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Abstract

Let G be a graph with n vertices and puq,...,u, and q1,...,¢, denote the
Laplacian eigenvalues and signless Laplacian eigenvalues of G, respectively. The
Laplacian Estrada index and signless Laplacian Estrada index of G is defined as
LEE(G) = e + .- + el and SLEE(G) = e + --- + €. We prove that for any
graph G, SLEE(G) > LEE(G), with equality if and only if G is bipartite. Also, we
show that if G has m edges and ¢ triangles, then SLEE(G) > n+3m+t+ 4’772 + dm?

3n2
and SLEE(G) > \/n2 + 16m?2 + 6mn + 2nt + 3%’;;3‘

1 Introduction

Throughout this paper we consider simple graphs, that is finite and undirected graphs
without loops and multiple edges. If G is a graph with vertex set {1, ..., n}, the adjacency
matriz of G is an n x n matrix A = A(G) = [a;], where a;; = 1 if there is an edge
between the vertices ¢ and j, and 0 otherwise. The Laplacian matriz of G is the matrix
L =L(G) = D — A where D is a diagonal matrix with (di,...,d,) on the main diagonal
in which d; is the degree of the vertex i. The signless Laplacian matriz of G is the matrix
Q = Q(G) = D+ A. Since L and Q are real symmetric matrices, their eigenvalues are
real numbers. We denote the Laplacian eigenvalues and signless Laplacian eigenvalues of
Gbypy > ptg >+ > ppand ¢ > gz > -+ + > @y, respectively. The Laplacian and signless
Laplacian matrix are positive semi-definite matrix, so p;, ¢; > 0 and the multiplicity of

0 as an eigenvalue of L is equal to the number of connected components of G and the
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multiplicity of 0 as an eigenvalue of @ is equal to the number of bipartite connected
components of G (see [7]). For details on Laplacian eigenvalues of graphs we refer the
reader to [4, 17, 18] and for signless Laplacian see [4, 6, 7].

The Estrada index of G defined by E. Estrada [9, 10, 11] as

EE(G) = Z eM,
i=1

where A, ..., A, are the eigenvalues of the adjacency matrix of G. The Estrada index has
already found a remarkable variety of applications. Initially it was used to quantify the
degree of folding of long-chain molecules, especially proteins [9, 10, 11]; for this purpose
the EE-values of pertinently constructed weighted graphs were employed. Another, fully
unrelated, application of EE (of simple graphs) was proposed by Estrada and Rodriguez—
Veldzquez [13, 14]. They showed that EE provides a measure of the centrality of complex
(communication, social, metabolic, etc.) networks. In addition to this, in [15] a connection
between EE and the concept of extended atomic branching was considered. An application
of the Estrada index in statistical thermodynamic has also been reported [12].

Mathematical properties of the Estrada index were studied in a number of recent works
[5, 19]; for a survey see [8].

Similar to Estrada index, the Laplacian Estrada index of a graph G was introduced in

[16] (see also [21]) as
LEE(G) =) e (1)

Various properties of LEE were established in [16, 21].

The signless Laplacian Estrada index of a graph G was introduced in [1] as
SLEE(G) = > e (2)
i=1

In this paper we show that for any graph, SLEE is always greater than or qual to
LEE. Moreover, we find two lower bounds for the SLEE of a graph in terms of its number

of vertices, the number of edges and the number of triangles.



-413-

2 Laplacian Estrada index vs. signless Laplacian
Estrada index

In this section, we prove that for any graph G, SLEE(G) > LEE(G).
We consider the Laplacian and signless Laplacian spectral moments of graphs G' which

are n
> oub=t(LF), D g =w(@").
=1 i

By the the Taylor expansion of the exponential function e®, we have

Ler(G) = Y2 0, 3)
k=0
SLEE(G) = i “(gk). ()
k=0 ’

We need the following well-known result (see [6, 7]).
Lemma 1. For any graph G, L(G) and Q(G) are similar (have the same eigenvalues) if
and only if G is bipartite.
We know that a graph G is non-bipartite if and only if there exists some closed walk of
odd length in G. Also the number of closed walks of length k in G is equal to tr(A*) (see

[4]). So we have the following lemma.

Lemma 2. A graph G is non-bipartite if and only if there exits some odd integer s such

that tr(A%) > 0.

Theorem 1. For any graph G,
SLEE(G) > LEE(G),
equality holds if and only if G is bipartite.

