that dg, (u) = dg;,(u). We use d to indicate it, that is, dg, (u) = dg;(u) = d. Then

ABC(Gy) — ABC(G)) = A— B
_ fitti=1 [t tde(on) - Z M
d(t, + 1) (tr + Ddg, (v11) 4 (t1 + 1)dg, (v1:)
LAt Z ty +dg,(vei) =1 [d+dg;(vn) —2
Aty + 1) (t2 + 1)de, (va:) dde (v11)
M i ht o dayow) - Z bthst fog o) 22
d(ty +t) (t1 + to dG4 V1) (t1 +t2 dG' (vai)
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Since that d Z 3, tl 2 27 tz Z 27 dG4(’U1i) = d(;g(vu) Z 3 for i = 17 .. .7t17 and dG4(U2i) =

dey,(vai) > 3 for i =1,... 5, by Lemma 2.1, we have

t N b1+ by + der (v1;) — 2
\/f1+dG4(1J1l2 1>\/1 = G/L(Ll) fori:27"'7t1'f
)
(

(tl -+ Ifg)d(;[4 (Uli)

to+d i) —1 t) +to + dgr (ve;) — 2
2 + da, (vai > 1T a (v2) fori=1,...,t,
(tl -+ Ifz)d(;[4 (Uﬁ)

d+ty—1 d+ty+ty—2
> .
d(ta + 1) d(ty +t2)

Denote dg,(v11) = dy. It is clear that d; > 3. In the following, we will show
d+t —1 ty+dy— 1 d+dy —2
+ — >0,
\/ d(ty +1) \/ t+1)dy N ddy

d+t171 t]+d1 -1 _d+d]72 _ ((172)(11+d((1172)+2t1+2 >
d(t, +1) ' (t, + 1)d, dd, ddy(t, + 1)

d+t—1  [h+d-1,  [drdi-2.,
>
(\/d(t1+1) +\/(tlﬂ)dl) W=
d+ti—1 [h+di-1 [drd—2
— > 0.
\/d(t1+1) +\/(t1+1)d1 V™ dd,
Finally, ABC(G4) > ABC(GY). |

4 The trees with the smallest ABC index

In fact,

0.

So

and

In this section, we will use the graph transformations given in the above section to get
the possible n-optimal trees.

Let T be a tree. Suppose T is not a star. By Lemma 2.4, we may assume that 7" has
no vertices of degree 2.

Assume that v € V(T) is a non-pendent vertex. Denote Np(v) = {u € V(T) and vu €
E(T)}, Nr(v) = {u € Np(v) and dp(u) = 1}, and Ny (v) = {u € Np(v) and dp(u) > 3}.
The non-pendent vertices of T' can be divided into the following three types.

o If [Ny(v)| = 1 and \NT(UH > 2, then v is called a vertex of Type 1.

o If [N7(v)| > 2 and |Np(v)| > 1, then v is called a vertex of Type 2.
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o If [Ny(v)| > 3 and |[Nyp(v)| = 0, then v is called a vertex of Type 3.

Type 1 Type 2 Type 3

Figure 4.1: Vertices of three types

Denote T,, to be the set of trees with n pendent vertices. Let T € T,, and suppose
T is not a star. Now, we will apply some graph transformations to 7" to get the possible

n-optimal trees.

The first step: If T has at least two vertices of Type 2, then by applying the first
kind branches exchanging transformation successively, we can get a tree 7" € T,, such
that 7" has at most one vertex of Type 2 and ABC(T) > ABC(T").

The second step: Suppose 1" has no vertex of Type 2. By applying the edge cutting
transformation successively, we can get a tree 77 € T,, which is isomorphic to 7} as shown

in Figure 4.2 such that ABC(T) > ABC(T").

