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Abstract

Let G be a simple undirected connected graph possessing a vertex v to which
s > 1 pendent vertices are attached. Let H be a graph of order s. Let G(H) be
the graph obtained from G by adding the edges of H among the pendent vertices
attached to v. Let M(R) be the Laplacian matrix or the signless Laplacian matrix
or the adjacency matrix of a graph R. If the all 1— vector of order s is an eigenvector
of M(H), it is proved that M (G (H)) is orthogonally similar to a 2 x 2 block diagonal
matrix in which one of the blocks is a diagonal matrix. This result is used to study
the effects on the Energy and Estrada indices when edges are added on the pendent
vertices of a given graph.

1 Introduction

Let G be a simple undirected graph on n vertices. Let D(G) be the diagonal matrix of
order n whose (i,7)—entry is the degree of the ¢ — th vertex of G and let A (G) be the
adjacency matrix of G. The matrices L(G) = D(G) — A(G) and L (G) = D (G) + A(G)
are the Laplacian and signless Laplacian matrix of G, respectively. The matrices L(G)
and LT(G) are both positive semidefinite and (0, 1,,) is an eigenpair of L (G) where 1,, is
the all-1 vector of size n. Fiedler [14] proved that G is a connected graph if and only if
the second smallest eigenvalue of L(G) is positive. This eigenvalue is called the algebraic
connectivity of G and it is denoted by a (G). Moreover, it is known that for any bipartite

graph G, the characteristic polynomials of L(G) and L*(G) coincide [3].
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A pendent vertex is a vertex of degree 1. We mention below some already known
results concerning the effects on some graph invariants by adding edges among the pendent

vertices.

Theorem 1. [25], Corollary 4.2. Let G be a connected graph on n vertices. Suppose that
vy, Vg, . .., Vs are § pendent vertices of G adjacent to a common vertex v. Let G bea graph
obtained from G by adding any t, 0 <t < ’3(82—71)7 edges among vy, va, ..., vs. If a(G) # 1
then a(G) = a(G).

Theorem 2. [15], Theorem 2.3. Let G be a connected graph on n vertices. Suppose that
V1, Vs, ..., Vs are s pendent vertices of G adjacent to a common vertex v. Let Gea graph
obtained from G by adding any t, 0 < t < @7 edges among vy, Vs, ...,vs. Then the

largest Laplacian eigenvalue of G is also the largest Laplacian eigenvalue of G.

Definition 1. Let G be a connected graph of order n possessing a vertex v to which s > 1
pendent vertices are attached. Let H be a graph of order s. Then G(H) denotes the graph
obtained from G and H identifying the vertices of H with the pendent vertices attached
to v.

In [26], the above results as generalized as follows.

Theorem 3. Let G(H) as in Definition 1.

(i) If u # 0 and p # 1 is a Laplacian eigenvalue of G then p is a Laplacian eigenvalue
of G(H), and

(i) if u is a Laplacian eigenvalue of H, p # 0 or pn = 0 with an eigenvector orthogonal
to 1, then 1+ p is a Laplacian eigenvalue of G(H).

Definition 2. Let G be a connected graph of order n possessing vertices v;, 1 <1 <r,
to which s; > 1 pendent vertices are attached. For 1 < i < r, let H; be a graph order
si. Then G(Hi,...,H,) denotes the graph obtained from G and the graphs Hy, ..., H,

identifying the vertices of H; with the s; pendent vertices attached to v;.
Remark 1. The graph G(Hy, Hs, ..., H,) can be constructed as follows:

o the graph G = G(H,) is obtained from G and H, identifying the vertices of Hy with
the pendent vertices attached to vy, and

o fori=2,...,r, the graph G; = G(H, ..., H;) is obtained from G;_1 = G(Hy, ...,
H;_1) and H; identifying the vertices of H; with the pendent vertices attached to v;.
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At this point, we recall that for a connected graph G of order n the Laplacian-energy-

like invariant of G is

n—1
LEL(G) =Y /m(G),
i=1
the Kirchhoff index of G is .
— 1
Kf(G)=mn
(=2 @

and the Laplacian Estrada index of G is
LEE(G) =) em®

where
1 (G) 2 p2(G) 2 .. 2 pp-1 (G) = 1 (G) =0

are the Laplacian eigenvalues of G.

