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Abstract
The atom-bond connectivity ABC) index of a graph G=(V,E) is defined as
ABC(G) =zw DE\/[d(\/,) +d(v;) —2]/[d(v)d(v,)] , whered(v,) denotes the degree of vertex

v, of G. This recently introduced molecular structure desor found interesting applications in

chemistry. However, the problem of characterizieg$ with minimaABC index among trees witk
leaves Kk -optimal trees) remains open. In this paper, wagmesome properties &f-optimal trees,
and computer searck -optimal trees fork <220. Finally, the order of & -optimal tree is

conjectured to bé +| 4 | -1 for k = 88.

1. Introduction and notations

We consider non-trivial connected simple graphs/.o8uch a graph will be denoted by
G=(V,E), whereV =V(G) ={v, v, ---,v,_} andE =E(G) are the vertex set and edge set
of G, respectively. LetN;(v,) denote the set of neighbors of vertexandd(v,) =\NG (vi)\
the degree ofi . A leaf of a tree is a vertex of degreest=71(G) = (d(v,),d(v,),---,d (v._,))
is called thedegree sequence of G . In particular, ifG is a tree, thent is called a tree degree
sequence. Ler (77) ={T| T is a tree andn(T) = 74 . We assume, without loss of generality,

the degree sequences are non-increasing.
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Theatom-bond connectivity (ABC) index of G is defined [1] as

_ d(v)+d(v)-2
ABC(G) = V,VJDZE:@ Cdv)mE(y,)

This recently introduced molecular structure dgdori found interesting applications in
chemistry, and its mathematical properties has a¢ensively investigated in the last few
years. Most known results can be found in [2] ahe teferences therein. For the
developments after [2] see [3-11]. However, théofeing two elementary problems remain

open.
Problem A. Characterize tree(s) with minimaBC index amongn -vertex trees.

Problem B. Characterize tree(s) with minimaBC index among trees witk leaves (for
conveniencek -optimal trees).

Though numerous mathematical results and searohitalgs have been developed (see [8-
22]), Problem A appears to be elusive still. As Ryoblem B, Magnant et al. [23] claimed
that, the uniquek -optimal tree is the balanced double stak #19. Unfortunately, the proof
is wrong. Soon counterexamples were found by Gowdikal. [24] by searching -optimal
trees fork <53. The algorithm that was used is dynamic prograngnbiased (see [25]), and

costs too much for largk.

To guess the general structure kofoptimal trees, a more efficient search algorittsm i
desired. In the present paper, the algorithm basedee degree sequences that used in [20-22]
is modified for this task. In order to improve thfficiency of our algorithm, some properties
of k-optimal trees are presented. With these restiésatgorithm is implemented to find all

k -optimal trees foik <219 in about 64 hours on a single PC (personal complteom the

search outcomes, the order ok eoptimal tree is conjectured to liﬂa+|_ﬁj -1 for k=88.

2. Search algorithm based on tree degr ee sequences

Definition 2.1 [26]. Suppose that the degrees of the non-leaf vertioegiven, the greedy
tree is achieved by the following “greedy algorithm

(i) Label the vertex with the largest degreeva@he root);

(i)  Label the neighbors of asv,,v,,---, assign the largest degree available to them such

thatd(v) 2d(v,)=2--;
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(i)  Label the neighbors of, (exceptv) asv,;,v,,,--- such that they take all the largest

degrees available and thaéfv,,) > d(v,,) >---;

(iv)  Repeat (iii) for all the newly labeled verticesways start with the neighbors of the

labeled vertex with largest degree whose neigha@siot labeled yet.

Lemma 2.2 [14,15,18] Given the degree sequentethe greedy tre@ (77) minimizes the
ABC index inT (71) .

The algorithm used to search trees with mini&BC index amongn -vertex trees in [20-

22] consists of the following three successive step

(1) Generate all tree degree sequences of length
(2) Find corresponding greedy tr@é(1) for each generated degree sequemge
(3) Calculate ABC(T"(77)) and select the tree(s) with minimal value.

