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Abstract

The energy of a graph is defined as the sum the absolute values of the eigenvalues of its
adjacency matrix. A graph G on n vertices is said to be borderenergetic if its energy equals
the energy of the complete graph K,,. Using the spectra of threshold graphs, a family of
non-regular and non-integral borderenergetic graphs is obtained.

1 Introduction

All graphs in this paper are simple and undirected. The energy E(G) of a graph G
is defined as [4,9]

E(G) = ZI/\J

where A\, g, ..., A, are the eigenvalues of the adjacency matrix of G. There are many
results on energy and its applications in chemistry, see references in [9].
It is well known that the complete graph K, is determined by its adjacency spec-

trum. It was originally believed that the complete graph K, has maximum energy
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among all graphs on n vertices. However this conjecture is false. There are many
graphs with energies greater than the energy of the complete graph and these graphs
are called hyperenergetic. Hou and Gutman [6] established a method for constructing
hyperenergetic line graphs with any number of vertices (nine or more) and relatively
few edges. It may be an interesting problem to find graphs with the same energy as
the complete graph K, which has energy F(K,) = 2n — 2.

The earliest example of F(G) = E(K,) is a graph on 9 vertices, that was reported

in [6]. This is the line graph of a 3-regular graph on 6 vertices, see Fig. 1.

Fig. 1. A 3-regular graph on 6 vertices and its line graph. The eigenvalues of the
line graph are {4,1,1,1,1, -2, -2, -2, —2}.

Recently, Gong, Li, Xu, Gutman and Furtula [3] studied the graphs with the same
energy as a complete graph. They put forward the concept of borderenergetic graphs.
A graph G on n vertices is said to be borderenergetic if its energy equals the energy of
the complete graph K,. In [3], it was shown that there exist borderenergetic graphs
on order n for each integer n > 7, and all borderenergetic graphs with 7, 8, and 9
vertices were determined. In [10], Li, Wei and Gong determined all borderenergetic
graphs with 10 vertices.

Recently, Jacobs, Trevisan and Tura [8] considered the eigenvalues and energies of
threshold graphs. They showed that if 4|n and n > 8, then there is an n-vertex thresh-
old graph equienergetic with the complete graph K. In addition, if 9|n, then there

are two n-vertex threshold graphs equienergetic to K, and these are non-cospectral.
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For each n > 3, they determined n — 1 threshold graphs on n? vertices, pairwise
non-cospectral and equienergetic to the complete graph K2 .

In this note, we prove that for each n > 2 and p > 1 (p > 2 if n = 2), there
are n— 1 threshold graphs on pn? vertices, pairwise non-cospectral and equienergetic
with the complete graph K,,,2. By this, we unify and generalize the above results

of [8] and provide examples of non-integral and non-regular borderenergetic graphs.

2 Threshold graphs with same energy as the
complete graph

Threshold graphs were first introduced in 1977 by Chvdtal and Hammer [2]. The
spectral properties of threshold graphs were studied in [1,7,8]. A graph G is threshold
(or degree maximal graph) if and only if it can be obtained from a single vertex by
iterating the operations of adding a new vertex that is either connected to no other
vertex (an isolated vertex) or connected to every other vertex (a cone vertex). The
sequence of these operations is called the building sequence of the respective threshold
graph.

In view of this, we may represent a threshold graph on n vertices using a binary
sequence b = byby...b,. Here b; is 0 if the vertex v; was added as an isolated vertex,
and b; is 1 if v; was added as a cone vertex. In our representation, b, is always zero.
We write 0° (resp. 1°) if there are s repeated 0’s (resp. 1’s) in the building sequence.
For example, we write 021201% for 00110111.

For a graph G, by no(G) and n_; we denote the multiplicities of the eigenvalues

0 and —1, respectively. The following results provide formulas for no(G) and n_;.

