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Abstract
The Randi¢ index R of a simple graph G is defined as
1

R(G) = Z \/ﬁ

Vi~V

where §; denotes the degree of the vertex v;. In this paper we obtain closed formulae
for the Randi¢ index of Sierpinski-type polymeric networks.

1 Introduction

Over the past three decades, polymer networks has emerged as a coherent subject area. It
is well-known that, in comparison with those linear polymers, the properties of polymer
networks depend to a much larger extent on methods and condition of preparation, i.e.,
properties depend not only on the chemical structure of the individual polymer chains,
but on how those chains are joined together to form a network [26]. While the basic
works on polymer modelling started from linear polymeric systems, in recent years the
attention has focused more and more on complex underlying geometries including fractals
generalized networks. In this article we consider a model of polymer networks based on
generalized Sierpinski graphs.

To begin with, we need some notation and terminology. Let G = (V, E) be a non-

empty graph of order n and vertex set V = {1,2,...,n}. We denote by {1,2,...,n}’ the set
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of words of size ¢ on alphabet {1,2,...,n}. The letters of a word u of length ¢ are denoted
by wujug...u;. The concatenation of two words u and v is denoted by wv. Klavzar and
Milutinovié introduced in [12] the graph S(K,,t) whose vertex set is {1,2,...,n}", where
{u,v} is an edge if and only if there exists ¢ € {1,...,¢} such that:

(i) u; =, if j <

(il) w; # vs;

(ili) w; =v; and vj; = u; if j > .

When n = 3, those graphs are exactly Tower of Hanoi graphs. Later, those graphs have
been called Sierpiriski graphs in [13] and they were studied by now from numerous points of
view. The reader is invited to read, for instance, the following recent papers [5,7,8,13-15]

and references therein.

Figure 1: Two Sierpinski graphs: S(Kj,2) and S(Ky, 3).

Figure 1 shows the Sierpiniski graphs S(Ky,2) and S(Kj,3). This construction was
generalized in [4] for any graph G, by defining the generalized Sierpiriski graph, S(G,t),
as the graph with vertex set {1,2,...,n}" and edge set defined as follows. {u,v} is an edge
if and only if there exists ¢ € {1,...,¢} such that:

(i) uj =vj;,if j <73
(il) u; # v; and {u;,v;} € E;

(ili) w; =v; and vj; = u; if j > .
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Notice that if {u,v} is an edge of S(G,t), there is an edge {z,y} of G and a word
w such that v = wzyy...y and v = wyzz..z. In general, S(G,t) can be constructed
recursively from G with the following process: S(G,1) = G and, for t > 2, we copy
n times S(G,t — 1) and add the letter = at the beginning of each label of the vertices
belonging to the copy of S(G,t — 1) corresponding to z. Then for every edge {z,y} of
G, add an edge between vertex xyy...y and vertex yxx...x. See, for instance, Figure 2.

Vertices of the form zx...x are called extreme vertices. Notice that for any graph G of

order n and any integer ¢ > 2, S(G,t) has n extreme vertices and, if z has degree d(z) in
G, then the extreme vertex zz...x of S(G,t) also has degree d(z). Moreover, the degrees

of two vertices yzx...z and zyy...y, which connect two copies of S(G,t — 1), are equal to
d(z) + 1 and d(y) + 1, respectively.
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Figure 2: The 3-cube graph @3 and the Sierpinski graphs S(@s,2) and S(Qs, 3).