In order to make the algorithm applicable for skarg k -optimal trees, we have to know

the lower and upper bounds of the order &f-aptimal tree.

Let f(x,y) =,/“xyy’2 , wherex, y =1. Obviously, f (x,y) = f (y,x)<1.
Lemma?2.3.Let T be ak-optimal tree. The has no vertices of degree 2.

Proof. Supposev,v,v, is a path inT with d(v,) =2.LetT'=T —v,v, —Vv,v,+Vvy,. Then

ABC(T) - ABC(T') = 2\/% —f(d(v,).d(v,)> z\/:; -1>C. .
From Lemma 2.3, itr=(d,,d,,-,d,,%), wheret>0 anda* denotesk successiva'’s,
is the degree sequence ok eoptimal tree, therd, > 3.
Corollary 24. Let T be ak-optimal tree. Them, =[T|<2k -2, andn, =k +2 if k=19.

Proof. From the Claim 3 in [23]T is rather than a star K>19, thus the second part holds.

Now supposer(T) =(d,,d,,--,d,,1). From Lemma 2.3, we haw > 3. Then it is easily

t
seen tha@n, - 2= 2k +t+ 1)~ 2=k+ > .d, =k + 3(+ 1, which yieldsn, =k +t+1< 2k~ 2.

i=0
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From Corollary 2.4, the algorithm above can belgasodified to searclk -optimal trees
for k=19 , just replacing the step (1) as: Generate all tdsgree sequences
(dy,dy,++,d,, 2 )’s with d, 23 and1<t<k-3. Though the modified algorithm is already

applicable to searchk-optimal trees for largé (for example k =120), we will significantly
reduce the number of the tree degree sequencesgerterated by finding more properties of
k -optimal trees.

3. More properties of k-optimal trees

The key result (Theorem 3.6) in this section ig tha contracting operation will decrease
ABC(G) if it is applied on a cut-edge=uvE(G) with d(v) <5. The following lemmas

will be used.

Lemma 3.1 [27]. Let e be a non-isolated edge of a graph Then ABC(G —€) < ABC(G) .
Lemma 3.2 [14]. f(x,1) strictly increases withx, f(x, 2):\/% , and f(x,y) strictly
decreases witlx for fixed y=3.

Lemma33[17].If y23, f(xy)>t.

Lemma 3.4 [10]. Let g(x,y)=f(x+Ax,y—-Ay)-f(X,y), wherex,y=22, Ax=0, and

0<Ay<y. Theng(x,y) increases withx and decreases with.

Lemma 3.5. Let h(x)=xf(1,x) and I(x,y)=h(X)-h(x+y) , x=2 and y>0. Then

_y(y+1
2(x-1)°

[(x,y)>-y

Proof. 1(x,y) = xf (1,x)= (x+ y)f (Lx+y)=x (k= )= &+ y)+y- 1)

__ y(2x+y-1) S_yZ+y-1)_ o yb+1)
IX(X=1) +/(x+ y)(x+ y-1) 2(x-1) 2(x— 1)

Theorem 3.6. Let uv be a non-isolated cut-edge of a gra&ph andG, the graph obtained

from G by contracting edgev. If d(v) <5, then ABC(G,) < ABC(G).

Proof. If d(u)=1 or d(v) =1, thenG, is a sub-graph oG, and the result holds from
Lemma 3.1. Ifd(u) =2, the result can be proved analogously to LemmakeBice assume

d(uy=3 andd(v) =2 . For convenience, denote the degrees of somecesrinG as:
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x=d(u)=3, 2gy=d(v)<5, x =d(u) =1 for y ONg(u)-{V} , and y, =d(v,) 21 for

v, ONg(v) {4 . From Lemmas 3.2-3.5 we have

ABC(G)-ABC(G) = f(x,y)+ > [f(x, %)= f(x,x+y=2)]
UONG (W%

+ > [y - (Y. y+x-2)]

YN U
> f(xy)+(xX=-D[f@,x)-f @x+y-2)]
+y-D[f@y)-f@Ly+x-2)] (By Lemma 3.4)

