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Abstract

In this paper a formula for the number of 5-matchings in triangular—free and 4—cycle—free
graph based on the number of vertices, edges, the degrees of vertices and the number of 5-
cycles was obtained.

1. Introduction

A graph G=(V,E) is set containing vertices and edges that these edges are two elements sets
of vertices that they are denoted by V(G) and E(G), respectively. Graphs in this paper are
finite, loopless and contains no multiple edges. For such a graph G, n and m are assumed the
number of its vertices and edges respectively. We define a matching in G to be a spanning
subgraph of G, whose components are vertices and edges. A k-matching is a matching with &
edges. A perfect matching is a matching with edges only. We use the p(G,k) to denote the
number of k-matching in G and it’s assumed that p(G,0)=1.
The matching polynomial of graph G is denoted by u (G, x) that defined by

l2]

16,3 = ) (¥ p(G ka2
k=0

The graphs that have the same matching polynomials are called co-matching. It is obvious
that two isomorphic graphs are co-matching. But the reverse is not true [2]. However, some
graphs that have this feature that co-matching is equal to isomorphism. These graphs can be

characterized by their matching polynomials. For example, Petersen graph is one of these

* Corresponding author
Email address: r.vesalian@yahoo.com



-34-

graphs [2]. The graphs that are characterized by their matching polynomial are called
matching unique. The above-mentioned feature has vital role in graphs categorization.

The number of 3-matchings can be found in Farrel and Guo ([2]) to do this they used degrees
of vertices and the number of vertices, edges and triangles also Behmaram ([1]) has calculated

the number of 4-matchings in triangular-free graphs.

2. Preliminaries
It is obvious that the number of l1-matching is equal to the number of edges of G, i.e.
p(G,1) = m. In this section we derived p(G, k) for k = 2,3,4.
Lemma 2.1. If the degrees of vertices of G are dq,d,, ..., d, ¢ then the number of 2—matching
is:

no

pG2)=})- Z(Z)

i=1
Lemma 2.2. Any graph that is co-matching with a regular graph is also regular of the same
valency
Lemma 2.3.

p@=(3)- m-2) (‘;") = (‘;i) )= Dd- 1) = Ny
i i ij

where Nt is the number of triangles in G

Corollary 2.4. Let G be a regular graph of degree d with n vertices. Then,

p62)= B2 )
2 _ 2 _
PG 12n+40)d4;— (6n—49)d+16

Proof. By m = nz—d, Lemma 2.1. and Lemma 2.3.¢ the result is obvious.

Corollary 2.5. suppose that G and H are two regular graphs which are co-matching, then the
number of triangles in G is equal to the number of triangles in H.

Proof. By Corollary 2.4. and Lemma 2.2., it is obvious.

Lemma 2.6.[2] Let G be a triangular—free graph, with V' (G) = {1, 2, ..., n} and let the degree
of vertex i is d;. Also, let N(i) be the set of neighbors of 7 in G. Hence, the number of 4—

matching is:
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P60 = () =2 @0 - -3 ()= > (5)(3)
i {i,j}cv

i j
_ Z {k't;v(i)(dk -, - 1- Z(‘;i)p (G -1i,2)— Z(Uél) (m— d)
- Z (di+ ds+ d.— 3)+ N,

i {ksticN (@)
where N is the number of 4—cycles in G.

Corollary 2.7. Let G be a triangular—free graph with » vertices which is regular of valency d.
Then,

(n®- 24n2+ 208n-672)d3+ (12n% - 240n-1344)d?+(76n—960)d +240

p(G,4) = o~

(nd) + N,
Proof: By Lemma 2.6.and the relations m = % and
p(G-1.2) = ( 2 )_ Z(z)
j#i

d;— 1, jeN(i)

4, jENQ ¢ the result is obviously obtained.

where d]f = {
Corollary 2.8. suppose that G and H are two triangular — free regular graphs which are co—
matching, then the number of 4—cycles in G is equal to the number of 4—cycles in H.

Proof: By Corollary 2.7. and Lemma 2.2. the result is clearly verified.

