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Abstract

In this paper, we give a simple approach to order the first Zagreb indices of connected graphs
and the second Zagreb coindices of trees and unicyclic graphs, respectively. As an application of
our new method, we determine the first eight smallest and the first three largest (respectively,
first eight smallest and first three largest, first seven smallest and first two largest) values of
the first Zagreb coindices in the class of trees (respectively, unicyclic graphs, bicyclic graphs)
on n vertices, and we also determine the first eleven (respectively, thirteen) smallest values of
the second Zagreb coindices in the class of trees (respectively, unicyclic graphs) on n vertices.
Furthermore, we also identify the smallest value of the first Zagreb coindices in the class of
chemical trees on n > 8 vertices, partially giving an answer to a question of Ashrafi, Dosli¢ and
Hamzeh.

1 Introduction

Throughout this paper, we only consider undirected simple graphs. Suppose G has n
vertices and m edges. If m = n+c— 1, then G is called a c-cyclic graph. Specially, when

m is equal to n — 1, n and n+ 1, then G is called a tree, a unicyclic graph and a bicyclic
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graph, respectively. We use the notations T,, (respectively, U,, and B,,) to denote the class
of trees (respectively, unicyclic and bicyclic graphs) on n vertices.

Let d(u) be the degree of u. Specially, A = A(G) denotes the maximum degree of
vertices of G. The sequence m = (dy, da,. .., d,) is called the degree sequence of G if
d; = d(v) holds for some v € V(G). In the sequel, we enumerate the degrees in non-
increasing order, i.e., d; > dy > --- > d,. Let 7(G) be the degree sequence of GG, and let
I'(m) define the class of connected simple graphs with degree sequence 7.

The first Zagreb index M;(G) and the second Zagreb index Mo(G) are two famous
important topological indices, where M;(G) and My(G) are defined as [11]:

Mi(G)= Y dw)?, My(G)= Y du)d(v). (1)
VeV (Q) weE(Q)
Recent research showed that they have been closely correlated with many chemical and

mathematical properties [3,4,9,10,16,19, 20].

Recently, Dosli¢ [5] defined two new graphical invariants M;(G) and M, (G), where
M =M (G)= > (du)+d(v), My=>M(G)= Y du)d). (2)
wgBE(G) w¢E(G)
One can easily discover that

Mi(G)= > (d(u) +d(v)).

weE(G)

Thus, Ashrafi et al. [1,2] called M, and M, the first Zagreb coindex and second Zagreb
coindex of G, respectively. These two new topological indices received much attention
quickly [1,2,7,17,18].

In this paper, we give a simple approach to order the first Zagreb coindices of connected
graphs (respectively, trees and unicyclic graphs). As an application of this new ordering
method, we determine the first eight smallest and the first three largest (respectively, first
eight smallest and first three largest, first seven smallest and first two largest) values of the
first Zagreb coindices in the class of trees (respectively, unicyclic graphs, bicyclic graphs)
on n vertices, and we also determine the first eleven (respectively, thirteen) smallest values
of the second Zagreb coindices in the class of trees (respectively, unicyclic graphs) on n
vertices. Furthermore, we also identify the smallest value of the first Zagreb coindices in
the class of chemical trees on n > 8 vertices, partially giving an answer to a question of

Ashrafi, Dogli¢ and Hamzeh.
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2 The main results

Suppose m = (dy, do, ..., d,) and " = (d}, dj, ..., d,) are two different non-increasing
graphic degree sequences, we write 7 < «’ if and only if 7 # o/, Y0 d; = >, dl,
and 25:1 d; < Zle d; for all 5 = 1,2,..., n. Such an ordering is sometimes called
magorization (see [8,13]).

Recently, the following majorization theorems of the Zagreb indices were proved.
Lemma 2.1. [12] Let 7 = (di, da, ..., d,) with G € T'(w) and let 7' = (d}, dj, ..., d},)
with G' € T(n"). If 7 < 7', then My (G) < My(G).