=y )+ (y-Df @y)+ [(x-Df x)- k+y- 2f Ly+x- 2)
> f(y.)+(y-Df Ly)

H(x-1)f(L,x-1)- (x+y-2)f (Ly+x- 2) (By Lemma 3.2)

> J5+(y-Dy% +[h(x-1)~h(x-1+y-1)] (By Lemma 3.3)
=+ (y-DE +1(x-1y-1)

> [F+(y-nyZ - (y—l)—% 2p(x,y). (By Lemma 3.5)

20 5 9fi-4-2% - 46738 16> . On the
x-2 404- 2

other hand, it is easily confirmed with computed #ihat p(x,5)> 0 if 3<x< 403, and

If x=>404, then p(x,5)= 9\/% -4~

p(x,2)> p(x,3)> p(x,4)> p &5, HenceABC(G) — ABC(G,) > p(x,5)> 0.
The proof is thus completed. L]
Theorem 3.7. Let 71=(d,,d,,--,d,,Z) be the degree sequence df aptimal tree. Ifk =19,

thend, 26 andlsts<| %2 |.

Proof. From Theorem 3.6d, 26 is immediate, and =1 from Corollary 2.4. Finally,

t<| 42| follows immediately from2k + 2t =k +d, +d, +---+d, 2k + 6¢ + 1). "
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4. Search resultsand further discussions

From Theorem 3.7, the efficiency of our algorithon $earchingk -optimal trees k 219)
can be significantly improved, since only the toegree sequencéd,,d,,--,d,,%)’s with
d, 26 andl<t<|[%¢| have to be generated. Our C implementation (Gatted) with
OpenMP (see [28]) was run on Intel Xeon CPU E5-2@0B80GHz (2 processors, 8 cores)
with 32.0 GB RAM. All k -optimal trees fod9< k < 21¢ are found in about 64 hours. Tables

1 and 2 show the search outcomes.

The performance of our program shows the supeyiofitour algorithm. Analogously to
[21], its superiority also can be analyzed theoedty with integer partition theory. However,
it still costs about 5.6 hours fdt=220. Therefore for largek , a better algorithm,
implementation, or test platform is needed. One mgyect that if more properties &f
optimal trees are found, the efficiency of our aion can be improved remarkably.

Table 1. Non-leaf degree sequenceslofoptimal treesb4< k < 87.

k|t]d|d—d, k|t]d|d-d, k|t|d|d-d, k|t]d|d-d,
54| 3| 22| 1812 63| 4| 23| 12 72| 4| 27| 14138 81| 5| 28| 1312
55| 3| 22| 18 64| 4| 24| 1% 73| 4| 27| 1317 82| 5| 28| 1312
56 | 3| 23| 13 65| 4| 25| 12 74| 4| 27| 1313 83| 5| 28| 13

57| 3| 23| 1413 66| 4| 25| 13,12 75| 5| 26| 1211 84| 5| 29| 13

58 | 3| 23| 1413 67| 4| 25| 1317 76| 5| 26| 12 85| 5| 30| 18

59| 3| 23| 14 68| 4| 25| 1312 77| 5| 27| 12 86| 5| 30| 14,18
60| 3| 24| 14 69| 4| 25| 18 78| 5| 28| 12 87| 6| 28| 1211
61| 3| 25| 13 70| 4| 26| 18 79| 5| 28| 1312

62 | 3| 25| 1514 71| 4| 27| 18 80| 5| 28| 1312

Table 2. Non-leaf degree sequenceskofoptimal trees88< k < 21¢.

kK [t]d|d-d ||k |t|d]|d-d]||k]/[t|d|d-d]||k|t|d]|d-d

88 28 | 12 121 34 | 12817 154 39 | 17,17 187 44 | 12217
| 89 | 29| 15 122 34 | 12/17 155 39| 1311 188 44 | 12°11°
90 |6 30| 12 123| 9 | 34 | 12211 156| 12 | 39| 1211° 189 | 15 | 44 | 12017°
| o1 | 30| 13,12 124 34 | 12° 157 39| 1¥122 190 44 | 12'11*