We denote by P, the path graph of order r. Notice that for G = K, we obtain
S(K3,2) = P, and, in general, S(K»,t) = Py, which is the simplest possible polymer
model presented by the ideal chain. Also, the graphs S(K,,t) were used in [1,10,11]
to analyse the scaling behaviour of experimentally accessible dynamical relaxation forms
for polymers modelled through finite Sierpinski-type graphs, which we denote here by
P(K,,t). Using the approach introduced in [10,11] to construct P(K,,t), now we define
the polymeric Sierpiriski graphs P(G,t) = (V, E), where G is a connected graph of order
n and ¢ is a positive integer. For i € {1,...,t} we define the sets 4; = {a;,,...,a; , ,} and
we denote S(G,4) = (V;, £;) and V; = {v;,,...,v; ; }. Then, the vertex set of P(G,t) is

t

v =J“uw)

and the edge set of P(G, 1) is

E= (0(E uBi)> U (tUi CZ-) ,

i=1
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where C; = {{v;;,ai41,} : j = 1,...,n'}, B; = U;:ll W;, and W; is formed by the edges
obtained by connecting a;; to every vertex belonging to the j-th copy of G in S(G,1).
In other words, we construct P(G,t) as follows: The iterative construction starts from
one vertex, ay,, and one copy of G = S(G,1). So, we obtain P(G,1) by connecting a;,
to every vertex of S(G,1). To obtain P(G,2) we take P(G,1), Ay and S(G,2). Then
we connect each element ay; € Asy to vy, € V1 and we also connect ag; to every vertex
in the j-th copy of G in S(G,2). Analogously, for the construction of P(G,t) we take
P(G,t - 1), A; and S(G,t). Then, we connect each element a;, € Ay to vy, € Vioy
and we also connect ay, to every vertex in the j-th copy of G in S(G,t). Notice that

P(K3,2) = S(Ky,2), S(K3,2) = P(K»,2), while for t > 3, P(Kp,t) # S(Kpi1,t).

aiy
iy Vi,
az az,
Vo Vo, Vo Voo
as; as, as; CEN
V2, Va3 Va2, Vag V3, Vi, Vi Viq Vs Vig V3 Vag

Figure 3: Two polymeric Sierpiriski graphs: P(K3,2) = S(Ky,2) and P(Kjy, 3).

Around the middle of the last century theoretical chemists proposed the use of topo-
logical indices to obtain information on the dependence of various properties of organic
substances on molecular structure. In this sense, a large number of various topological
indices was proposed and considered in the chemical literature [27]. We highlight the arti-
cle [2] where Camarda and Maranas addressed the design of polymers with optimal levels
of macroscopic properties through the use of topological indices. Specifically, in the above
mentioned article two zeroth-order and two first-order connectivity indices were employed
for the first time as descriptors in structure-property correlations in an optimization study.
Based on these descriptors, a set of new correlations for heat capacity, cohesive energy,
glass transition temperature, refractive index, and dielectric constant were proposed.

The molecular structure-descriptor, introduced in 1975 by Milan Randi¢ in [22], is
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defined as

viv;€EE V U7 UJ

where d(v;) represents the degree of the vertex v; in G. Nowadays, R(G) is referred to
as the Randi¢ index of G = (V, F). This graph topological index, sometimes referred
to as connectivity index, has been successfully related to a variety of physical, chemical,
and pharmacological properties of organic molecules and became one of the most popular
molecular-structure descriptors [23]. After the publication of the first paper [22], math-
ematical properties and generalizations of R(G) were extensively studied, for instance,
see [3,6,9,16-20,24,25,29] and the references cited therein.

Some topological indices have been studied also for the case of polymeric networks.
For instance, we cite the article [28], where the authors gave the explicitly formula of the
k-connectivity index of an infinite class of dendrimer nanostars. In this article we obtain
closed formulae for the Randi¢ index of Sierpinski-type polymeric networks. In particular,
we study the Randi¢ index of S(G,t) and P(G,t), where G is a complete graph, a triangle
free §-regular graph and a bipartite (1, d2)-semiregular graph.