Lemma 2.2. [13,15] Let 7 = (dy, da, ..., d,) and ©' = (d}, dj, ..., d,) be two degree
sequences of trees (respectively, unicyclic graphs). Suppose G and G’ have the largest

second Zagreb indices in T'(m) and T'(n"), respectively. If m < 7', then My(G) < Ma(G').
For the relation between M; and M; (respectively, My and V[g), it is well-known that

Lemma 2.3. [1] Let G be a connected graph with n vertices and m edges. Then,

(1) M(G) = 2m(n — 1) — My(G), (2) Ma(G) = 2m? — My(G) — %Ml(G).

Remark 2.4. By (1) of Lemma 2.3, if G and G’ are two graphs of I'(r), then M;(G) =

M, (G"). By (2) of Lemma 2.3, G has the largest second Zagreb index in I'(7) if and only

if G has the smallest second Zagreb coindex in I'(7).

Theorem 2.5. Let m = (dy, do, ..., d,) with G € T(w) and let 7’ = (d}, d}, ..., d,) with
G e(n'). If m < ', then Mi(G) > M,(G").

Proof. Since G € I'(w) and G’ € I'(7’), G and G’ contains exactly m edges and n vertices,
respectively. So, the result clearly follows from Lemmas 2.1 and 2.3 (1). |

With the similar reason, by Lemmas 2.1-2.2 and 2.3 (2), and Remark 2.4 we have

Theorem 2.6. Let 7 = (dy, do,. .., d,) and 7" = (d}, dj, ..., d.,) be two degree sequences

of trees (respectively, unicyclic graphs). Suppose G and G' have the smallest second Zagreb

coindices in T'(m) and T'(7'), respectively. If # < 7', then My(G) > My(G').

In [2], Ashrafi et al. determined the largest and smallest values of M;(G) and M>(G)
in the class of trees on n vertices. In the following, as an application of the majorization

theorems of the Zagreb coindices, we shall determine the first eight smallest and first three



-942-

largest (respectively, first eleven smallest) values of the first (respectively, second) Zagreb

coindices in the class of trees on n vertices.
. > TQ. d > < > : * > *
::. Ts E % > I A o >

Figure 1: The trees Ty, 15, ..., T13.

Let T7 be the star and T, T3, ..., T13 be the trees on n vertices as shown in Fig. 1.
Theorem 2.7. (1) Suppose T € T, \ {1}, Ty, ..., Tis} and n > 13. Then, M,(T}) <
Mi(Tz) < My(T3) < My(Ty) = My (Ts) < My (Ts) < Mq(T7) = My (Ts) = Mi(Ty) <
M (Tyo) = Mi(Th1) = Mi(The) < Mi(Thg) < My(T);

(2) Suppose T € T, \ {Th, Tv, ..., T3, T1o, T11,T13} and n > 22. Then, My(Th) <
AJQ(TQ) < ]\/{2(’1—;3) < ]\/IQ(T4) < ]\/IZ(TE) < AIQ(TG) < Ai’z(T7) < A’fQ(TM) < AJQ(Tg) <
]\JQ(TM)) < ]V[Q(Tyg) < A/fz(T)

Proof. Obviously, 7} is the unique tree with A = n — 1, T, is the unique tree with

A =n—2 T3, T, Ts are all the trees with A = n — 3, Tg, ..., T» are all the trees
with A = n — 4. Recall that 7" € T, \ {T1, T»,..., Th1s}. So, A(T) < n — 5. Since
w(T3) = (n—5, 5, 1,..., 1) and T'(n(T13)) = {T13}, we have 7(T) <t w(T3). By Theorems
2.5-2.6, it follows that M;(T13) < My (T) and My(T13) < Mo(T).