Theorem 1. [1] Let G be a connected threshold graph with building sequence b =
0%11% ... 0% 1% where the s;’s and t;’s are positive integers. Then

k

no(G) = (si—1).

i=1
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Theorem 2. [8] Let G be a connected threshold graph with building sequence b =
05118 ... 0% 1%, where the s;’s and t;’s are positive integers. Then

k
(t—1) if s> 1
i=1

Tlfl(G): .
143 (t—1) ifs =1

i=1
We first prove that there are no borderenergetic threshold graphs of the form 0¥1/

or 0P190¢.

Proposition 3. There are no borderenergetic threshold graphs 017 with k > 1.

Proof. The independent set of size k and clique of size j form an equitable partition

0
kg1
satisfy 22 — (j — 1)z — jk = 0. Since in the threshold graph 017, 0 is an eigenvalue

of the adjacency matrix with quotient matrix B = , whose eigenvalues

with multiplicity & — 1, and —1 is an eigenvalue with multiplicity j — 1, the energy

of the threshold graph 0%17 is

BG) = j=1+5 [G-1)+ VTIP3 + 5 [~G-1) + VG- 17T 48]

= j—1+/(G-1)2+4kj.

If we assume that j — 1+ +/(j —1)2+4kj = 2(k +j — 1), then we get & = 1, which
yields a contradiction with k£ > 1. |

Proposition 4. There are no borderenergetic threshold graphs 0P190*.

Proof. The independent set of size p, the clique of size ¢ and the independent set of size

0 q 0
t form an equitable partition with matrix B = | p ¢—1 0 |, whose eigenvalues
0 0 0

are 0 and 3 (q —1+(¢g—1)2+ 4pq>. Therefore the energy of the graph 07190¢ is
E(G)=q—14++/(g—1)2+4pq.

Suppose that ¢g—1++/(¢ — 1)? + 4pq = 2(p+q+t—1). Then by simple calculation we

find that there is no solution to this equation. Therefore, the proposition holds. [J



-257-

We now give a family of threshold graphs 01°0%17 which are borderenergetic. In

order to do this, we need following results from [§]

Lemma 5. For positive integers s, k, and j, the characteristic polynomial of the

threshold graph 01°0%17 s, to within a sign,

Nz 4+ 1) (28 = (s+ 5 — 1) — (s + jk+ )z + kjs) .

Lemma 6. Let b and ¢ be positive real numbers, and let 2> — bx + ¢ have real roots

)\1,)\2. Then ‘/\1| + ‘)\2| =b.

The following is the main result in this section.

Theorem 7.

(1) For eachn > 3 andp > 1, there exist n— 1 pairwise non-cospectral borderenergetic
threshold graphs on pn? vertices.

(2) Let p > 2. Then the threshold graph G = 01P0P~'1% and Ky, are non-cospectral
and equienergetic.

Proof. We claim that the graphs G; = 01°(=9ge(n=Di=11pin for 1 <4 < n—1 satisfy
the theorem. It is easy to see that each G; has order pn?. Since p(n —4)i —1 > 0 for
n>3,p>1,and forn =2, p> 2, it follows that G; # 01”"*~!. From Lemma 5, we

see that the characteristic polynomial of G; is, modulo the sign,
mp(n—i)i,—Z . (33 + 1)p(7w,—i)2+pm—1 i q(:r’) (1)
where ¢(x) is the cubic polynomial
q(x) = 2° — [p(n — i)* + pin — 1a° — [p(n —i)* + pin(p(n — i)i — 1) + pinlz
+ p(n —i)*(p(n — i)i — 1)pin.
Although tedious, it can be verified that g(z) can be factored as
[+ p(n —i)i] [+* — (pn® — 1)z + pn(pin — pi® — 1)(n — )] . (2)

We claim that any two graphs G; are non-cospectral. Suppose by contradiction that

G; and G; are cospectral. Then their corresponding polynomials ¢(z) must have the
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same roots. Note that the roots from the linear terms are both negative, and the
roots from the quadratic terms are both positive. Therefore the two terms must be
equal, and we have p(n — )i = p(n — j)j which implies i + j = n. The quadratic
terms have the same roots. Their leading and middle terms agree, their constant

terms must also. That is
pn(n —i)(pin — pi* = 1) = pn(n — j)(pjn —pj* = 1).