Some results on LEL(G) are given in [23], [27] and [4], on K f(G) in [28], [29], [32], [33]
and [34], and on LEE(G) in [13], [30] and [31].

The effects on the Laplacian-Energy-Like invariant and on the Kirchhoff index by
adding edges among the pendent vertices were studied in [26] and the corresponding
results are

Theorem 4. Let G(Hy, ..., H,) as in Definition 2. For 1 <i<r, let
pn (Hi) = pe (Hi) = .. = pso1 () 2 s (H;) =0

be the Laplacian eigenvalues of H;. Then

T T

LEL(G(Hy, ..., H,)) — LEL(G ZZ,/HM] 251
i=1 j=1
and . .
Kf(G(Hy,..., H)) - )=n Z T = s,
i=1 j=1 +’“ i=1

We recall that the energy of G is

G) =Y IN(G)
i=1
and the Estrada index of G is

G)= z"‘: M@
=1
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where

M(G) <X (G) <. <01 (G) £ 0(G)

are the eigenvalues of A(G).

Some results on EE(G) are in [6] - [12].

The notion of the energy of a graph was introduced by Gutman in 1978 as the sum
of the absolute values of its adjacency eigenvalues, it is studied in Chemistry and used
to approximate the total m-electron energy of a molecule [16,17]. There are many con-
tributions on the energy of a graph and still is a subject of research. A few of these
contributions are [18]- [20]. More on the chemical background of graph energy can be
found in Chapter 2 of the book Graph Energy by X. Li, Y. Shi and I. Gutman [22]. This
book provides a comprehensive survey of all results and common proof methods on graph
energies together with a complete reference section.

We recall now that the signless Laplacian Estrada index of G is defined as

SLEE(G) =Y e"(@

i=1
where

pi (G) <z (G) < < (G) < b

< piy (G)
are the signless Laplacian eigenvalues of G. Results on SLEE(G) can be found in [1], [2],
(5] and [21].

Let M(R) be the Laplacian matrix or the signless Laplacian or the adjacency matrix
of a graph R.

In Section 2, we prove that if the all 1—vector of order s is an eigenvector of M (H)
then M(G(H)) is orthogonally similar to a 2 x 2 block diagonal matrix in which one of
the blocks is a diagonal matrix. In Section 3, we apply this result to study the effect on
the Laplacian Estrada index. Section 4 is devoted to study the effects on the energy and
on the Estrada index. Finally, in Section 5, we study the effect on the signless Laplacian
Estrada index. In Sections 4 and 5, it is assumed that the edges added among the pendent
vertices of G are the edges of regular graphs.

In this paper, the zero matrix and the identity matrix of the appropriate orders are
denoted by 0 and I, respectively. Furthermore, I, is the identity matrix of order m,
det(A) and tr(A) are the determinant and trace of a square matrix A, respectively, and

AT is the transpose of A.
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2 A result on graphs constructed by adding edges on
pendent vertices

Consider G(H) as in Definition 1. Let M(R) be the Laplacian matrix or the signless
Laplacian or the adjacency matrix of a graph R. Throughout this paper

o —1 if M is the Laplacian matrix,
B 1 if M is the signless Laplacian or the adjacency matrix

and
5= 0 if M is the adjacency matrix
1 1 if M is the Laplacian or the signless Laplacian matrix

In this section, we assume that
(M (H)), po(M(H)), ..., ps(M(H))

are the eigenvalues of M(H) and that

1
X1, X2, ., Xs—1, Xg = —1
’ Vs
is an orthonormal basis of eigenvectors of M (H) in which, for i =1,... s,
M(H)x; = pa(M(H))%;. (1)
In particular
]\/[(H)ls = /LS(AJ(H))IS- (2)

We observe that (2) holds when M(H) = L(H) and when M(H) = L*(G) or M(H) =
A(H) if H is a regular graph.
Let
X:[Xl X ot Xgo1 ﬁls}

where the columns of X are the eigenvectors of M(H) as in (1).

