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Abstract

The double coset representation (DCR) method for combinatorial enumeration is re-

formulated on the basis of unit subduced cycle indices (USCI-CFs) defined in terms of

sphericities of double cosets for cyclic subgroups. Its theoretical framework is in sharp

contrast to the original version of the DCR method (S. Fujita, J. Math. Chem., 42, 215–

263 (2007)), in which products of sphericity indices assigned to respective operations are

used in place of USCI-CFs. From the viewpoint of methodology, the present version of the

DCR method succeeds to that of the markaracter method (S. Fujita, Theor. Chim. Acta,

91, 291–314, 315–332 (1995)), while the original version succeeds to that of the proligand

method (S. Fujita, Theor. Chem. Acc., 113, 73–79 (2005)). Thereby, cycle indices with chi-

rality fittingness (CI-CFs) defined by starting from the newly-defined USCI-CFs are used

to conduct gross enumeration of 3D-structural isomers. Cubane derivatives with chiral and

achiral proligands are counted as 3D structural isomers by relying on a CI-CF based on the

new definition.
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1 Introduction
Whether chemical structures are regarded as graphs or three-dimensional (3D) entities, the con-

cept of subductions of coset representations (SCRs) has been a key to develop enumeration

methods based on the USCI (unit-subduced-cycle-index) approach [1, 2]. Thus, a coset repre-

sentation of a given skeleton (e.g., a cubane skeleton for this series) is subduced into a subgroup

of a derivative so as to give a set of coset representations, which is used to calculate a USCI or

a USCI-CF (unit subduced cycle index with chirality fittingness). A cycle index (CI) or a cycle

index with chirality fittingness (CI-CF) is derived via subduced cycle indices without or with

chirality fittingness (SCIs or SCI-CFs) [3] or further via partial cycle indices without or with

chirality fittingness (PCIs or PCI-CFs) [2], which are both derived from USCIs or USCI-CFs.

Although the markaracter method [4, 5] (cf. Part II of this series) and the characteristic mono-

mial method [6–8] (cf. Part III of this series) provide us with additional ways for giving CIs or

CI-CFs, essential features due to the USCI approach (especially due to the concept of SCRs)

are maintained during derivations of CIs or CI-CFs.

During the development of the USCI approach, the concept of chirality fittingness has been

derived from the concept of sphericities of orbits, which has been introduced by integrating

the permutation-group theory and the point-group theory [9]. These concepts are combined

with the concept of SCRs so as to support such indices with chirality fittingness as USCI-CFs,

SCI-CFs, PCI-CFs, and CI-CFs for treating 3D chemical structures [10].

On the other hand, CIs (without chirality fittingness) due to famous Pólya’s theorem [11, 12]

have been widely used to conduct gross enumerations, as described in reviews [13–16] and

books [17–21]. Because Pólya’s CIs stem from direct reference to permutations and do not take

orbits of substitution positions into explicit consideration, such sphericities as assigned to orbits
in the USCI approach have not been incorporated during the derivation of Pólya’s CIs. In other

words, Pólya’s CIs lacks the concept of chirality fittingness, as pointed out by our article [22].

In order to incorporate the chirality fittingness into CIs, the proligand method has been de-

veloped so as to give CI-CFs [23–25] (cf. Part I of this series), where the concept of sphericities
of cycles is introduced after it is linked to sphericities of orbits for cyclic subgroups. Thereby,

the proligand method permits us to enumerate chemical compounds as 3D entities.

Although double cosets have been adopted in alternative approaches other than Pólya’s the-

orem, they have long restricted to the status without chirality fittingness [26–30]. After double

cosets have been correlated to the concept of SCRs [31], sphericities of double cosets have been

discussed through double coset representations [32]. Thereby, CI-CFs for the proligand method

have been alternatively formulated so as to develop the original version of the double coset

representation (DCR) method [32].

As implied by the process which combines double coset representations with the proligand

method [32], it is possible to develop a reformulated version of the DCR method in which such

double cosets with sphericities are combined with the markaracter method so as to generate CI-

CFs. For the purpose of realizing this possibility, it is necessary to examine double cosets for

cyclic subgroups. This examination is a main target of this article, where we emphasize three-

dimensional structures of enumerated isomers as well as those of ligands to be substituted.