3. The number of 5—matchings

In the following theorem we will obtain a formula for the sixth coefficient, i.e, p (G, 5), of the
matching polynomial in triangular—free and 4—cycle—free graphs.

Theorem 3.1. Let G be a triangular—free and 4—cycle—free graph, with V(G) = {1, 2, ..., n}
and let the degree of vertex i is d;. Also, let N (i) be the set of neighbors of 7 in G. Hence, the
number of 5S—matchings is:

- (-3 (4) - S 0-5 O

n n n
i=1 i=1 i=1

_Z(‘;i)p(G—i,B)+ Zj(di_l)(dj_ 1)(m—di_2d].+ 2)

n
i=1
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i {kstlcN(@)

d;\ (d; .
- > H)G)p6-i—inrom-n) > @t do+de-3)
{i.j}ev i {k,st}cN()
-3 D @t dot ditdi— D= N
i {kstricN()
where Np is the number of 5—cycles in G.
Proof. To find p (G, 5), first we find the number of subsets of edges in G that have 5 edges,

ie., (7;) Then subtract the number of graphs in which they do not form a 5—matching.

The possible subgraphs which do not form a 5—matching are shown in Figure 1.

Let Np¢ Ng¢ Ng¢ Nr¢ Nyt Ny¢ Ny¢ Ny« Ny¢ Np¢ Np¢ Ny« Ng¢ Ny ¢ N and N, denote the
number of subgraphs of G that are isomorphic to Pt g¢ St T¢ Xt Yt Z¢ V¢ Ht E¢ F¢ L¢ K¢ Mt ]
and J respectively. Now, we calculate each of these numbers, as follows:
Ng: For counting the number of graphs that are isomorphic to S, we choose one vertex and
then five edges adjacent to this vertex. Therefore, we have:

n

we=2(5)
ST 5
i=1

Ny: For counting Ny ¢ first select an edge i/ from E(G) , then choose two edges from each: i

e 2T

ij

and j, except i/ ,therefore, Ny is:

Ng: For counting Ng, we choose a vertex i from V' (G) and then select a subset {k,s,7,7} from

N(i).
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Figure 1. The possible subgraphs which do not form a 5-matching

Then we select an edge which is adjacent to £, s, ¢ or r, other than edges connecting &,s,7 and
to i. Therefore, N is:
NF:Z Z (i + ds + d, + dr — 4)
T {kstrICN(@)
Nr: For counting Nt choose a vertex i from V(G) and then four edges that are adjacent to i.
Then we select another edge that is not adjacent to i.
But this single edge may be connected to four edges that are adjacent to i and so it makes a

graph that is isomorphic to F. (see figure 2)

Figure 2. The case T in fig.1

Therefore, we subtract Ng. So we have
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Ny = zn:(cf;) (m— d;) — Np

=1
Ny: For counting Ny , we choose a vertex i from V(G) and then select a subset {k,#}! from N(i).
We select an edge adjacent to £ and two edges adjacent to ¢, or conversely, except edges
connecting k7 to i. There fore Ny is:
di— 1 dy— 1
Ne= >0 (™ )@= o+ (Y ) @- o1
i (k)TN
Ny: For counting Ny , we choose a vertex i from V(G) and then select a subset {k,s,#} from
N(i).after this we select an edge from k., ks or s,z other than edges connecting k,s,7 to i.
Therefore Ny is:
Ny= D > [de= D= D+ =D~ D+ (d— D~ D]

i {kstICN()
Ng: For counting Ng, first select an edge ij from E(G), then choose a vertex t from N(j) — {i}

and choose a vertex k from N(i) — {j}. Then select an edge from each 7 and k # and ki.
It is possible that the edge from k and the edge from # be adjacent to each other which this
makes a graph isomorphic to P. (See figure 3) Hence we subtract the number of cases in

which they do not form graphs isomorphic to p.

i i
Figure3. subgraph p
In the above figure, we count Np five times.
Thus:
No=> > (-1~ 1D-5N,
ij ke N@-{}
te N()- {i}
Ng : For counting Ng, we choose a vertex i from V(G) and then select three edges adjacent to i.
After this we select two edges adjacent to each other except edges from i. But these two edges

may be connected to edges of i. Now we subtract the number of cases in which these two

edges are connected to edges of i. (See figure 4)
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(b)