Let
X

S = 1
Infsfl

Clearly, X and S are both orthonormal matrices.

The graphs G and G(H) have the same set of vertices. We recall that G is a graph
possessing a vertex v to which s pendent vertices are attached. We label the vertices of
G as follows: the labels 1,2,...,s are for the pendents attached to v, the label s + 1 is

for the vertex v and the labels s + 2,...,n are for the remaining vertices of G. Let d; be
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the degree of the vertex i of G. In particular, the degree of v is denoted by d(v). For the
given labeling, M (G) and M(G(H)) become

0l, o1, O
M(G) = | 01T 4d(v) aT (3)
0 a B
and
5L, + M(H) o1, 0
M(G(H)) = 1T dd(v) aT (4)

0 a B

for some common column vector a of size n — s — 1 and some common square matrix B of
order n —s—1. The vector a and the matrix B are both independent of H. The diagonal
entries of B are dd;, s + 2 < i < n. The components of a and the off-diagonal entries of

B are o if the corresponding vertices of G are adjacent and 0 otherwise.
Theorem 5. Let G(H) as in Definition 1. Then

0+ (M(H)) }
STM(G(H))S = s + ps—1 (M (H))
O+ ps(M(H)) ovs 0
ov/s dd(v) a’
|: 0 a B
(5)
and
1)
STM(G)S = 0 (©6)

§ oys 0
oy/s 6d(v) aT
0 a B

The vector a and the matriz B are as above mentioned.
Proof. We use (4) to compute

STM(G(H))S
[ X7 §I,+M(H) ol, 0 X
= 1 o1? dd(v) a’ 1
L [n—s—l 0 a B [n—s—l
[0, + X"TM(H)X oX"1, 0
= o1TX dd(v) aT
L 0 a B
[ [ 6+ m(M(H)) 0
_ O+ ps1(M(H)) 0
S+ u(MH) | | ovs
[0 - 0 oys] dd(v)  aT
L 0 a B
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6+ m(M(H))

. 5+ e (M(H))
S+ u(M(H)) oys 0
ov/s dd(v) aT
0 al B
Thus (5) is obtained. Similarly, the computation of the product STM(G)S with M(G)
as in (3) yields to (6). |

3 Application to the Laplacian Estrada index

Let G(H) as in Definition 1. Here we consider M(G) = L(G). Then 6 = 1 and 0 = —1.
Applying Theorem 5, we obtain

Theorem 6. Let G(H) as in Definition 1. Let
p(H) > po(H) > ... > ps(H) =0

be the Laplacian eigenvalues of H. Then

L+ (H)
STL(G(H))S = 1+ o (H) Lo
[ —/s d(v) a’ ]
0 a B
and
1
STL(G)S = 1 R
|:—\/§ d(v) aT]
0 a B

for some common column vector a of size n —s — 1 and some common square matriz B
of order n — s — 1 both independent of H. The diagonal entries of B are the degrees of
the vertices i, s +2 < i <n. The components of a and the off-diagonal entries of B are
—1 if the corresponding vertices of G are adjacent and 0 otherwise.
Corollary 1. Let G(H) as in Definition 1. Then

det (M — L(G(H))) = APy (A\) R(\) (7)
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and
det (A — L(G)) = A\ = 1)*"TR()\) (8)
where -
P (N) :H()\* (1+ p:(H))) )

and R(\) is a polynomial of degree n — s such that R(0) # 0.