Another target as one of the present series is to compare the resulting method with various

methods of combinatorial enumeration, where we use the cubane skeleton of high symmetry

(Oh) as a common starting structure.
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2 Cosets and Double Cosets

2.1 Coset Representations
Most notations for cosets and related matters are used in accord with [2] except that right and

left cosets are differentiated in the present article in accord with [32]. Let us consider a group

Oh and its subgroups to examine cubane derivatives. For any subgroup, its right cosets can be

generated. For example, the set of right cosets for a group Oh and its subgroup C3v is generated

as follows:

C3v = {I,C3(1),C2
3(1),σd(1),σd(2),σd(3)} = {1,5,9,37,41,45} (1)

C3vC2(1) = {C2(1),C3(3),C2
3(4),S

3
4(3),σd(4),S4(2)} = {2,6,10,38,42,46} (2)

C3vC2(2) = {C2(2),C3(2),C2
3(3),S4(3),S4(1),σd(5)} = {3,7,11,39,43,47} (3)

C3vC2(3) = {C2(3),C3(4),C2
3(2),σd(6),S3

4(1),S
3
4(2)} = {4,8,12,40,44,48} (4)

C3vi = {i,S5
6(1),S6(1),C′

2(6),C
′
2(4),C

′
2(5)} = {25,29,33,13,17,21} (5)

C3vσh(3) = {σh(3),S5
6(3),S6(4),C4(3),C′

2(2),C
3
4(2)} = {26,30,34,14,18,22} (6)

C3vσh(2) = {σh(2),S5
6(2),S6(3),C3

4(3),C
3
4(1),C

′
2(3)} = {27,31,35,15,19,23} (7)

C3vσh(1) = {σh(1),S5
6(4),S6(2),C′

2(1),C4(1),C4(2)} = {28,32,36,16,20,24} (8)

where the numbering of operations is arbitrarily selected without losing generality. Let the

symbol C3v\Oh denote the set of cosets:

C3v\Oh = {
1

C3v,
2

C3vC2(1),
3

C3vC2(2),
4

C3vC2(3),
5

C3vi,
6

C3vσh(3),
7

C3vσh(2),
8

C3vσh(1)}, (9)

which corresponds to a right coset decomposition of Oh by C3v as follows:

Oh =
1

C3v︸︷︷︸{
1,5,9,

37,41,45

}+
2

C3vC2(1)︸ ︷︷ ︸{
2,6,10,

38,42,46

} +
3

C3vC2(2)︸ ︷︷ ︸{
3,7,11,

39,43,47

} +
4

C3vC2(3)︸ ︷︷ ︸{
4,8,12,

40,44,48

} +
5

C3vi︸︷︷︸{
25,29,33,
13,17,21

}+
6

C3vσh(3)︸ ︷︷ ︸{
26,30,34,
14,18,22

} +
7

C3vσh(2)︸ ︷︷ ︸{
27,31,35,
15,19,23

} +
8

C3vσh(1)︸ ︷︷ ︸{
28,32,36,
16,20,24

} .

(10)

When the set C3v\Oh is considered to be an ordered set as shown by the attached numbering,

the multiplication of each coset by g (g ∈ Oh) from the right direction generates another ordered

set, so as to give a permutation represented as follows:

g ∼ p[R]
g =(

C3v C3vC2(1) C3vC2(2) C3vC2(3) C3vi C3vσh(3) C3vσh(2) C3vσh(1)

C3vg C3vC2(1)g C3vC2(2)g C3vC2(3)g C3vig C3vσh(3)g C3vσh(2)g C3vσh(1)g

)
(11)

=

(
1 2 3 4 5 6 7 8

tg1 tg2 tg3 tg4 tg5 tg6 tg7 tg8

)
. (12)
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Thus, the resulting permutation p[R]
g is considered to correspond to the element g. For example,

the element C2(1) (a two-fold rotation) is selected to be g, generating the following permutation:

C2(1) ∼ p[R]
C2(1)

=

(
C3v C3vC2(1) C3vC2(2) C3vC2(3) C3vi C3vσh(3) C3vσh(2) C3vσh(1)