By an clementary computation, we have M(Ts) = n? +n — 12, M,(Ts) = n® +
3n — 28, m =n?+3n — 22, m =n?+ 5n — 46, m = (n +5n — 24),
My(T5) = $(n?+7Tn—34), My(Ts) = L (n*+9n—58), My(Ty) = 1 (n®+9n— 46),
My(Tx) = 3 (n? + 11n — 60), My(Ty) = & (n® + 13n — 70), My(Tho) = 1 (n® + 11n — 52),
My(Thy) = L (0 + 9n — 40), M(Tp) = § (n® + 13n — 64), Mo(T13) = 5 (n? + 13n — 94).

Note that 7(15) = 7(Ty) < w(T3) < 7w(12) < «(T7). By the above values and Theorem

2.6, (2) follows when n > 22. Now, we turn to prove (1). It is easily checked that
m(The) = 7(T1) = w(Th) < 7n(Ty) = w(T3) = 7(T7) < 7(Ts) and «n(T5) = w(Ty) <
w(T3) < w(Ty) < w(Ty). So, (1) follows from Theorem 2.5 and Lemma 2.3 (1). |
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Theorem 2.8. In the class of trees on n wvertices, the path has the largest first Zagreb
coindex, the trees with degree sequence (3, 2, 2,..., 2, 1, 1, 1) have the second largest first
Zagreb coindex, and the trees with degree sequence (3, 3, 2,...,2, 1, 1, 1, 1) have the third
largest first Zagreb coindex.

Proof. Suppose T' € T(n). Let m = (2,2, 2,..., 2,1,1),m=1(3,2,2,...,2,1,1, 1)

and m3 = (3,3, 2,..., 2,1,1, 1, 1). Suppose n(T) & {m, T2, m3}. Then, m < m < 73 <

7m(T). By Theorem 2.5, the result follows. |

Ashrafi et al. [2] also determined the smallest and largest values of M;(G) in the class
of unicyclic graphs and bicyclic graphs on n vertices. In the following, we shall identify the
first eight smallest and the first three largest (respectively, the first seven smallest and the
first two largest) values of the first Zagreb coindices in the class of unicyclic (respectively,
bicyclic) graphs on n vertices, and we also determine the first thirteen smallest values of

the second Zagreb coindices in the class of unicyclic graphs on n vertices.

Figure 2: The unicyclic graphs Uy, Us, ..., Usr.

Let Uy, ..., Uy7 be the unicyclic graphs on n vertices as shown in Fig. 2.

Theorem 2.9. (1) Ifn>12 and U € U(n) \ {Un, ..., Uz}, then My(Uy) < M;(Us) <
M, (Us) = ]\ffl(U4) < ;WMU,;) < M(Us) < M(Uz) = M(Us) = M(Ug) =
( = M(Uyp) < My(Upz) = M(Uyy) = My(Uys) = M(Ue) <

=
=
fl
=
(=]
N
Il
=
=
=
=
N
|
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(2) If n > 23 and U € U(n) \ {Uy,...,Us,Us, U2, Ur3, Ura, Uss, Urz}, then My(Uy)
]\/IQ(UQ) < ]\Jz(Ug) < ]\/IQ(U4) < ]\Jz(U{,) < Z\/fQ(UG) < A[Q(U}]) < A[Q(Ug)

]\/[2(U14) < ]\/jz(Ulg) < ]V[z(U7) < ]‘/IQ(Uld) = A/IQ(UH)') < A/IQ(U17) < AIZ(U)
Proof. Clearly, U; is the unique unicyclic graph with A =n — 1, Uy, Us, Uy are all the

<
<

unicyclic graphs with A = n — 2, and Us, Us, ..., Uy are all the unicyclic graphs with
A(G)=n—-3.1U €Un)\{U,..., Uiz}, then A(G) < n—4. Since I'(n(Uy7)) = {U7},
we have 7(U) <0 7(Uy7). By Theorems 2.5-2.6, M1(Uy7) < M1 (U) and My(Us7) < Ma(U).