Figure 4. The case of E in figure 1

In the above counting we count Ny twice (fig.4—a) and Ny once (fig.4-b). Therefore, N is:

Ny = Z(‘;) (- dl')— p (G —0,2)] - 2Ny — Ny.
1

=
Nz: For counting Nz, we choose a vertex i from V(G) and then select a subset {k,z} from N(i).
Then select an edge from each 7 and k, except edges connecting &, 7 to i. Now we have a path
of length four (P5). The number of subgraphs in G that are isomorphic to P5 is
(dx— D@ — D.
T (KtICN(D)
After selecting P5, we choose one edge of graph that does not belong to P5. This edge must
not be connected to the edges of P5. Therefore, we subtract the number of graphs in which

this single edge is connected to P5. (see figure 5). i

Kk t K g kKt
hd t
/\/\ t
’ b
9 9 !
1 1 "
(a) (b) (c (d)

Figure 5. The case of Z in figure 1

Considering the above figure, we count N, and Ny two times (fig.5-a,b) and Ny one time
(fig.5—c) and Njp five times (fig.5—d).
Thus:
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N, = (m—4)z Z (e — D(de— 1) — 2N, — 2N, — Ny — 5Np.
i {kt}cN(D)

N, : For counting N;, we choose a vertex i from V(G) and then select a subset {k,s,#} from N(i).
Then we select an edge which adjacent to %, s or ¢, exept edges connecting £,s,7 to i. Finally,
we choose another edge, except mentioned edges. The last edge must not be connected to

edges of i, ¢, s and k. (see figure 6). Hence, subtract the number of cases in which they do not

form graphs isomorphic to L.
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Figure 6. The case of L in figure 1

the above counting we count Ny twice (fig.6—a) and Ny once (fig.6-b) and Ny four times
(fig.6—) and N three times (fig.6—d). Therefore, N is:
N, =(m—4)z Z (dy + dg+ dp — 3) — 2Ny — Ny — 4Ny — 3N
i {ksticNQ@)
Ny: For counting Ny, we select an edge ij, then choose two edges that are adjacent to it. Then
select a 2—matching from G-{i,j}. Now subtract the number of cases in which edges of the 2—

matching are connected to edges that are adjacent to ij. (see figure 7).
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Figure 7.The case of M in figure 1

In the above figure , we count N twice (fig.7-a) and N, once ( fig.7-b). Therefore, Ny is:
Ny = Y@= (= DpG —i-j,2)= 2N, = N,.
ij

Nk: For counting N, choose a vertex i of V(G) and select two edges adjacent to i. Then select
a 3—matching from G-i. Now subtract the number of cases in which edges of the 3—matching

are connected to edges of i. (see figure 8)
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Figure 8. The case of K in figure 1

In the above we count Ny twice (fig.8—a) and Ny once (fig.8-b). Therefore, N is:

n
d:
Ny = Z(Z‘) P(G —1i,3) — 2Ny — Ny.

i=1
Ny: For counting the number of graphs which are isomorphic to V, choose a vertex i of V(G)
and select three edges adjacent to i. Then select a 2-matching from G—i. Now subtract the

number of cases in which edges of the 2—matching are connected to edges of i. (see figure 9).
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(a) (h)
Figure 9.

Considering the above figure, we count Ny, and Ny once (fig.9-a,b).

Thus:

n
d:
Ny = Z(;) p(G—1i,2)— N, — Ny.

i=1
Ny: For counting Ny, first select an edge ij from E(G), then choose two edges that are adjacent

to 7. Hence we have a path of length three (P4). After selecting P4, we choose two edges
adjacent to each other of graph G that does not belong to P4. Now, subtract the number of
cases in which two adjacent edges are connected to at least one edge of P4 except ij (see
figure 10).

i i K

(a) (b) (c)

Figure 10. The case of Z in figure 1

In mentioned process, we count N, twice (fig.10-a) and Ny once (fig.10-b) and N, five times
(fig.10—c). Thus:

—d;—d;+ 1 ,
N, = Z(di— D(d,; - 1)[(m 5 it )— P(G-1-j,2)] — 2N;— Ny — 5Np
ij
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N;j: In this case, first select a subset {i,j} from V(G), then choose two edges from 7 and j, too
Then choose another edge that is not adjacent to i and ;.
Now subtract the number of cases in which they do not from graphs isomorphic to J. These
cases are as follows:

1. One of the edges of i is connected to one of ;.

2. One edge of i is connected to ;.

3. The last single edge is connected to edges of i and ;.

Cases of 1,2 and 3 are shown in figure 11.

i i i i i i i
I \ e L4 d
NN SRt N
¢ . o. 00 . . (R '
i
(

(a) (b) (c (d) e) (f)
i j i i i . i i
. - I N . L ee. ,
(i) i
(2) (h) (1) (k)
Figure 11.

In the above we count N(a) once (fig.11-a) and N(b) twice (fig.11-b). so we have:

N@+ 2N®) = ) (@di= D(d— Dom—di= d;+ 1)

ij

Where N(a) and N(b) denote the number of subgraphs of G that are isomorphic to (a) and (b)
respectively. Also we count Ny twice (fig.11—c), Ny once (fig.11-d), Ny, once (fig.11-e), Ny
twice (fig.11-0), Ng twice (fig.11-g), Ny once (fig.11-h), Np five times (fig.11-i), Nz once
(fig.11-j) and Ng once (fig.11-k).
Thus:
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i

{i.j}ev
—3Ny — Ny — N, — 2N; — 3Ng — 5Np - Nj.
Now, the number of 5—matching is:
m
p(G,5) = (5)_ Np— Ng— Ng— Np— Ny — Ny — Nz — Ny — Ny — Ng— Np = N,
— Ny — Ny— N, — N,
The result is obtained by direct substitution into above formula.
Corollary 3.2. Let G be a triangular—free and 4—cycle—free graph with »n vertices which is
regular of valency d.
Then,
P(G,5) (m) (d) (m+11d - 12) (d)
= -n —n(m -
’ 5 5 4

+n [6(d—1)2+ 3(m—4)(d—1)— (mz_d)](‘;)

+nldp (G,2) - P(G,3)— d? (m—2d +1) — d(d —1)(m — 3d +2)
2
+ @d=1)2(d—2)— (m—4)(d—1)] (‘;) ~ [on- 2a) (’2‘)+ m] (‘;)

, (m—2d+2 d—1\? .
+m@d—-1) ( ) )—3m( , ) +m(d—1*— N,

Proof. In this case we have

> ()= (3

(3) o=@ = nem-a(;)

()" )= ("))

=[p(G,3) — dp(G,2) + d* (m —2d + 1)
+ d(d-1)(m-3d+2)].n (‘21)
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Z(di — 1)(d; - 1) 3
7

YN )= (Y

t

)=m(d—1)2 (m—22d+2)

(dp—1D(de— 1)=m(d-1*
ij ken@-{j}
teN(H—{i}

d,— 1 d,— 1 d— 1\ /d
(5 ) m 0= (5 Y m =z (450
i {kt}cN(@)
d
(e — D(de— 1) = n(d—1)2 (2)
i {kt}cN(i)
[(de— D (ds— 1)+ (- D(de— 1)+ (ds — 1)(d — 1]

i {kstlcN()

= 3n(d - 1)? (i)

>, (3)(G) re i = G)im—20+ ml(3)

{i.j}ev
d

(dy + dg + dy — 3)=3n(d—1)(3>

i {kstlcN(@)
d
(di + dg + dy + dy — 4)=4n(d—1)(4)

i {kstr}cN()

The result is obtained by direct substitution into the formula for p(G,5), given in the theorem.

Corollary 3.3. Let G and H be triangular—free and 4—cycle—free regular graphs and suppose
that G and H are co—matching graphs. Then the number of 5—cycles in G and H are equal.
Proof: From u(G,x)= u(H,x), we deduce that

p(G,5) = p(H,5) and it follows from corollary 3.2. and lemma 2.2. that Np(G) = Np(H).
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