C3vC2(1) C3v C3vC2(3) C3vC2(2) C3vσh(3) C3vi C3vσh(1) C3vσh(2)

)

=

(
1 2 3 4 5 6 7 8

2 1 4 3 6 5 8 7

)
= (1 2)(3 4)(5 6)(7 8), (13)

where the permutation p[R]
C2(1)

can be represented in the form of a product of cycles as found in the

rightmost side. When g runs over all of the elements of Oh, there appears a set of permutations,

which is called a right coset representation:

(C3v\)Oh =
{

p[R]
g

∣∣∣∣∀g ∈ Oh

}
, (14)

where the symbol (C3v\)Oh is used in accord with [32]. Concrete permutations contained in

the right coset representation (C3v\)Oh are listed in Table 1 in the form of products of cycles.

The set of cosets contained in C3v\Oh (Eq. 9) can be assigned to a numbered set of positions

of a cubane skeleton (1), as shown in Fig. 1. To grasp the numbering of 1, it is convenient to

consider two tetrahedral sub-skeletons numbered as {1, 2, 3, 4} and {5, 6, 7, 8}. For the action

of operations of Oh on a cubane skeleton, see Part I of this series, although another mode of

numbering has been adopted.

1 7

46

8

3

2

5

1

Figure 1: Numbering of the eight positions of cubane (1)

2.2 Coset Representations for Cyclic Subgroups
The concept of sphericities of coset representations (or orbits) for cyclic subgroups has been

discussed to introduce the concept of sphericities of cycles in Lemmas 1 and 2 of [23] (cf. Part I

of this series). The former concept should be here restated for the purpose of discussing double

cosets.

Suppose that an achiral cyclic group S� is generated by starting from a generator S�, which

is an improper operation (a rotoreflection):

S� =
{

S�, S2
�, S3

�, . . . , S�
�(= I)

}
. (15)

Note that the order represented by |S�| = � is even, because the group S� is achiral.
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Table 1: Right Coset Representation (C3v\)Oh and Products of Sphericity Indices