2 Computing the Randi¢ index of S(G,t)
nt—2n+1

Theorem 1. For any integers t,n > 2, R(S(K,,t)) = /n(n—1) + 2

Proof. Since S(K,,t) has n extreme vertices of degree n — 1 and n' — n non-extreme
) —1 /t _ ) ntt+1l _

vertices of degree n, the size of S(K,,t) is m = nin 1) z (n = m)n —_— 5 L Now,

S(K,,t) has no edges formed by extreme vertices and the number of edges containing

one extreme vertex is equal to n(n — 1), so the number of edges non-containing extreme

. . t4+1_ t+1_ 2 .
vertices is 2= — n(n — 1) = 2—=22+" Therefore,

nin—1) n*t—2n2+n nt—2n+1
R(S(K,,t)) = + =+v/nn—-1)+————. ||
(5046 1) = Sk R CERFSA

From now on, given a graph H, the number of edges whose endpoints have degrees &
and ¢’ will be denoted by f,, (d,0").
Lemma 2. For any triangle free §-reqular graph G of order n and any integer t > 2,

nt=1§

(1) fsen(0,0) = (n —20).

T —n

() foo (0,041) = (142" g2,
5@GH AT 1—n



(i)

1—n 1—n

tfl t—2
oG+ 1,6+1) = "25 <7) +no? (17”) ‘

Proof. Notice that S(G,t) is a semiregular graph of degrees § and ¢ + 1.

(i)

(i)

(iii)

The set of vertices of degree § + 1 in S(G,2) is formed by the neighbours of the
extreme vertices of S(G,2) and, since G is a triangle free graph, each copy of G
nd

in S(G,2) has % — 6% edges whose endpoints have degree § in S(G,2). Hence,

foon(8,0) =n (% —6%) = B (n — 20).

For t > 3, any edge of S(G,t) connecting two copies of S(G,t — 1) is formed by
vertices of degree ¢ + 1 whose neighbours have degree § + 1 and, as a consequence,
we have that f . ,(3,0) = nfs., , (6,0). Therefore, for any ¢ > 2, f, . (6,0) =

i1
3 6(n— 26).

Any vertex of degree d + 1 in S(G,2) is a neighbour of an extreme vertex and, since
G is a triangle free graph, each copy of G contains § edges whose endpoints have
degree § and ¢ + 1 in S(G, 2). Hence, fg,, (9,0 +1) = nd”.

Let ¢ > 3 and let S; denote the i-th copy of S(G,t—1) in S(G,t). Notice that there
are § extreme vertices of S;, of degree 6 + 1 in S(G, t), having § neighbours in S; and
one neighbour in S;, for some j # . Thus, as G is a triangle free graph, there are
42 edges in S; whose endpoints have degree § + 1 in S(G,t) and degree § and & + 1,
respectively, in S;. Hence, f, (6,0 +1) =n <f5(c,z71)(57 i+1)— 52). Therefore,

-1
for any t 2 27 fS(G t)((s’d -+ 1) = (ntfl _ nt—2 . — n) 52 — (nt—l + %) 52.
" —n

There are % edges {z,y} in S(G, 2) whose endpoints have degree d(z) = d(y) = 6-+1.
Now, for t > 3, there are % ”‘S edges in S(G, t), connecting different copies of S(G, t—1),
whose endpoints are extreme vertices in S(G,t — 1). All the neighbours of these
extreme vertices in S(G,t — 1) have degree § + 1 and, since G is a triangle free
graph,

né

Faan@+1,641) = 2t n (fyg, (6 +1,04+1) +6%).

Hence, for any t > 2,

fewn (O +1,0+1) = (1 +n+ni+ 40+ 0 (0P R P4

1—ntt 4 e 1 —nt=2 . -
1—n 1—n

N"@.N"on
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Theorem 3. For any triangle free §-reqular graph G of order n and any integer t > 2,
t—1

t—1 _ 2
& (n—26)+ (nt’l + 2 n) 0
2 1-n 5(6+1)

N né 1—ntt n nd? (1 —n'2
20+1)\ 1—n d+1\ 1-n )’
Proof. Since S(G,t) is a semiregular graph of degrees § and 6 + 1,

fs(c,r) (67 6) -fS(C,f) (67 o+ 1) fS(C.t) (5 +1,0+ 1)
+ +
5 50+ 1) i+1

R(S(G, 1)) =

R(S(G,t)) =
Therefore, by Lemma 2 the result immediately follows. |

Lemma 4. Let G = (U U Us, E) be a bipartite (01, 62)-semireqular graph of order n =
ny + ng, where |Uy| = ny, |Us| = ny and 6, # do. Then for any integer t > 2,

