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Abstract

In this paper, the relations between three methods of constructing polyhedral links,
‘n-branched-curve and m-twisted double-line covering’, ‘n-cross-curve and m-twisted
double-line covering’ and ‘tangle-vertex and single-line covering’, are discussed. The
connection between ‘tangle-vertex and single-line covering’ and the syntheticism ‘star-motif”
is showed clearly. In this way the construction models of ‘branch-motif” and ‘star-motif” are
unified. Our results reveal the intrinsic properties of DNA polyhedra and provide new
thoughts to DNA polyhedral design.

1. Introduction

Since the discovery of double helix structure of DNA, DNA has been considered as a
new synthetic material for its unique structure and property. In 1991, Seeman synthesized the
first DNA three-dimensional structure, DNA cube[1], realized the perfect combination
between the flexibility of DNA catenanes and rigidity of polyhedra and created a new era for
the field of DNA nanotechnology. In the past twenty years, many DNA nanostructures have
been synthesized, such as DNA tetrahedron[2-8], DNA cube[9, 10], DNA truncated
octahedron[11-13], DNA dodecahedron [4, 14] and DNA icosahedrons[15, 16]. Although
brilliant achievements have been achieved in the synthesis of DNA polyhedra, there are only
two main synthetic methods: one is to assemble the DNA polyhedra by one step with
DNAsingle-chains whose sequences have been predesigned meticulous; the other is to
assemble the polyhedra with ‘star-motif’ in the strategy of ‘module hierarchical

self-assemble’.
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DNA polyhedra, which have sprung up like mushrooms, not only enrich the DNA
structures database, but also bring new challenges to theoretical characterization. How to
describe these complex and intriguing structures and benefit the experimental synthesis?
Scientists turn to mathematics for help, and some pioneering work have been done by Qiu et
al. DNA polyhedral links provide a powerful mathematical tool for the description of the
DNA nanostructures, and meanwhile, present a new set of challenges to synthetic job. This
paper utilizes the mathematical model of polyhedral links to unify the existing synthetic
strategies of DNA nanostructures. Some import results are presented by a series of
transformations, which open a new window for designing and synthesizing of DNA

nanostructures.

Mathematical model of DNA polyhedra ---- polyhedral links

In order to describe the structures of DNA polyhedra, Qiu’s group replaced the edges and
vertices of DNA polyhedra with ‘twist double-line” and ‘cross-curve’, respectively, converting
the abstract DNA polyhedra to simple mathematical patterns, and proposed ‘n-branched-curve
and m-twisted double-line covering’ [17, 18], ‘n-cross-curve and m-twisted double-line
covering’ [19-22] and ‘tangle-vertex and single-line covering’. [22, 23-24] Among the DNA
polyhedra that have been obtained in laboratories, the DNA polyhedra assembled by DNA
chains in single-step can be described perfectly by ‘n-branched-curve and m-twisted
double-line covering’, and the DNA polyhedra assembled by ‘star-motif” are represented
reasonably by ‘cross-curve and single-line covering’. This means that a new type of
polyhedral link is needed when a new DNA polyhedron arises. In this paper, we will try to
connect the methods of constructing DNA polyhedra together, and seek a unified approach to

describe all kinds of DNA polyhedra.

2. Three methods of constructing polyhedral links

‘N-cross-curve and m-twisted double-line covering’ is a method for construction of
DNA polyhedral links with n-degree vertices and m-twisted edges (Fig. 1). This method is
based on the structure of HK97 capsid.

‘N-branched-curve and m-twisted double-line covering’ is a method that uses n-branched
curves to cover the vertices of the polyhedron and m-twisted double-lines to cover the edges
(Fig. 2). This method has been used to describe the topological construction and

characteristics of DNA polyhedra synthesized in lab.
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Figure 2: The method for ‘n-branched-curve and m-twisted double-line covering’.

‘Tangle-vertex and single-line covering’ is a method to construct polyhedral links based
on four-degree polyhedra by using an even or odd twisted ‘tangle’ (Fig. 3) to cover a vertex
and using single-line to cover an edge. A non-four-degree polyhedron can be half-truncated

into four-degree by cutting off the corners of the polyhedron along the midpoint of the edges.
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Figure 3: The projection of a tangle.

3. Topological transformation between n-branched polyhedral
links and tangle-vertex polyhedral links

Fig. 3 shows the projection of a tangle, i.e. the module of the tangle-vertex polyhedral
link. Pulling the lines denoted by NW and SW into parallel lines, and taking the same
operation on the lines NE and SE, the tangle will be converted into one-twisted double lines.
If we take this operation on every tangle of a tangle-vertex polyhedral link, each edge on the
face, enclosed by lines NW and SW (or NE and SE) of several tangles, will shrink to the
center of the face, and the face will be transformed into a branched vertex, shown in Fig. 4. In
this way the vertices and some of faces of the tangle-vertex polyhedral link will change into
twisted edges and branched vertices, respectively, transforming the link into a branched

polyhedral link.
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Figure 4: The transformation of a tangle-vertex link and a branched link.

A tetrahedron will be taken for an example to show the process of the transformation.

obtained after the truncation (Fig. 5).

(1) First a tangle-vertex polyhedral link from the tetrahedron is needed. For its vertices
are of 3 degrees, the tetrahedron will be half-truncated into 4-degree. An octahedron will be

D~ A0 — T

Figure 5: The tetrahedron is half-truncated into the octahedron.
(2) The octahedral link is constructed with the method of ‘tangle-vertex and single-line
covering’ (Fig. 6).