proper rotations improper rotations

no. permutation product of no. permutation product of

element (cycles) SIs element (cycles) SIs

1 I (1)(2)(3)(4)(5)(6)(7)(8) b8
1 25 i (1 5)(2 6)(3 7)(4 8) c4

2

2 C2(1) (1 2)(3 4)(5 6)(7 8) b4
2 26 σh(3) (1 6)(2 5)(3 8)(4 7) c4

2

3 C2(2) (1 3)(2 4)(5 7)(6 8) b4
2 27 σh(2) (1 7)(2 8)(3 5)(4 6) c4

2

4 C2(3) (1 4)(2 3)(5 8)(6 7) b4
2 28 σh(1) (1 5)(2 6)(3 7)(4 8) c4

2

5 C3(1) (1)(2 4 3)(5)(6 8 7) b2
1b2

3 29 S5
6(1) (1 5)(2 8 3 6 4 7) c2c6

6 C3(3) (1 2 3)(4)(5 6 7)(8) b2
1b2

3 30 S5
6(3) (1 6 3 5 2 7)(4 8) c2c6

7 C3(2) (1 3 4)(2)(5 7 8)(6) b2
1b2

3 31 S5
6(2) (1 7 4 5 3 8)(2 6) c2c6

8 C3(4) (1 4 2)(3)(5 8 6)(7) b2
1b2

3 32 S5
6(4) (1 8 2 5 4 6)(3 7) c2c6

9 C2
3(1) (1)(2 3 4)(5)(6 7 8) b2

1b2
3 33 S6(1) (1 5)(2 7 4 6 3 8) c2c6

10 C2
3(4) (1 2 4)(3)(5 6 8)(7) b2

1b2
3 34 S6(4) (1 6 4 5 2 8)(3 7) c2c6

11 C2
3(3) (1 3 2)(4)(5 7 6)(8) b2

1b2
3 35 S6(3) (1 7 2 5 3 6)(4 8) c2c6

12 C2
3(2) (1 4 3)(2)(5 8 7)(6) b2

1b2
3 36 S6(2) (1 8 3 5 4 7)(2 6) c2c6

13 C′
2(6) (1 5)(2 7)(3 6)(4 8) b4

2 37 σd(1) (1)(2 3)(4)(5)(6 7)(8) a4
1c2

2

14 C4(3) (1 6 4 7)(2 8 3 5) b2
4 38 S3

4(3) (1 2 4 3)(5 6 8 7) c2
4

15 C3
4(3) (1 7 4 6)(2 5 3 8) b2

4 39 S4(3) (1 3 4 2)(5 7 6 8) c2
4

16 C′
2(1) (1 8)(2 6)(3 7)(4 5) b4

2 40 σd(6) (1 4)(2)(3)(5 8)(6)(7) a4
1c2

2

17 C′
2(4) (1 5)(2 6)(3 8)(4 7) b4

2 41 σd(2) (1)(2)(3 4)(5)(6)(7 8) a4
1c2

2

18 C′
2(2) (1 6)(2 5)(3 7)(4 8) b4

2 42 σd(4) (1 2)(3)(4)(5 6)(7)(8) a4
1c2

2

19 C3
4(1) (1 7 2 8)(3 6 4 5) b2

4 43 S4(1) (1 3 2 4)(5 7 6 8) c2
4

20 C4(1) (1 8 2 7)(3 5 4 6) b2
4 44 S3

4(1) (1 4 2 3)(5 8 6 7) c2
4

21 C′
2(5) (1 5)(2 8)(3 7)(4 6) b4

2 45 σd(3) (1)(2 4)(3)(5)(6 8)(7) a4
1c2

2

22 C3
4(2) (1 6 3 8)(2 7 4 5) b2

4 46 S4(2) (1 2 3 4)(5 6 7 8) c2
4

23 C′
2(3) (1 7)(2 6)(3 5)(4 8) b4

2 47 σd(5) (1 3)(2)(4)(5 7)(6)(8) a4
1c2

2

24 C4(2) (1 8 3 6)(2 5 4 7) b2
4 48 S3

4(2) (1 4 3 2)(5 8 7 6) c2
4

Theorem 1 (Enantiospheric Coset Representation for an Achiral Cyclic Group)
If there is an even number �1 which is a divisor of the order � of the achiral cyclic group

S� (Eq. 15), there exists a chiral subgroup C�/�1
so that there appears an enantiospheric coset

representation (C�/�1
\)S�, the degree of which (i.e., |S�|/|C�/�1

| = �1) is even.

Reversely, if the degree (|S�|/|C�′ |) of a coset representation (C�′\)S� is even, the coset

representation (C�′\)S� is enantiospheric.

Proof : Because the even number �1 is a divisor of the order � of S� (Eq. 15), there exists a

generator S�1

�
(= C�/�1

) which creates a cyclic subgroup. Because S�1

�
(= C�/�1

) is a proper

rotation, the resulting cyclic group is a chiral subgroup:

C�/�1
=
{

C�/�1
, C2

�/�1
, C3

�/�1
, . . . , C�/�1

�/�1
(= I)

}
, (16)

the order of which is denoted to be |C�/�1
| = �/�1. Hence, the corresponding coset representa-

tion represented by (C�/�1
\)S� is enantiospheric. Its degree is calculated to be |S�|/|C�/�1

| =
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�/(�/�1) = �1, which is even by definition.

Reversely, the degree of (C�′\)S� is even, so that we place |S�|/|C�′ | = �/�′ = �1, which is

even. Because �/�1 (= �′) is an integer, the even number �1 is a divisor of �. Hence, the generator

of C�′ is calculated to be C�′ = C�/�1
= S�1

�
. Because the power �1 is even, the generator S�1

�
(i.e., C�′) is a proper rotation. As a result, the cyclic group C�′ is chiral. This means that the

coset representation (C�′\)S� is enantiospheric. �
For example, the C3i group as an achiral cyclic subgroup of Oh consists of the following six

operations:

C3i = S6 = {I,C3(1),C
2
3(1), i,S

5
6(1),S6(1)} = {1,5,9,25,29,33}, (17)

which are generated from a rotoreflection S6(1). Note that the symbol C3i is used in place

of S6. A chiral cyclic subgroup C3 generated by a proper rotation S2
6(1) = C3(1) as a gener-

ator is accompanied by a coset representation (C3\)C3i, which is enantiospheric. Its degree

|C3i|/|C3| = 6/3 = 2 is an even number in accord with Theorem 1.