(i) fs(g,g (61,02) = 1!t (ny — 8).
ny (nt2 — 1))

n—1

(i) fogn(1+1,02) = 616, ("2’”%2 -

HMMQfU).

n—1

(lll) fS(G,t) ((S]" (52 + 1) = 51 (52 (77,171}72 -

. n18 (P71 = 1) +ndid (nt2 -1

(iv) fS(G,t)(6]+17(52+1): 107 ( )TL,IIQ( )

Proof. We have four different possibilities for the degree of any vertex in S(G, t), namely
d1, 02, 01 + 1 and 0y + 1. Notice that if the degree of a vertex of S(G,t) belongs to
{61,081 + 1}, then the degree of its neighbours belongs to {ds, d2 + 1} and, by symmetry, if
the degree of a vertex of S(G,t) belongs to {d2,d2 + 1}, then the degree of its neighbours

belongs to {41, 0, + 1}.

(i) For any copy of G in S(G, 2) there are §;d, edges having exactly one endpoint which
is neighbour of an extreme vertex, the remaining edges have endpoints of degree
0 and &y in S(G,2). Moreover, any edge {z,y} of S(G,t) connecting two copies
of S(G,t — 1) is formed by vertices of degree d(z) = §; + 1 and d(y) = 2 + 1
whose neighbours have degree ;41 and ¢; + 1, respectively. Hence, f‘s,(m)(él7 dy) =
n(n1d; — 010,) and for ¢ > 3, fs(c,t>(51752) = ”fS(c,H)(51752)- Therefore, for any
t>2,

T (01,02) = Sin'Hny — 8,).
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(i) If {z,y} is an edge of S(G,2) such that d(z) = 6; + 1 and d(y) = o, then z is
neighbour of an extreme vertex of S(G,2) and, as a consequence, fg,, (61+1,8) =

71/261 52.

For t > 3, we denote by S; the i-th copy of S(G,t — 1) in S(G,t). We assume,
without loss of generality, that the i-th vertex of G belongs to U;. In this case
there are 0; extreme vertices of S; having > + 1 neighbours in S(G, t), 02 neighbours
in S; and one neighbour in S;, for some j # 4. Thus, there are §;9, edges in S;
whose endpoints have degree d; + 1 and 6; + 1 in S(G,t) and degree §; and §; + 1,
respectively, in S;. Hence, the contribution of S; to f ., (01 4+ 1,02) is equal to
Tsa (01 + 1,02) — 6162. On the other hand, if the i-th vertex of G belongs to Us,

then the contribution of S; to f (61 +1,8,) is equal to f (01 + 1,62). Then

Gt-1)

we have

fS(G,t)(él + 1, (52) = n«fS(G,t—l)(Csl + 1,52) - n16152‘

Therefore, for any t > 2,

fs((;.z) (51 + 1, (52) = n‘_2n25152 — 77/1(5152 (nt_3 + 'ﬂ/t_Q + -+ 1)
= 5,0, (ngnt’z _ M) .

n—1
(iii) This case is analogous to the previous one.

(iv) There are n16; = n2dy edges in S(G,2) whose endpoints have degree d; + 1 and
03 + 1. Now, for ¢ > 3, there are n10; = nyds edges in S(G,t), connecting different
copies of S(G,t — 1), whose endpoints are extreme vertices in S(G,¢ — 1). Since all
the neighbours of these extreme vertices of degree d; (Resp. d») in S(G,¢ — 1) have
degree 05 + 1 (Resp. 6; + 1),