V21 U2ny

Vi1

U1
Utnt

" T
in Vo1 Von

Figure 4.3: Tree T,

U1 V11 Uin Vg1 Utny

Uk,

Figure 4.4: Tree Ty (where k > ¢+ h)

Suppose T has exactly one vertex of Type 2. Then either T' is isomorphic to a tree Ty
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as shown in Figure 4.3, or if necessary, by applying the edge cutting transformation, the
second kind branches exchanging transformation, and the third kind branches exchanging
transformation, successively, we can get a tree T € T,, which is isomorphic to one of T,

Ty, and T3 as shown in Figures 4.2, 4.3, and 4.4, such that ABC(T) > ABC(T").

To sum up, if T" is an n-optimal tree, then T is isomorphic to a star or one of 77, T5,
T3 as shown in Figures 4.2, 4.3, and 4.4, respectively.

In the following, we consider the trees 17, T, and T5.

Theorem 4.1 IfT is an n-optimal tree, and is isomorphic to Ty, then |n; —n;| < 1 for

any 1 <i<j<t.

Proof. Suppose that there are 4,7 with 1 <14 < j <t such that |n; — n;| > 2, without
loss of generality, we may assume n; = ny + 2 + r, where > 0. Then we consider the
graph T and the following graph G. Note that dg(v1) = dp(v1) — 1, dg(v2) = dp(v2) + 1
and dg(v;) = dr(v;) for i =0 and ¢ = 3,4,...,t

V21 V2mp+1
Ut

vl,nl—l

U11 Vtn,

Vo1 Voh

Figure 4.5: Graph G

Denote

dT Uo + dT Ul) -2 dT(UO) + dT(’Uz) -2
A= +
’U dT Ul) dT(’Ug)dT(’Uz)

ni
dp(v1) + dp(vi;) — 2 Z dr(v2) + dr(ve;) — 2
1\/ i

iz 1/1 dT Ull dT 1)2 dT(U2 7,)

5 \/dcv0+d0@) 2+\/dc(vo)+dc(v2)—2

+

(vo)de(v1) da(vo)da(va)

Z dG@ +d(~’011 - MZH d( ’Ug +d(~(1)2l)—2
— d( Ul dc Uu U2 d( (1121) '

Then ABC(T) — ABC(G) = A — B. Noting that dr(vg) = de(vp), we indicate it by d,
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that is, dr(vg) = dg(vg) = d. So
d+ng+r+1 d+ng—1 ng+r+2 Ty
A= 2 ,
\/d(n2+r+3)+\/d(n2+1)+(n2+r+ ) 712+T’+3+n2 ng + 1’
d+ng+1r d+ ne nyg +r+1 ng + 1
B = )/ ———mm o+ 1 .
\/d(ng-i-r-i-Q)+\/d(n2+2)+(n2+r+ )\/ n2+7"+2+(n2+ ) ny + 2
By Lemmas 2.2 and 2.3, we have
\/d+ng+r+1 \/d+n2+r>\/d+n2 \/d+n2—1
ne+1+3 ng + 1+ 2 ny + 2 ng+1 7
and
(na+7+2) no + 1+ 2 (na+7+1) n2+r+1>( +1) ng + 1 Ty
ng+ 7 ——— —(ng+r — > (n -n .
? Vg +r+3 V7 Vg +r+2 TN 2 PV 1

Thus
d+n2+r+1+ d+n271> d+ngs+r n d+ngy
d(ny +r+3) d(ny + 1) d(ne +7+2) d(ng +2)’
and

ng+1r+2 Ny nyg+r—+1 ng + 1
2 ———— > W 2+ 1 .
(no 47+ )\/7L2+r+3+n2\/n2+1 (n2 47 +1) n2+7"+2+(n2+ ) ng + 2

In conclusion, we have A — B > 0 and Theorem 4.1 holds. | |

For T} and T3, we have the similar results.

Theorem 4.2 IfT is an n-optimal tree, and is isomorphic to Tv, then |n; —n;| < 1 for

any 1 <i<j<t.

Theorem 4.3 If T is an n-optimal tree, and is isomorphic to T, then |m; —m;| <1

foranyl1 <i<j<k, and|n; —n;| <1 foranyl <i<j<t.