Theorem 2 (Homospheric Coset Representation for an Achiral Cyclic Group)
If there is an odd number �2 which is a divisor of the order � of the achiral cyclic group

S� (Eq. 15), there exists an achiral subgroup S�/�2
so that there appears a homospheric coset

representation (S�/�2
\)S�, the degree of which (i.e., |S�|/|S�/�2

| = �2) is odd.

Reversely, if the degree (|S�|/|S�′′ |) of a coset representation (S�′′\)S� is odd, the coset

representation (S�′′\)S� is homospheric.

Proof : Because the odd number �2 is a divisor of the order � of S� (Eq. 15), there exists a

generator S�2

�
(= S�/�2

) which creates a cyclic subgroup. Because S�2

�
(= S�/�2

) is an improper

rotation (rotoreflection), the resulting cyclic group is an achiral subgroup:

S�/�2
=
{

S�/�2
, S2

�/�2
, S3

�/�2
, . . . , S�/�2

�/�2
(= I)

}
, (18)

the order of which is denoted to be |S�/�2
| = �/�2. Hence, the corresponding coset represen-

tation represented by (S�/�2
\)S� is homospheric. Its degree is calculated to be |S�|/|S�/�2

| =
�/(�/�2) = �2, which is odd by definition.

Reversely, the degree of (S�′′\)S� is odd, so that we place |S�|/|S�′′ | = �/�′′ = �2, which is

odd. Because �/�2 (= �′′) is an integer, the odd number �2 is a divisor of �. Hence, the generator

of S�′′ is calculated to be S�′′ = S�/�2
= S�2

�
. Because the power �2 is odd, the generator S�2

�
(i.e.,

S�′′) is an improper rotation (rotoreflection). As a result, the cyclic group S�′′ is achiral. This

means that the coset representation (S�′′\)S� is homospheric. �
For example, the C3i group (Eq. 17) contains an achiral cyclic subgroup of order 2:

Ci = {I, i} = {1,25} (19)

which is generated by an improper rotation i (an inversion). The corresponding coset represen-

tation (Ci\)C3i is homospheric. Its degree |C3i|/|Ci| = 6/2 = 3 is an odd number in accord

with Theorem 2.

On the other hand, a chiral cyclic group C� is generated by starting from a generator C�,

which is a proper operation:

C� =
{

C�, C2
�, C3

�, . . . , C�
�(= I)

}
, (20)
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where the order is represented by |C�| = �, which may be even or odd. Because all of the

subgroups of C� are chiral, the corresponding coset representations are hemispheric. Although

the following theorem is trivial, it is described for the sake of a balanced description.

Theorem 3 (Hemispheric Coset Representation for a Chiral Cyclic Group)
If there is an even or odd number �3 which is a divisor of the order � of the chiral cyclic

group C� (Eq. 20), there exists a chiral subgroup C�/�3
so that there appears a hemispheric

coset representation (C�/�3
\)C�, the degree of which (i.e., |C�|/|C�/�3

| = �3) is even or odd.

Note again that any subgroup of the chiral group C� is always chiral and that the resulting

coset representation is always hemispheric.

2.3 Double Cosets Linked to Subduction of Coset Representations
2.3.1 Enantiosphericity for Double Cosets via Coset Representations

Let us consider the cyclic subgroup C3i (Eq. 17). According to the formulation of [32], a double

coset decomposition of Oh by C3v and C3i is represented by the following equation:

Oh =
[1,5]

C3vIC3i +
[2,3,4,6,7,8]

C3vC2(1)C3i, (21)

where each double coset is a disjoint union of right cosets selected from Eq. 9 as follows:

C3vIC3i =
1

C3v︸︷︷︸{
1,5,9,

37,41,45

}+
5

C3vi︸︷︷︸{
25,29,33,
13,17,21

} (22)