92 30| 1312 125 35 | 12° 158 39| 1¥%11 191 44 | 12212°
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93 30| 1312 126 36 | 12° 159 39| 1% 192 44 | 128122
94 30| 1312 127 37 | 12 160 40| 1% 193 44 | 1211
95 30| 1312 128 37 | 13,12 161 41| 1% 194 44 | 12'°
96 30| 18 129 37 | 1312 162 42| 1% 195 45 | 12'°
97 31| 18 130 37 | 1F12 163 42| 1312 196 46 | 12'°
98 32| 18 131 37 | 1312 164 42| 1312° 197 47 | 12'°
99 30 | 1211 132 36 | 12,11 165 41 | 12'12° 198 45 | 1217
| 100 | 30 | 127 133 36| 1312° 166 41 | 12817 199 45| 1¥11°
101 31 | 12 134 36| 13122 167 41 | 12811 200 45| 1812°
| 102 32 |12 135 36| 1311 168 41 | 1218 201 45| 1¥11*
| 103 | 32 | 13,12 136 36| 1¥ 169 41 | 12"122 202 45| 1812
104 7 [ 32 [ 1212 137| 10| 37| 1¥ 170 13 | 41 | 12211 203| 16 | 45| 1¥17
| 105 | 33 | 1312 138 38| 1¥ 171 41 | 12" 204 45| 1¥11
| 106 | 33 | 13812 139 39| 1¥ 172 42 | 12" 205 45| 1%
| 107 | 33 | 1312 140 39| 13,12 173 43 | 12" 206 46| 1%
| 108 | 33 | 1312 141 39| 1312 174 44 | 12" 207 47| 1%
| 100 | 33 [ 1312 142 39| 13127 175 44 | 13,122 208 48| 1%
110 32 | 1212 143 37 | 12,11 176 42 | 1211° 209 46 | 12177
111 | 32| 1311 144 37 | 1212° 177 42| 1211° 210 46 | 12"12°
12| | 32 12 145 38 | 1217 178 42| 1P | | 211 46 | 12717
113| | 33 12 146 38 | 1212 179 42| 1318 | | 212 46 | 12511
114| | 34| 13 147 38 | 12911 180 42| 117 | | 213 46 | 12717
115 8 | 35| 18 148 11| 38 | 122 18114 | 42| 1811 | | 214|547 [1290F
l116| [ 35| 1312 149 30 | 124 182 42| 1% 215 47 [ 12517
117 35| 1317 150 40 | 121 183 43| 1% 216 47 [12%11
(118| [ 35| 1317 151 40 | 13,12° 184 44| 1% 217 47 127
119 35| 1412 152 40 | 1312 185 45| 1% 218 48 [ 127
| 120 35| 1812 153 a1 | 1212 186 45| 1312 219 49 [ 127

From Table 2, the following conjecture is proposaturally.

Conjecture 4.1. Let 77=(d,,d,,---,d,,X) be the degree sequence ok aoptimal tree. If

k =88, then
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@) t=[%]-2;
(2) 11<d,-1<d,<d,< 12andd, -d, <1;
(3) k-11 & |+ 22<d, <k - ]+ 1t

Comparing with Problem A, the complete solutionRFebblem B seems more promising.
Certainly, it is still a challenge in the futureydamore theoretic preliminaries are required.

We end this paper with the following result.

Lemma4.2. Let T, be ak-optimal tree. Itk > 72, then0.9k = \Ek <ABC(, )<k-1

Proof. From Theorem 3.7 and Lemma 3.2, theendent edges contribute ABC(T,) at
leastkf (1,6)= \/gk. Hence the first part holds.
With computer aid, it is easily confirmed that texond part holds for2< k < 106. Let

T be the greedy tree with degree sequentk)=(k-70,12 ,f ), wherek =107. Then

from Lemma 3.2,

ABC(T,) < ABC(T)=77f (1,12 & (1% - 70y K- 7M (k- 7
<77f 120 7 (12,107 7Ohk— 7
=75.9994+ k- 7TKk- |,

which completes the proof of the second part. [ ]
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