Dividing by pn and using i+ j = n, we obtain j(pin—pi*—1) = i(pjn—pj? —1) which
implies that j — ¢ = pij(j — ). This means that ¢ = j or pij = 1, a contradiction.

Finally, we calculate E(G;) from (1) and (2), using Lemma 6. This yields

E(G) =p(n—i)? +pin—1+pn—i)i+pn®—1=2(pn* — 1) = E(K,.2).

Let n = 3,p = m. Then we have:

Corollary 8. (Theorem 9 in [8]) For m > 1, the threshold graphs 014m0*"~113™ and

010?115 of order n are non-cospectral and both borderenergetic.
Let p = 1. Then we have:

Corollary 9. (Theorem 10 in [8]) For each n > 3, there exist n — 1 threshold graphs

on n? vertices, pairwise non-cospectral and borderenergetic.
By the case of n =2, let p = 2m and p = 2m + 1. Then we have:
Corollary 10. (Theorem 7 in [8]) For m > 1, the threshold graphs 012m(2m—114m
are borderenergetic.
Corollary 11. (Theorem 8 in [8]) For m > 1, the threshold graphs 012m+1(2m14m+2

are borderenergetic.

Remark 12. Let p,q,r be non-negative integers and let p+q = 2. It has been shown
that the graphs pCy U qCg U rC3 are regqular and integral borderenergetic graphs. In
the general case, the borderenergetic threshold graphs in this note are non-regular and

non-integral.
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Remark 13. In the Appendix, we list some borderenergetic threshold graphs, found
by means of a computer search. Table 1 lists all borderenergetic threshold graphs with
n wvertices, n < 23. Table 2 lists all borderenergetic threshold graphs of the form
0P190°1 with n vertices, n = p+ q+ s+t < 100.

Acknowledgement. The first author was supported by the National Natural Science
Foundation of China (No. 11171102) and by the Aid Program for Science and Technol-
ogy Innovative Research Team in Higher Educational Institution of Hunan Province.

References

[1] R. B. Bapat, On the adjacency matrix of a threshold graph, Lin. Algebra Appl.
439 (2013) 3008-3015.

[2] V. Chvétal, P. L. Hammer, Aggregation of inequalities in integer programming,
in: P. L. Hammer, E. L. Johnson, B. H. Korte, G. L. Nemhauser (Eds.), Studies
in Integer Programming, North-Holland, Amsterdam, 1977, pp. 145-162.

[3] S. C. Gong, X. Li, G. H. Xu, I. Gutman, B. Furtula, Borderenergetic graphs,
MATCH Commun. Math. Comput. Chem. 74 (2015) 321-332.

[4] I. Gutman, The energy of a graph: old and new results, in: A. Betten, A. Kohn-
ert, R. Laue, A. Wassermann (Eds.), Algebraic Combinatorics and Applications,
Springer, Berlin, 2001, pp. 196-211.

[5] P.B. Henderson, Y. Zalcstein, A graph-theoretic characterization of the PV class
of synchronizing primitives, SIAM J. Comput. 6 (1977) 88-108.

[6] Y. Hou, I. Gutman, Hyperenergetic line graph, MATCH Commun. Math. Com-
put. Chem. 43 (2001) 29-39.

[7] D. P. Jacobs, V. Trevisan, F. Tura, Eigenvalues location in threshold graphs,
Lin. Algebra Appl. 439 (2013) 2762-2773.

[8] D. P. Jacobs, V. Trevisan, F. Tura, Eigenvalues and energy in threshold graphs,
Lin. Algebra Appl. 465 (2015) 412-425.

[9] X. Li, Y. Shi, I. Gutman, Graph Energy, Springer, New York, 2012.

[10] X. Li, M. Wei, S. Gong, A Computer search for the borderenergetic graphs of
order 10, MATCH Commun. Math. Comput. Chem. 74 (2015) 333-342.



-260-

3 Appendix

Table 1. All non-complete connected borderenergetic threshold graphs

with n < 23 vertices.