C3vC2(1)C3i =
2

C3vC2(1)︸ ︷︷ ︸{
2,6,10,

38,42,46

} +
3

C3vC2(2)︸ ︷︷ ︸{
3,7,11,

39,43,47

} +
4

C3vC2(3)︸ ︷︷ ︸{
4,8,12,

40,44,48

} +
6

C3vσh(3)︸ ︷︷ ︸{
26,30,34
14,18,22

} +
7

C3vσh(2)︸ ︷︷ ︸{
27,31,35
15,19,23

} +
8

C3vσh(1)︸ ︷︷ ︸{
28,32,36
16,20,24

} . (23)

The numbering of operations is in accord with Eq. 10, which corresponds to Table 1. The

numbers surrounded by a pair of brackets in the right-hand side of Eq. 21 represent a set of

cosets (cf. Eq. 9) contained in each double coset, as shown in Eqs. 22 and 23.

According to Lemma 5 of [31], the number of right cosets in the double coset of Eq. 22 is

calculated as follows: |C3i|
|I−1C3vI ∩C3i| =

|C3i|
|C3| =

6

3
= 2. (24)

On a similar line, the number of right cosets in the double coset of Eq. 23 is calculated as

follows: |C3i|
|C−1

2(1)C3vC2(1)∩C3i|
=

|C3i|
|C1| =

6

1
= 6. (25)

Note that we obtain:

C−1
2(1)C3vC2(1) = {I,C3(2),C

2
3(2),σd(6),σd(2),σd(5)} = {1,7,12,40,41,47}, (26)
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which is combined with C3i (Eq. 17) to leave C1 = {I}. These results (Eqs. 24 and 25) are

consistent with Theorem 2 of [31], which provides the following subduction:

(C3v\)Oh ↓ C3i = (I−1C3vI ∩C3i\)C3i +(C−1
2(1)C3vC2(1)∩C3i\)C3i

= (C3\)C3i +(C1\)C3i, (27)

where the coset representations in the right-hand side correspond to the double cosets shown in

the right-hand side of Eq. 21. As a result, Eqs. 24 and 25 simultaneously indicate the degrees

of the coset representations appearing in the right-hand side of Eq. 27.

Both the coset representations (C3\)C3i and (C1\)C3i in Eq. 27 are enantiospheric, be-

cause C3 and C1 are chiral subgroups of the achiral C3i group. Because the achiral C3i group is

a cyclic group, the data of Eqs. 24 and 25 are consistent with Theorem 1 described above. As a

result of parallelism between Eq. 21 and Eq. 27, the enantiosphericity of the coset representa-

tions ((C3\)C3i and (C1\)C3i) can be regarded at the same time as the enantiosphericity of the

double cosets (C3vIC3i and C3vC2(1)C3i).

Although the discussions described in the preceding sections are concerned with double

cosets of cyclic subgroups, the results generally hold true for double cosets of any subgroups.

However, such restriction to double cosets of cyclic subgroups (or subduction of coset repre-

sentations into cyclic subgroups) provides us with a more specific proposition. Thus, Theorem

1 concerning cyclic groups is combined with Lemma 5 of [31] (by referring to Theorem 2 of

[31]) so as to give the following theorem:

Theorem 4 (Enantiospheric Double Cosets for an Achiral Cyclic Subgroup)
Let K be an achiral cyclic subgroup of a given achiral group G and H be an achiral or chiral

subgroup of G. The double coset HgK contains an even number of right cosets Hgk (k ∈ K), if

it is enantiospheric. Reversely, if the double coset HgK contains an even number of right cosets

Hgk (k ∈ K), it is enantiospheric.

Because the number of right cosets in the double coset is represented by |K|/|g−1Hg∩K|
(an even number), the following corollary is obtained:

Corollary 1
When K is an achiral cyclic subgroup, the enantiospheric double coset HgK is characterized

by a sphericity index cd , where d = |K|/|g−1Hg∩K| (even).