5 The smallest ABC index

In this section, we will give an algorithm to find the n-optimal trees and the smallest
ABC index of trees with n pendent vertices for each n > 2.

Denote S, to be a star with n pendent vertices. From the discussions in the above
section, in order to find the n-optimal trees and the smallest ABC' index, we only need to
compare the ABC' indices of trees S, T1, Ts, and T3, where T}, Ty, and T3 are trees with
n pendent vertices as shown in Figures 4.2, 4.3, and 4.4, respectively, and T3, Ts, and T3

satisfy the following conditions.
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t

e For T, t > 3, Zni =n,and [n; —n;| <1forany 1 <i<j<t.
i—1

¢
e ForTh,t >1,h>1,t+h >3, h+Zn¢:n,and [ni—n;| < lforany 1 <i<j<t.

i=1
¢ k
e For T3, t > 1, h>1,k>t+h, h+Zm+ij:n7 |m; —m;| < 1 for any
i=1 =1
1<i<j<k,and|n;—nj|<lforany1<i<j<t

For S, it is known that ABC(S,) = \/n(n — 1). In the following three theorems, we
will give the ABC' indices of trees T}, Tg, and T3, respectively.

Theorem 5.1 Let T5 be the tree with n pendent vertices as shown in Figure 4.3, where

t>l,m=--=n,=q+1L,npp=---=m=qandh=n—tqg—p>1withq>2 and
0<p<t—1. Then
h+t h+t -1
ABC(Ty) = _htitg ,/—+ K
(h+t)(q+2 (h+1t)(g+1)

q h+t—1
t— hy/ .
H p)q\/q+ljL h+t

Proof.
ABC(Ty) zp: dr, (vo) + dr, (v;) 72 X”:i\/dn v;) 4 dr, (vi5) — 2
") pary dr, (vo)dr, (v == dr, (v;)dr, (vij)
i Z dp, (vo) + dp, (v;) — : dr, (v;) + dg, (vij) — 2
i dr, (vo)dr, (vi) S dr,(v;)dr, (vij)
Z dr, (vo) + dg, (vo;) — 2
= dr, (vo)dr, (vo;)
h+t+q q+ h+t+g-1
h+0a+2) qﬂ\/i t=p) h+t)(g+1)
+(tfp)q\/z+h1/h;;i;1.
The result holds. |

Note that if h = 0, then T5 becomes T;. We have the following result for 7;.



-153-

Theorem 5.2 Let T be the tree with n pendent vertices as shown in Figure 4.2, where

t>1l,ny=--=n,=q+landnpg1 =---=n=qwithq>2and0<p<t—1. Then

- t+q /q+ t+g-1
ABO(T) =»p Ha+2) V (g+1 Pl q+1

Theorem 5.3 Let T5 be the tree with n pendent vertices as shown in Figure 4.4, where

t>1L,k>2,m==n=q+1l,npp=--=ng=q¢ mi=--=mp=5+1, My =

=mp=5,0>2,s>2,0<p<t—1,0<r<k—1,andh=n—tq—p—ks—r > 1.
Then

k+s+1 1
ABC(Ts) =r (k++1)(s++2 LJF k+Ds+1)
r)\/TJrh\/WJr h4t+k
s+1 h+t+1 (h+t+1)(k+1)
+p G£§£E%§%5+pm+n %}%+U*p fngﬁﬁfzﬁ
+q(t —p) ﬁ-
Proof.
ABO(T zr: dry (1) + dr, (u;) . dry (wi) + dpy (uyy) — 2