Proof. From Theorem 6, the characteristic polynomial of L(G(H)) is
det (\I — L(G(H))) = Pu(N)S(N) (10)
with Py()) is as in (9) and the characteristic polynomial of L(G) is
det (AT — L(G)) = (A —1)*71S(N) (11)
where S(A) is the characteristic polynomial of the matrix
1 —=vs 0
—/s d(v) aT |.
0 a B
Since G(H) and G are connected graphs, 0 is a simple eigenvalue of L(G(H)) and L(G).
Hence S(A) = AR(\) where R()) is a polynomial of degree n — s such that R(0) # 0.
Replacing in (10) and (11), we obtain (7) and (8). |
Theorem 7. Let G(H) as in Definition 1. Then
LEE(G(H))— LEE(G) = (LEE(H) — s)e. (12)
Proof. Let
i (H) = o2 (H) 2 . 2 s (H) = g1y (H) = 0

be the Laplacian eigenvalues of H. As we already mentioned, the Laplacian Estrada index

of a graph G is
LEE(G) =31 (@,

We apply Corollary 1. From (7) and (8), we obtain

s—1
LEE(G(H)) =1+ etmt 4 3= en (13)
i=1 i R(1)=0
and
LEEG)=1+(s—1)}e+ > e (14)

w:R(p)=0
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Subtracting (14) from (13), we get
LEE(G(H)) - LEE(G) =Y _ ") — se = (LEE(H) - s)e.

j=1
Thus (12) is obtained. |
Theorem 8. Let G(Hy,..., H,) as in Definition 2. Then

LEE(G(Hy,... H,)) — LEE(G) = ¢ XT:(LEE(Hi) —si).

Proof. We recall that G, = G(Hi,...,H,) can be constructed as in Remark 1. By

repeated application of Theorem 7, we have
LEE(G,) — LEE(G) = (LEE(H;) — s1)e,

LEE(Gs) — LEE(Gy) = (LEE(H,) — s»)e,

LEE(G,V_l) — LEE(G,_Q) = (LEE(H,_l) — sr_l)e

and

LEE(G,) — LEE(G,_,) = (LEE(H,) — s,)e.

Add these equalities together and the result follows. |
4 Application to the energy and Estrada index

Let M be an m X n complex matrix. Let ¢ = min {m,n}. Let

be the singular values of M. Nikiforov [24] defines the energy of M, denoted by E(M), as

q

E(M)=> 0;(B).

j=1

Since A (G) is a real symmetric matrix, its singular values are the modulus of its eigen-
values. Then E(G) = E(A(Q)).

At this point, we recall that given a natural number & such that 1 < k& < n, the Ky

Fan k— norm of a matrix X of order n x n is defined to be the sum of the k largest

singular values of X, that is,
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X1k = 20y oa(X).
In particular, || X ||, = E(X).
Let G(H) as in Definition 1. In this section, M(G) = A(G). Then § = 0 and ¢ = 1.
Applying Theorem 5, we obtain
Theorem 9. Let H be a regular of degree h. Let G(H) as in Definition 1. Let
MH) S WH)<...<X(H)=h

be the adjacency eigenvalues of H. Then

s-1(H) (15)

)
S
=
2
G
ko
Il
>

and

STA(G)S = 0 (16)

S+

for some common column vector a of size n—s—1 and some common square matriz B of
order n— s — 1 both independent of H. The diagonal entries of B are 0. The components
of a and the off-diagonal entries of B are 1 if the corresponding vertices of G are adjacent

and 0 otherwise.
Theorem 10. Let H be a regular graph of degree h. Let G(H) as in Definition 1. Then
E(G(H))— E(G) < E(H).

Proof. We apply Theorem 9. From (15) and (16), using the fact that the singular values

are invariant under unitary transformations, we obtain

E(G(H)) = Z I\ (H)| + E(O) ()

where
h s 0
C=|+s 0 af
0 a B
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and
B(G) = B(A(G)) = E(D)
where
0 s 0
D=| s 0 af
0 a B
We have
C=D+F
where
h 00
F=]1000
000

Hence E(C) = ||Clln-s+1 < | Dlln-s+1 + [|Flln-st1 = E(D) + h = E(G) + h. We use this
inequality in (17) to obtain

BIG(H)) ~ B(G) < 0 INGH)| +h = 3 I\ (H)| = E(H),
The proof is complete. u

Theorem 11. Fori=1,...,r, let H; be a reqular graph of degree h;. Let G(H,...,H,)
as in Definition 2. Then

B(G(Hh.... 1) - B(G) < Y. B(H)

Proof. The result follows easily from Remark 1 and repeated application of Theorem 10.