By an elementary computation, we have M,(Uy) = n*+ n — 12, M,(U;) = n* +
3n — 26 ]\/fl(Uw) = n2 + 3n — 20, Afl(Un) = n2 + 5n — 42 A{Q(Ug) = %(nz + 5n — 20),

My(Uy) = 3(n® + Tn — 28), My(Us) = L(n? + 9n — 52), My(Us) = (n® + 9n — 48),
My(Ur) = (n? + 11n — 48), My(Us) = L(n? + 13n — 58), My(Us) = 1(n® + 9n — 36),
Ms(Urg) = 2(n® + 13n — 60), Ma(Uyy) = 3(n? + 9n — 38), My(Ur2) = 2(n? + 11n — 50),
My(Ur3) = 2(n® + 11n — 40), My(Uyy) = 3(n? + 9n — 30), My(U15) = 2(n® + 13n — 50),
My(Use) = 2(n? + 11n — 40), My(Ur7) = 3(n® + 13n — 84).

Note that 7(Uy) = 7(Us) < w(Us) < w(U1). By the above values and Theorem 2.6, (2)
follows when n > 23. Now, we turn to prove (1). It is easy to see that 7(Uis) = w(Uys) =
m(U) = (V) < w(Ur2) = 7(Un1) = 7(Uro) = 7(Uy) = 7(Us) = n(Uz) < w(Us) < 7(Us)
and m(Uy) = 7(Us) < 7(Us) < w(Uy). Therefore, (1) follows from Theorem 2.5 and
Lemma 2.3 (1). |

With the similar reason as Theorem 2.8, it follows that
Theorem 2.10. In the class of unicyclic graphs on n vertices, the cycle has the largest
first Zagreb coindez, the unicyclic graphs with degree sequence (3,2,2,..., 2, 1) have
the second largest first Zagreb coindex, and the unicyclic graphs with degree sequence
(3,3,2,..., 2,1, 1) have the third largest first Zagreb coindex.

Theorem 2.11. Supposen > 11 and B € B(n)\{B, ..., Bi2}, where By,. .., By are the

bicyclic graphs on n vertices as shown in Fig. 3. Then, My(By) < My(Bs) < M;(Bs) <
Afl(B4) = Ajl(Bg)) < Afl(Bb) == Ajl(B7) == ZV[](BS) == Afl(Bg) < ]LII(BIU) == Afl(Bll) <
Mi(Bi2) < My(B).

Proof. It is easy to check that B, By are all the bicyclic graphs with A = n — 1,
Bs, ..., By are all the bicyclic graphs with A =n — 2. Since B € B(n) \ {B, ..., Bia},
A(G) < n — 3. Note that m(By2) = (n — 3,5,2,2,1,...,1) and I'(7(By2)) = {Bi2}. Then,
7(B) < 7(Byy), which implies that M, (By,) < M;(B) by Theorem 2.5.
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It is easily checked that m(By) = m(Big) < w(By) = n(Bs) = m(B7) = n(Bs) <

m(Bs) = n(Bs) < w(Bs) and 7(B2) < w(B;). Furthermore, by an elementary compu-

tation, we have M;(By) = n®> +n — 14 < n®> + 3n — 26 = M,(Bs), and M;(By;) =

n? +3n — 20 < n? +5n — 40 = M;(Bia). Thus, by Theorem 2.5 and Lemma 2.3 (1), the

result follows. |
< x: \‘ ;: < | x:
By By By
B()' B8
: :
By
Big 2

Figure 3: The bicyclic graphs By, Bs, ..., Bis.

Theorem 2.12. In the class of bicyclic graphs on n wvertices, the bicyclic graphs with
degree sequence (3, 3, 2, 2,...,2) have the largest first Zagreb coindex, and the bicyclic
graphs with degree sequence (3, 3, 3, 2,..., 2, 1) or (4, 2, 2,..., 2) have the second largest
first Zagreb coindex.
Proof. Suppose B € B(n). Let m = (3,3,2,2,...,2), 1= (3,3,3,2,..., 2, 1), and
my = (4,2,2,...,2). Since B € B(n), A(B) > 3. If A(B) =3, m < m < n(B). If
A(B) >4, m < m < w(B).