Jz]: dr, (ug)dry (uij)

dry (uo)dr, (u;) =

s

s+1
k
N Z dry (uo) + dpy(u;) — + Z dry (wi) + dr, (ugy) — 2
de Uo de U 41 =1 de )de( )

i=r+1 i=
+ Z dTg ’I}Q + (iT3 (UOJ) 2 + dT3 (UU) -+ dT3 (Uo) -2
dry (vo)dr, (vo;) dry (vo)dr (uo)

p g+l
dT3 ’U() +d7"3 17

— ZZ dT3 Uy +d7"3(’l},]) 2
Uo dl; Uz

i=1 j=1 U dli(vlj)

dr,(vo) + dr, (v;) — dr, (v;) + dr, (vi) — 2
\/ dry (vo)dr, (v;) Z Z dry (

Pt e y (03)d o, (v55)

., k+s+1 Fr(s+1) s+1+(l~cfr) k+s
kD12 Vst2 [ZESCES))
) s i h+t N h+t+k
Wst1 T "Vhrtrt "\ hrtrDE+ 1)

h+t+q+1 g+1
e p(g+1 +(t—
T A e

—mvg%;

&

h+t+gq
(h+t+1)(g+1)
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The result holds. | |

We now define T'(t,p, ¢, k, r, s, h) € T, to be the tree with seven parameters ¢, p, q, k, 1,
s, h.

e lft=p=q=k=r=s=h=0, define T(¢,p, ¢, k,r, s, h) to be the star S,, with n
pendent vertices.

o If k. =0and ¢ > 0, define T(t,p, q, k,7, s, h) to be the tree T or Ty as shown in Figure
42o0r 4.3, wheren; =---=n,=¢q¢+1,npp1=---=m=¢ andh=n—tqg—p
with g > 2, 0<p<t—1,and h > 0 (if h = 0, then T(t,p,q,k,r, s, h) is T1; if
h > 1, then T(t,p,q, k,7, s, h) is Tz).

o If k> 2 and ¢t > 1, define T(t,p,q,k,r,s,h) to be the tree T3 as shown in Figure
44, whereny = - =n, =q+ 1, nppy =~ =m=¢, m =---=m, =s+1,
Mppp=---=mp=s,andh=n—tqg—p—ks—r,withg>2 s>20<p<t—1,
0<r<k—1,h>1,and k >t+ h.

Now we will give an algorithm to find the n-optimal trees and the smallest ABC' index
of trees with n pendent vertices for each n > 2. The main idea is to compare the values
of all of ABC(T'(t,p,q,k,r,s,h)).

Using this algorithm, we can determine the parameters t¢,p,q, k,r, s, h and get the
ABC index of T = T(t,p,q,k,r,s,h) such that T = T(t,p,q, k,r, s, h) has the smallest

ABC index among trees with n pendent vertices.

Algorithm. An algorithm for fining the n-optimal trees and the smallest ABC' index

of trees with n pendent vertices for each n > 2.

Input The number n of the pendent vertices
Output t,p,q,k,7, s, h and the smallest ABC' index
lA:\/m;T:O;P:QQ:U;K:U;R:O;S:O;H:n;
2fort=1;t<|%];t++ do
3 forq=2¢<[}];¢++do
4 for p=0; p<min{t — 1,n —tq}; p++ do
5 h=mn—tq— p;
6

o it ) +1 htt+q—1
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[htt—1.
+(t—p)g q+1 +h Lt )

7 ifzr<Ado

8 A=u;T=tP=pQ=qH=h
9 end

10 end

11  end

12 end

13if n > 7 do

14 forl=4;1<n-3;1++ do
15 for k=2 k<|[L];k++do

16 s=|t];r=1—ks;

17 z=r ,/wﬁ%—&-r(s—&-l) (k- ),/m—&-s(k VA

18 fort=1,t<k-1;t++ do

19 for g=2;¢< [ g+ + do

20 forp=0;p<min{t—1,n—Il—-t¢g—1}; p++ do

21 h=n—1—tq—p;

22 v =2+ hyfal ot + ) wee
+p(g+ 1)/ 55 + (¢ p)\/wﬁl%w(t—p)\/qiiﬁ

23 ify < Ado

24 A=y, T=tP=p;Q=q¢K=kR=r;S=s;H=h;

25 end

26 end

27 end

28 end

29 end

30 end

31 end

32 Output t =T;p = P;q = Q;k = K;r = R;s = S;h = H; the smallest ABC'

index= A.