Fown (1 + 1,824 1) = 6y 4+ (J;,(GH)((S1 F1,0 4+ 1)+ Mz) .
Hence, for any t > 2,

t—2 t—3
fS(G,t)((;l + 17 (52 + 1) = TLl(Sl an + n5152 z TLl
=0 1=0

mdy (n'= = 1) nédy (nt=2—1)
= + .
n—1 n—1
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Theorem 5. Let G = (Uy U Uy, E) be a bipartite (01, 62)-semiregular graph of order

n =mny + ng, where |Uy| = ny and |Uz| = ny. Then for any integer t > 2,

ot (g — 82) 0102 oy m (P
B Y (S 1 e
6105 < io mp(nt72— 1)) nydy (nt~1 — 1) + ndi by (nt=2 - 1)
T n - :

Proof. 1f §; = d5, then we are done by Theorem 3. If ; # d2, then we have four possibilities
for the degree of any vertex in S(G,t), namely &y, d2, §; + 1 and d; + 1. Hence,

fS(G,t) (511 52) fs((;,g) (51 +1, 62) fs((;,t) (617 62 + 1) fs((;,z) (51 +1, 52 + 1)

R(S(G,t)) = + .
(5(G.1) V010, V(01 +1)6, V61002 + 1) V(01 + 1) (62 + 1)
Therefore, by Lemma 4 the result immediately follows. |

Chemical trees are trees that have no vertex with degree greater than 4. For instance,
Figure 4 shows the chemical tree S(K73,2). Notice that for any ¢ > 2, the Sierpinski

graph S(K3,t), is a chemical tree.

Figure 4: The graph K; 3 and the Sierpiiiski graph S(K 3,2).
As a particular case of Theorem 5 we obtain the following corollary.

Corollary 6. For any integers r,t > 2,

RSt ) = D %
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3 Computing the Randié¢ index of P(G,t)
n+1

Since P(K,,1) & K, 1, we have R(P(K,,1)) = . For t > 2 we have the following

result.

Theorem 7. For any integers n,t > 2,

5

R(P(Kmt)) = Z Qag,
=1

where oy = (i T T), ap = MY e e
) ’ 2(n+1 ; 2(n+2)(n—1 ’
2nt—n?2—n _ (t72)(n272n)7n(t711) ! "

(n-1)y/(n+1)(n+2) and o = /() (n+2)
Proof. Let d(z) be the degree of z in P(G,t). We differentiate the following cases for the
edges {z,y} of P(G,t).

(1) « = a1, and y € Vi. In this case, there are n edges {z,y} with d(z) = n and
d(y) =n+ 1. Then the contribution of these edges to the Randi¢ index is

[n
G = n+1"

r,y € Vi. In this case, there are ==— edges (z,y} wit r) =dy) =n+1. dSo,
2 Vi. In thi h nl) o ith d d 1S

the contribution of these edges to the Randi¢ index is

(3) x€ A;and y € V;, for 2 <i <t — 1. There are n edges {z,y} where y is an extreme
vertex of S(K,,?) and for these vertices we have d(z) = d(y) = n + 1. Moreover,
there are n® —n edges {x,y} where y is not an extreme vertex of S(K,,4) and in this
case we have d(x) = n+1 and d(y) = n+ 2. Thus, the contribution of these edges to

the Randi¢ index is

i n nt—n
G 7; <7L+1 * (n+1)(n+2)>

(t—2)n n?(n'=%—1) (t—2)n

n+l  (n-1)y/m+Dn+2) Jr+Dn+2)

(4) z,y € V;, for 2 < i <t —1. There are n(n — 1) edges {z,y} where x is an extreme
vertex of S(K,,i), and for these vertices we have d(z) = n+ 1 and d(y) = n + 2.