All connected threshold graphs with energy 2n-2

01%01*

0101°, 01%01°

12

0130216

15

031°015, 0101012012

16

010212, 01*0%18, 01°0%1*

17

01%2010%130%1°

18

0120%1'2, 0180316

19

0%1%01201201%, 0210%12010101201%, 0%1°0101%012,
0101201012021°01, 0170120120212

20

0%10130120102101%, 010120%120101%0%13, 0101301%031017,
012031%0101012013, 01201010%2101701, 01°0*11°

21

010%1031201°01%, 0102101031015, 010%1°0?1201012012,
0120120%1'°01, 0120130210%120%1°

22

0%1021201501°, 0*101301°0120101%, 0*1201°02101201°,
0°10101°0°17, 0°1%01010°1°01°01%01, 010°101*0101°01%01%,
01071%01201%0%1%01°01, 01010°1%0°101*0°1?,0101010101010°1°,

0130%140120%1201201, 0130102101012010%1%, 0150101°031013,

23

0°102101%01201501, 0°1010%1012021%015, 0°120101201%010120%13,
0210%1201201013012012, 021021012010130120%1%, 0210%1'°021%012,
0%10120120%10%17, 0%13021010%1°01, 0%130120101010%1201,
0103101701%0213, 01031%010%1'°, 01021010210120%214013,
010120%101°01%0%13, 01012010120101010%13,
0101%010%10101°0101, 0101301203101*0%1%,0101*0*10101%01%,
0101°03140%15, 0101701%0%101201, 01010140313,
0120%12017010%1%,01201010*1°0101%, 01201201°01°01%01021,
01201*02101201010%1%,01201021201%01%01, 01010170101%0%1,
0140%10%1017012, 01°01021010%1%01, 0150101*010130°1,
01°012010210%101*
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Table 2. All connected borderenergetic threshold graphs 0P19051¢
with n < 100 vertices.

order n | All connected threshold graphs 0P190°1% with energy 2n — 2

8 01201%

9 0101°, 01*01°

12 013021°

15 031°01°

16 010%1%2, 0170%18, 0190°1*

18 01%20%1'2, 0180°1°

20 01°0111°

24 01°0°1'2, 0120215

25 0103120, 01%0°1', 01°0°11°, 01%6031°

27 0130°1%%, 01120°1°

28 0170614, 0617011

32 0120°1%4, 0180716, 01'80°18

35 071°0%12t

36 01041307 014071247 01908118’ 0611005115" 0116071127 01250416

38 071210218

40 0110091%

44 01110101227 0512206111" 0912202111

45 01°091%°, 01200°115

48 01308136‘ 01120111247 01‘2708112

49 01051/12T 014091357 0190111287 01160111217 01250911/17 01360517

50 01‘207140‘ 0180111307 0118011120’ 013207110

51 01012802111

52 017071%

54 01%0''1%6, 01*10"'1'

56 011071

60 0175011

63 0170131427 01217021427 0128013121

64 0106156 014011148. 0190141407 0116015132’ 012501-’11247 0136011116’
01%90%18

68 017013

70 01511406135

72 0120916()‘ 018015148, 0118017136’ 01320151247 01611802136}7 015009112

75 0130111607 0]_1201'71457 0717013148’ 01270171307 0148011115

76 01701

78 0''170°1°

79 01711303146

80 01501416[). 012001914[)’ 014501412[]
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order n | All connected threshold graphs 0°190°1" with energy 2n — 2

81 0107172. 0140131637 019017154’ 01160191457 01250191367
0136017127. 0149013118‘ 06153091137 01640719

83 0161906152

84 01710201

87 091°0°17™

88 0172014

90 0110019160_ 0140019130. 0716109113

92 0123022146. 07122020143

96 016017172’ 01240231487 0154017124

97 04131022140

98 012011184’ 0180191707 01180231567 0132023142" 01500191287
0141420141287 02114207128" 0172011114

99 0111021166. 01/1/1021133

100 0108190‘ 01401518().’ 019020170’ 01160231607 01‘25024150’
0136023140_ 0149020130‘ 01640151207 018108110