Example 5.4 The following Table 1 will give some results for some particular n by this

algorithm.
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Table 1: The smallest ABC' indices for some particular n

n t |'p| q|k|r|s| h | Thesmallest ABC index
19 1 10,9 |0]0]|0]10 18.488380
20 1 /0 |10/0]0]|0]10 19.475810
22 1 (0 |11(0]0]|0|11 21.454264
24 1 10(12(0]0]0|12 23.435299
26 1 /013/0]0]|0]13 25.418443
28 1 /0 |14|/0]0]|0]| 14 27.403337
30 1 /0 |15/0[0]|0]15 29.389702
32 1 /0 |16/0]|0]|0]16 31.377316
34 1 |0 |17/0]0]|0]17 33.366003
98 6 | 0]12]0|0[0|26 96.694917
100 | 7 |0 |11]0|0|0|23 98.668638
200 | 16 | 111000 |0 |29 197.359789
240 | 19 | 0 |11|0|{0|0]31 236.799027
300 | 27| 0 |10]0]0|0]30 295.930534
400 | 37 | 0 |10 0|00 30 394.438032
500 | 47 | 1 |10|0|0]0]|29 492.907920
512 | 49 |48 9 |0|0|0]23 504.723697
600 | 58 | 0 | 10|00 |0]20 591.348708
700 | 68 | 0 |10 0|0|0]20 689.766291
800 | 78 | 1 |10 0|0|0]19 788.172425
900 | 89 | 0 | 10|00 |0 10 886.558802
10001 99 | 0 | 10| 0|0 |0 10 984.939494
2000 | 200 0 [10[0|0|0O| O 1968.569319
3000 1300 0 [10[0|0|0| O 2952.187946

6 Closing remark

We have calculated the results for 2 < n < 1000 with the algorithm given in the above

section. About the algorithm, we point out some facts as follows.

e The results obtained with our algorithm and the existing results in [1-3] are totally

identical.

e With our algorithm, by single PC, to find all n-optimal trees and the smallest ABC'
indies of trees with n pendent vertices for 19 < n < 219 only need about 1 minute

33 seconds. So our algorithm is much more efficient than the algorithm in [3].
e It can be seen from the results in Table 1 that (1) and (2) of Conjecture 4.1 in [3]

are negative.

As an example, for n = 400, our calculation results are t = 37,p = 0,q = 10,k =

0,r =0,s = 0,h = 30. According to the notations in [3], k = 400, t = 37, dy = 67,
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dy = --- = d; = 11, and the degree sequence 7 = (67,1137,140%). In this case,
|[£] =2 =134 % ¢ and d; —1 = 10 < 11. So both the results (1) and (2) of
Conjecture 4.1 in [3] is not established for & = 400.

e Looking from the results, we find that
(1) 10 < ¢ < 11 for 99 < n < 240;

(2) 9 < ¢ <10 for 241 < n < 700, and ¢ = 9 only when n = 512,541,570, 599, 628,
657,676, 705,724,734,743,753, 772,791,801, 810, 820, 839, 858, 877, 887, 896, 906,
915,925,934, 944,953, 963, 972, 982;

(3) The tree T3 as shown in Figure 4.4 seems never be an n-optimal tree.

At the end of the article, we put forward the following conjectures. They are proposed

naturally from the results for 2 < n < 1000.
Conjecture 6.1 T3 as shown in Figure 4.4 is not an n-optimal tree.

Conjecture 6.2 For each n > 241, if T is an n-optimal tree, then T is isomorphic to
one of Ty and Ty as shown in Figures 4.2 and 4.3, respectively, where t > 1, ny = --- =

ny=q+1,npp=---=m=qandh=n—tg—p>0with9 <¢g<10and0 <p <t—-1.

Acknowledgments: The authors are very grateful to the referee for many valuable sugges-

tions.
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