Also, we know that the size of S(K,,1) is %, so there are % —n(n—1) edges
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{z,y} where neither z nor y are extreme vertices of S(K,,:) and for these vertices
we have d(z) = d(y) = n + 2. Hence, in this case the contribution of these edges to
the Randié¢ index is

_t_l n(n—1) nitl +n —2n?
C“Z< miDm2 | 20t )

=2

(t—2)n(n—1) n3(nt=2 —1) (t —2)(n —2n?)
(n+D(n+2) 20n+2)(n-1) 2(n +2)

(5) z € V;and y € A;yq, for 1 < i < ¢t — 1. There are n edges {z,y} where z is an
extreme vertex of S(K,,4) and for these vertices d(z) = d(y) = n + 1. Moreover, for
the remaining n’ — n edges we have d(x) = n + 2 and d(y) = n + 1. So, in this case

the contribution of these edges to the Randi¢ index is

CS_;(#“ (n+1)(n+2)>

(t—1n n(nt~t —1) (t—1)n

n+1 (n—1)/n+1)(n+2) \/(’IL+1)(TL+2)A

(6) x € A; and y € V;. In this case, there are n edges {x,y} where y is an extreme vertex

of S(K,,t) for which d(z) =n+ 1 and d(y) = n. For the remaining n! — n edges we
have d(z) = d(y) = n + 1 and, as a consequence, the contribution of these edges to

the Randié¢ index is
n nt—n

n+l n+1°

G =

(7) =,y € V;. There are n(n — 1) edges {z,y} where z is an extreme vertex of S(K,,t)
and y is not, and for these vertices we have d(z) = n and d(y) = n + 1. Also, we

know that the size of S(K,,t) is ”H;’"

nt+l_pn

, so there are —n(n —1) edges {z,y}
where nor z nor y are extreme vertices of S(K,,t) and for these vertices we have
d(z) = d(y) = n + 1. Hence, the contribution of these edges to the Randi¢ index is
n nt*tl —2n? 4+ n

G=-DVoi Tt 2w

5

7
Therefore, R(P(K,,t)) = Z G = Zal. |
=1 =1

Remark 8. For any d-regular graph G of order n > 2,

n nd
R(P(G,1)) = ’/(5—4-714_72(5—5—1)'
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Proof. Since there is one vertex of degree n and n vertices of degree 6 +1, P(G, 1) has size

0+2
M. Hence, there are n edges {z,y} where z has degree d(xz) = n and y has degree

2
n(d+2)
2

d(y) = § + 1, and for the remaining —n edges we have d(z) = d(y) = § + 1.

n no
V@ +1) NPGE)

Given a graph H, the number of vertices of degree § will be denoted by g, (9).

Therefore, the result follows as R(P(G,1)) =

Lemma 9. For any triangle free §-reqular graph G of order n and any integer t > 2,

. nd (n'=1 —1)
) gs<u.f)(5) =n- T
. nd (nt=1 —1)

(ll) gS(G.t)((S + 1) = T

Proof. Notice that S(G,t) is a semiregular graph of degrees § and §+1. The set of vertices
of degree 6 + 1 in S(G, 2) is formed by the neighbours of the extreme vertices of S(G, 2),
80 Ggap (0 +1) =nd and g . (8) = n® — nd.
For t > 3, any edge of S(G, t) connecting two copies of S(G,t—1) is formed by vertices
of degree d + 1 and, as a result, g, . (0 +1) = ngy,_,,(0) +nd. Therefore, for any ¢ > 2
1

-1
we have Tsien (0+1)=n""15+ nt204+.--+nd=nd (nil) and, as a consequence,
: n—
nt~t—1
Is(a(0) =n' —nd (ﬁ) .
Theorem 10. For any triangle free d-reqular graph G of order n > 2 and any integer
t>2,
7
RP(G1) = i,
i=1
where

n no

/it T a2

ST 0 (Zi 1)(0 + 3) (t —Eon (n::1>) - niZ(l(;Ztijgé +2)

AT (:i D+ 2) (“27"(%))’

=iy () e (2 0) ()
e (2 () e (2 ()

TR <6+ D0 +3) (tflf <%>)

oy =
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i (nn+1)(5+2) ((17" )(H%) 75“71))’

e (HZf(nH)(llijzl)+(nt7"§(llif:l)) (5+11)(n+1)

ar = (n“l L n) > . (nj - 62) +
1-n (F+10D0+2) 6+11\2
N nd (lfnt’l)Jr né? (lfn"z).
20+2)\ 1—-n 0+2\ 1—n
Proof. Let d(z) be the degree of x in P(G,t). We differentiate the following cases for any
edge {z,y} of P(G,t).

and

1.z = a3, and y € V;. In this case, there are n edges {z,y} with d(z) = n and
d(y) = 6 + 2. Then the contribution of these edges to the Randi¢ index is equal to

.