Suppose G; € T'(m;), where i = 1, 2, 3. Since M, (G3) = 4n+12 = M;(G3), by Theorem

2.5 and Lemma 2.3 (1), we have M,(G;) > M(G2) = M1(G3) > M,(B). |

For integers n, ¢, k with ¢ > 0 and 0 < k < n — 2c¢ — 1, let G,(c, k) be the class of

connected c-cyclic graphs with n vertices and k pendant vertices.

Theorem 2.13. In the class of G,(c, k), where ¢ >0 and 1 < k <n —2c— 1, the graphs

with degree sequence (2c+k,2, 2,..., 2,1, 1,..., 1) have the largest first Zagreb coindices.
k-1 k

Proof. Let m = (2¢+ k,2,2,...,2,1,1,..., 1). Suppose G € G,(c,k) with 7(G) =
k-1 k

(dy, da, ..., dyp). U n(G) #my, then dy_jp1 =dppro=---=d,=land dy > d3 > --- >

dy—1, > 2. Thus, 7(G) < 7.
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Now, the result follows from Theorem 2.5 and Lemma 2.3 (1). |

3 Concluding remarks

In this note, we prove that the majorization theorem also holds for the first Zagreb
coindices of connected graphs and the second Zagreb coindices of trees and unicyclic
graphs, namely, Theorems 2.5-2.6. The proofs are based on the corresponding majoriza-
tion theorems of the first Zagreb index and the second Zagreb index, i.e., Lemmas 2.1-2.2.
Actually, if the majorization theorem also holds for the second Zagreb index of the other
c-cyclic graphs, then it also holds to the second Zagreb coindex.

As shown in (6,12, 14] and also illustrated in the former section, the majorization
theorem is a good tool to deal with the ordering of (signless Laplacian) spectral radii
and/or the topological indices. But the majorization theorem cannot hold to all the
topological indices [13]. Thus, it is a good question to find out which topological index
also obey the majorization theorem (The known results show that such topological index
are always closely related with the degree sequence of the graph).

In the end of this paper, we shall apply Theorem 2.5 to determine the smallest value
of the first Zagreb coindices over chemical trees on n vertices, which partially answers an

open problem asked in [2].

Theorem 3.1. In the class of chemical trees on n > 8 wertices, the trees with degree

sequence o have the smallest first Zagreb coindices, where my is defined as follows:

(1) If n =0 (mod 3), then mg = (4,..., 4,2, 1,..., 1), where the cardinality of 1 in m

(2) Ifn=1(mod 3), then mo = (4,..., 4, 3, 1,..., 1), where the cardinality of 1 in m,

fo 2n+41
18 3

)

(3) If n =2 (mod 3), then mo = (4,..., 4, 1,..., 1), where the cardinality of 1 in my is
2n+2
3

Proof. Let my =(4,...,4,1,..., 1), ma=(4,...,4,3,1,..., ) and m3 = (4,..., 4, 2,

(mod 3), since the other cases can be shown by using the similar argument.



-947-

Suppose that n = 0 (mod 3). If 7(T) = m;, we assume that the cardinality of 4 in
7(T) is x. Then, 42 +n —x = 2(n — 1), which contradicts n = 0 (mod 3). So, 7(T) # m.
Similarly, 7(T") # mo. If 7(T") # 73, since A(T) < 4, we have 7(T) < 73.

Now, the result follows from Theorem 2.5 and Lemma 2.3 (1). |

Remark 3.2. In 2], Ashrafi et al. also asked the smallest value of the second Zagreb
coindices over chemical trees on n vertices. By Theorem 2.6 and the proof of Theorem
3.1, we can conclude that the smallest value of the second Zagreb coindices among I'(m),
where 7y is denoted as in Theorem 3.1, is also the smallest value of the second Zagreb

coindices over chemical trees on n > 8 vertices.
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