(3) The edges are pulled to the center of the faces following the directions of the arrows
shown in Fig. 6(c). In this way the four faces in the octahedral link are transformed into

three-branched vertices, while the six vertices are transformed into twisted double-lines, and

the octahedral link is transformed topologically into the branched tetrahedral link (Fig. 6(d)).
~—

s\ N
N
A \\
. A \
1P % ’ \
Y Nt R |\ I
s LI
(a) (®

(©)

(d)
Figure 6: The construction and topological transformation of the octahedral link.
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The hexahedron and the octahedron are dual to each other. Half-truncating the two
polyhedra will get the same four-degree tetrakaidecahedron, or cuboctahedron. The
cuboctahedral links are constructed by the method of ‘tangle-vertex and single-line covering’.
The difference in placements of the tangles will lead to two different cuboctahedral links,
which are composed of quadrilateral rings and trilateral rings, respectively (Fig. 7). After the
transformation shown in Fig. 4, the two cuboctahedral links change into branched hexahedral

link and octahedral link, respectively.

Figure 7: The construction of hexahedral and octahedral links

As similar to the above, the dodecahedron and the icosahedron are also dual to each other.
Half-truncating them will get the same four-degree icosidodecahedron. The icosidodecahedral
links composed of pentagonal rings and trilateral rings respectively will transform to branched

dodecahedral link and icosahedral link (Fig. 8).

Figure 8: The construction of dodecahedral and icosahedral links.

From the above examples, we can figure out that branched polyhedral link can be
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transformed topologically to the tangle-vertex polyhedral link constructed from the
half-truncated polyhedron. The transformation also builds connection between the two

branched polyhedral links constructed from two dual polyhedra.

4. Topological transformation between crossed polyhedral links
and tangle-vertex polyhedral links

Fig. 9 shows a four-cross octahedral link, the vertices of which are covered with 4-cross
curves. If we pull the four curves outward at the same time, one vertex will change into four,
which are half-twist tangle-vertices. The edges of the new polyhedral link are covered with
single-line. Therefore, the octahedral link transform into a tangle-vertex polyhedral link which

is constructed from the rhombicuboctahedron.

Figure 9: The topological transformation between 4-cross octahedral link and 3-cross
hexahedral link.

Note that the rhombicuboctahedron is obtained from the octahedron being half-truncated
twice. For the octahedron and the hexahedron are dual to each other, we can also get the
rhombicuboctahedron from the hexahedron by half-truncating it twice (Fig. 10). Therefore the
3-cross hexahedral link and the 4-cross octahedral link can topologically transform to each
other, and the tangle-vertex rhombicuboctahedral link is the intermediate of this topological

transformation.

-

Figure 10: The hexahedron and the octahedron are half-truncated twice into the

rhombicuboctahedron.
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As similar to the above, the 3-cross dodecahedral link and the 5-cross icosahedral link
can be topologically transformed to each other, and the intermediate of the transformation is
the tangle-vertex polyhedral link constructed from the rhombicosidodecahedron (Fig. 11),

which is gotten from the dodecahedron or icosahedron being half-truncated twice (Fig. 12).

Figure 11: The topological transformation between 3-cross dodecahedral link and 5-cross

icosahedral link.
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Figure 12: The dodecahedron and the icosahedron are half-truncated twice into the

rhombicosidodecahedron.

From the above, we can figure out that two dual cross polyhedral links can be
topologically transformed to each other, and the intermediate of the transformation is the
tangle-vertex polyhedral link constructed from the polyhedron, which is gotten from the two

dual polyhedra being half-truncated twice.

5. The construction of polyhedral links with star-motifs

Mao’s group synthesized a number of DNA polyhedra with star-motifs. These DNA
polyhedra cannot be described by ‘n-branched-curve and m-twisted double-line covering’ or
‘n-cross-curve and m-twisted double-line covering’. However, we can use the method of
‘tangle-vertex and single-line covering’ to depict these polyhedra perfectly.

In this paper, the dodecahedron will be taken for example to show the process of

constructing the dodecahedral link by the way of ‘tangle-vertex covering’.
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As shown in Fig. 13, the dodecahedron is half-truncated twice into
rhombicosidodecahedron, with each vertex replaced by a triangle and each edge replaced by a
quadrangle. A fragment of the rhombicosidodecahedron is taken for further analysis. First the
vertices are replaced by even-half-twisted tangles. Then the edges shared by the quadrangle
and pentagon are cut off and reconnected by two even-half-twisted tangles. Notice that the
two tangles are also connected together. Finally a basic module is obtained as Fig. 14. A
‘tangle-vertex and modified edge’ dodecahedral links is obtained by applying the basic
module to the whole dodecahedron. The ‘tangle-vertex and modified edge’ dodecahedral link

is the mathematical model of DNA dodecahedron synthesized with star-motifs.

@_

Figure 13: The dodecahedron is half-truncated twice into rhombicosidodecahedron.
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Figure 14: The process of constructing the dodecahedral link by the way of

‘tangle-vertex covering’.

From the above example, a general method to build DNA polyhedra synthesized with
star-motifs is presented. First, the target polyhedron is half-truncated twice. Second, the
vertices of half-truncated polyhedron are replaced by tangles. Third, the edges are cut off and

reconnected by tangles.
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With the rapid development of DNA polyhedral synthetic technique, theoretical scientists
have proposed several mathematical models to describe these novel structures. However,
these methods of theoretical construction cannot depict all the DNA polyhedral structures. In
this paper, we start with the method of ‘tangle-vertex covering’, get branched polyhedral links
and cross polyhedral links by proper topological transformation, construct the DNA polyhedra
synthesized with star-motifs, and accomplish the construction of all the DNA polyhedra with
the method of ‘tangle-vertex and modified edge’. The methods for polyhedral construction

have been unified, and a general method for construction has been obtained.
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