)
2. x,y € V1. In these case, there are % edges {z,y} with d(z) = d(y) = § + 2. So, the

contribution of these edges to the Randi¢ index is equal to as.

3.ze€ A andy €V for 2 <i<t—1. In this case d(z) = n+ 1 and, by Lemma 9,
d(n =1
LJ) edges {z,y} where y have degree d(y) = d+3
né (n=1 —1)
n—1
the contribution of these edges to the Randi¢ index is equal to ag, i.e.,

there are g, (0+1) =

and there are g, (0) = n' — edges {x,y} where d(y) = § + 2. Thus,

né n'=t— (' =1) —a
\/(n+1)(5+3)§ n—1 \/n+1 (6+2) Z( nfl )7 "

i1 _

4. x,y € Vi, for2 <4 <t-1. By Lemma 2 there are f; ,  (J,0+1) = (ni—l + nlin) 52
—-n

ni—t

edges {z,y} where d(z) = 6 +2 and d(y) = 0+3, f,(d,0) = i (n — 20) edges

nd (1 —ni!
{z,y} where d(z) = d(y) = 6 +2 and f,, (6 + 1,6+ 1) = S\ +

1—ni—2

1—
edges to the Randi¢ index is equal to ay, i.e.,

nd?

) edges where d(z) = d(y) = 0 + 3. Hence, the contribution of these

n d(n — 26) i1
Wm 5+3) Z( 1—n)+2(5+2) ;” -

1 nd (1 —ni"t 1 —ni2
+5+3§(2 ( = )+n5 ( —_ )>7a4.
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5. x€ A andyEVfor1<z<tfl In this case d(z) = n + 1 and, by Lemma 9,

nd (n'

there are g, (6+1) = edges {z, y} where y have degree d(y) = 0+3

-1
) P i—1 _ 1

and there are g, ,(0) =n' — Ll) edges {z,y} where d(y) = 0 + 2. Hence,
56 o

the contribution of these edges to the Randi¢ index is equal to as, i.e.,

t]nzl 11_1)
— | = 5.
\/n—&- (6+3) lzl: n—l \/n-i-l (0+2) Z( n—l ) ’

6. z € A;andy € V;. As above d(z) = n+1 and, by Lemma 9, there are g, ,(6+1) =

nd (1 —nt1)
BT edges {z,y} where y have degree d(y) = +2 and there are g, (0) =
., nd(l—n'"h o
1 edges {x,y} where d(y) = § + 1. Thus, the contribution of these

edges to the Randi¢ index is equal to ag.
nt~l—n
7. 2,y € Vi, By Lemma 2 there are f ., (0,6 +1) = (n"l + 17) 42 edges

{z,y} where d(z) = d+1 and d(y) = 0+2, fy ., (6,0) = n'"" (%5 — 52) edges {z,y}

k) 1— t—1 1— t—2
where d(z) = d(y) = 6+1 and £, (5+1,5+1) = ”2 ( : " )+m52 (%)
-n -n
edges where d(z) = d(y) = § + 2. Hence, the contribution of these edges to the

Randi¢ index is equal to as.
According to the seven cases above, the result follows. |

We can use Lemma 4 to obtain a formula for the Randi¢ index of P(G,t), where G
is a bipartite semiregular graph. The drawback of presenting the result is that, in this
case, the formula obtained following the procedure described in the proof of Theorem 10

is extremely large.
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