We search now for the effect on the Estrada index. Previously, we recall some well

known facts:

o If A is a square matrix then
et =T, A
e For a graph G
EE(G) = tr(ef®)

e If A and B are similar matrices then tr(A) = tr(B).



-354-

Theorem 12. Let H be a regular graph of degree h. Let G(H) as in Definition 1. Then
EE(G(H))— EE(G) > FEE(H) — (s — 1). (18)

Proof. Let C, D and F be as in the proof of Theorem 10. From Theorem 9, we get

H)) = i MU 4t (e) (19)

and
EE(G) = s — 1+ tr(eP). (20)
From the series-expansion of e, we have
= 1 1 = 1
— (D F)* — Y

Since D and F' are nonnegative matrices, it follows that

oS}

Ly 1,

(Y D" +r(y_ )

k=0 k=0
Hence

. L,
tr(e) > tr(e ; ht = )+ e
Using this inequality in (19), we get
>z:eA H) 4 tr(eP) + e = EE(H) + tr(eP). (21)

Finally, from (20) and (21), the inequality (18) follows. |

From Remark 1 and repeated application of Theorem 12, one can prove

Theorem 13. Fori=1,...,r, let H; be a reqular graph of degree h;. Let G(Hy, ..., H,)
as in Definition 2. Then

EE(G(Hy, ..., H,)) — EE(G) > XT:(EE(Hi) —5) 4

5 Application to the signless Laplacian Estrada index

Let G(H) as in Definition 1. In this section, M(G) = L*(G). Then § = 1 and ¢ = 1.
Applying Theorem 5, we obtain
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Theorem 14. Let H be a regular of degree h. Let G(H) as in Definition 1. Then

1+ (H)
STL+(G(H))S: 1+/t:71(H)
142k /s 0
Vs d(v) aT
0 a B
and
1
STLH(G)S = 1
1 5 0
Vs d(v) aT
0 B

for some common column vector a of size n —s — 1 and some common square matriz B
of order n — s — 1 both independent of H. The diagonal entries of B are the degrees of
the vertices i, s + 2 < i < n. The components of a and the off-diagonal entries of B are

1 if the corresponding vertices of G are adjacent and 0 otherwise.

Theorem 15. Let H be a regular graph of degree h. Let G(H) as in Definition 1. Then
SLEE(G(H)) — SLEE(G) > eSLEE(H) — ¢*(e — 1) — (s — 1)e.

Proof. From Theorem 14, we get

s—1

SLEB(G(H)) = e (1) 4 () (22)
i=1
and
SLEE(G) = (s — 1)e + tr(e”) (23)
where
142k /s 0
C= Vs d(v) aT
0 a B
and

!

Il
o%»—x

QU
L)
QJ%O
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2h 0 0
We have C = D+ F where F= | 0 0 0 |. From the series-expansion of e“ and using
0 00
the fact that D and F' are nonnegative matrices, we get
1 1
tr(e€) > tr( HD’C) +tr(> HF’C).
k=0 k=0
Hence
= 1
tr(e€) > tr( — Dy 4 e,
(e 7( kz:: i (e”)+e
Using this inequality in (22), we get
s—1
SLEE(G(H)) =y e 0 4 tr(eP) + ¢,
i=1
Therefore .
SLEE(G(H)) > ¢y et — el+2h 4 (D) 4 2,
Then
SLEE(G(H)) > eSLEE(H) — e™(e — 1) + tr(e®). (24)
Finally, from (24) and (23), Theorem (15) follows. |

From Remark 1 and repeated application of Theorem 15, one can prove

Theorem 16. Fori=1,...,r, let H; be a reqular graph of degree h;. Let G(H, ..., H,)
as in Definition 2. Then

SLEE(G(Hy,...,H,)) = SLEE(G) > ¢ Y SLEE(H;) — (e —1)Y e™ —e) (si—

— . .
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