Proof. The terms appearing in the expansion of (D + A)* are the same as those in
the expansion of (D — A)¥, the only difference is that all the signs of the terms in the
expansion of (D + A)* are positive, but some of the terms in the expansion of (D — A)*
have negative signs. Since D and A are matrices with non-negative entries, for any & > 0

we have

tr(QY) = tr (D + A)*) > tr ((D — A)¥) = tx(LF).
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Therefore,
k o k
SLEE(G) = Z“(]g sy “(]j ) _1ER(G).
k=0 : k=0 ’

If G is bipartite, then by Lemma 1, L and @ are similar and so SLEE(G) = LEE(G). If
G is not bipartite, by Lemma 2, there is an odd integer s such that tr(A*) > 0. Hence,

tr(Q%) = tr (D + A)°) = tr(D*)+- - +tr(A%) > tr(D*)+- - —tr(A%) = tr (D — A)*) = t2(L?).

Therefore, by (3) and (4), SLEE(G) > LEE(G). O

3 Lower bounds for signless Laplacian Estrada index

In this section we obtain two lower bounds for the SLEE(G) in terms of the number of
vertices, the number of edges and the number of triangles of G.
We recall Holder inequality. Let aq,...,a,,bq,...,b, be non-negative real numbers,

p,q > 1 and % + % = 1. Then

1 1
i=1 i=1 i=1

Lemma 3. (See [6, 7]) Let G be graph with n vertices, m edges, t triangles and degree

sequence dy, . ..,d,. Then
tr(Q) = 2m, (5)
tr(Q%) = 2m + Z a2, (6)
i=1
tr(Q%) =6t +3Y di + Y . (7)
i=1 i=1
Theorem 2. Let G be graph with n vertices, m > 1 edges and t triangles. Then
4m?  4m?
SLEE(G) > n+ 3m +t + —— + 2,
n 3n?

Proof. Let di,...,d, be the degree sequence of G. Since m > 1, for all k, tr(Q*) > 0,
S0 by (4),

Q) | w(QY) «

SLEE(G) > n + tr(Q) + 5 5
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By Holder inequality for p = ¢ =2, we have 2m =>"" , d; < v/n (>, Z) Hence,
4
Zd2 TIZ (9)

Again, by Holder inequality for p = 3 and ¢ = 2, we have 2m = Y"1 d; < ns >on, df’)%

Hence,
Z (]3 8m (10)

By (8), (9), (10) and Lemma 3 we have

1 am?\ 1 4
SLEE(G) > n + 2m + = (Qm + —") 5 (6t + 3ﬁ n Sﬂ)
n

4m?  4m?
=n+3m+i+—+
n 3n2’
O
For a graph with signless Laplacian eigenvalues ¢, go, ..., ¢,, with m edges and ¢
triangles, from the above proof we see that
n
4 2
Zﬁzm+ﬂﬂ (1)
. n
n
12m?  8m?
D> g =6t + g (12)

i=1
By the Taylor’s theorem, for any real & # 0, there is a real n between = and 0 such
that e* =1+ x + 47 24z o 4 e”l So we have the following.
Lemma 4. For any real © # 0, one has e* > 1+ + %? + ’;—?

Theorem 3. Let G be graph with n vertices, m edges and t triangles. Then

3

32
SLEE(G) > \/ n? + 16m? + 6mn + 2nt + “—

Proof. Suppose that ¢, ¢, ..., q, are the signless Laplacian eigenvalues of G. Using
Lemma 4 we have

SLEE(G)? = Z Z 4t

i=1 j=1

n 2 3
>.§ > <1+qr+%%fw’2%) +(% 6%)>

i=1 j=1

(L+agi+q+a /240 /2+qg + /6 + ¢ /6 + ¢7q;/2 + ¢4} /2) .

I
-
M=

s
I
—
<.
I
—



-416-

ot

Now, by (5),

n n
(¢ +q5) = ”Z g + TLqu = 4mn,

i=1 j=1 i=1 j=1

. n n n 2 .
T (z qi) _am2
i—1

i=1 j=1

By (11),
n n n n n n
DD G2 G) =5 a5 Y > 2mn+4m?,
i=1j=1 i=1 j=1
n n 1 n n 1 n n 87n3
ZZ(%‘Z%/Q +(177QJ2'/2) = 52(1,2 . qu + 3 Zqi . quz > am? + W
i=1 j=1 i=1 j=1 =1 j=1

Similarly by (12)

n o n 3

ZZ(q?/G +4¢}/6) > 2nt + 4m® + 83%
i=1 j=1 .

Combining the above relations, we have
9 9 9 9 ,  8m3 5 8m3
SLEE(G)? > n® 4+ 4mn + 4m® 4 2mn + 4m° 4+ 4m* + — + 2nt + 4m +T
n n

32m?
=n? 4 16m? + 6mn + 2nt + 3m .
n
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