2.3.2 Homosphericity for Double Cosets via Coset Representations

Let us consider another cyclic subgroup C′
s of Oh:

C′
s = {I,σd(1)} = {1,37}, (28)

which is a cyclic subgroup of order 2 generated from a reflection σd(1). According to the

formulation of [32], a double coset decomposition of Oh by C3v and C′
s is represented by the

following equation:

Oh =
[1]

C3vIC′
s +

[2,3]
C3vC2(1)C′

s +
[4]

C3vC2(3)C′
s +

[5]
C3viC′

s +
[6,7]

C3vσh(3)C′
s +

[8]
C3vσh(1)C′

s, (29)
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where each double coset is a disjoint union of cosets selected from Eq. 9 as follows:

C3vIC′
s =

1

C3v︸︷︷︸{
1,5,9,

37,41,45

} (30)

C3vC2(1)C′
s =

2

C3vC2(1)︸ ︷︷ ︸{
2,6,10,

38,42,46

} +
3

C3vC2(2)︸ ︷︷ ︸{
39,47,43,

3,11,7

} (31)

C3vC2(3)C′
s =

4

C3vC2(3)︸ ︷︷ ︸{
4,8,12,

40,44,48

} (32)

C3viC′
s =

5

C3vi︸︷︷︸{
25,29,33,
13,17,21

} (33)

C3vσh(3)C′
s =

6

C3vσh(3)︸ ︷︷ ︸{
26,30,34
14,18,22

} +
7

C3vσh(2)︸ ︷︷ ︸{
15,23,19
27,35,31

} (34)

C3vσh(1)C′
s =

8

C3vσh(1)︸ ︷︷ ︸{
28,32,36
16,20,24

} . (35)

The numbering of operations is in accord with Eq. 10, which corresponds to Table 1. The

numbers surrounded by a pair of brackets in the right-hand side of Eq. 29 represent a set of

right cosets (cf. Eq. 9) contained in each double coset.

According to Lemma 5 of [31], the number of right cosets in the double coset of Eq. 30 is

calculated as follows:
|C′

s|
|I−1C3vI ∩C′

s|
=

|C′
s|

|C′
s|

=
2

2
= 1, (36)

because I−1C3vI = C3v (Eq. 1) contains C′
s (Eq. 28) as a subgroup to give I−1C3vI ∩C′

s = C′
s.

The numbers of right cosets in the double cosets of Eqs. 32, 33, and 35 are also calculated to be

1 in similar ways to Eq. 36. On the other hand, the number of right cosets in the double coset

of Eq. 23 is calculated as follows:

|C′
s|

|C−1
2(1)C3vC2(1)∩C′

s|
=

|C′
s|

|C1| =
2

1
= 2. (37)

The number of right cosets in the double coset of Eqs. 34 is also calculated to be 2 in a sim-

ilar way to Eq. 37. These results are consistent with Theorem 2 of [31], which provides the

following subduction:

(C3v\)Oh ↓ C′
s = (I−1C3vI ∩C′

s\)C′
s + · · ·+(C−1

2(1)C3vC2(1)∩C′
s\)C′

s + · · ·
= 4(C′

s\)C′
s +2(C1\)C′

s, (38)

where the coset representations in the right-hand side correspond to the double cosets shown in

the right-hand side of Eq. 29. As a result, Eqs. 36 and 37 simultaneously indicate the degrees

of the coset representations appearing in the right-hand side of Eq. 38.
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The coset representation (C′
s\)C′

s in Eq. 38 is homospheric, because C′
s is an achiral sub-

group of the achiral C′
s group. Because the achiral C′

s group is a cyclic group, the value of Eq.

36 is consistent with Theorem 2 described above. As a result of parallelism between Eq. 29

and Eq. 38, the homosphericity of the coset representation (C′
s\)C′

s can be regarded at the same

time as the homosphericity of the double coset (C3vIC′
s or others).

Theorem 2 concerning cyclic groups is combined with Lemma 5 of [31] (by referring to

Theorem 2 of [31]) so as to give the following theorem:

Theorem 5 (Homospheric Double Cosets for an Achiral Cyclic Subgroup)
Let K be an achiral cyclic subgroup of a given achiral group G and H be an achiral or chiral

subgroup of G. The double coset HgK contains an odd number of right cosets Hgk (k ∈ K), if

it is homospheric. Reversely, if the double coset HgK contains an odd number of right cosets

Hgk (k ∈ K), it is homospheric.

Because the number of right cosets in the double coset is represented by |K|/|g−1Hg∩K|
(an odd number), the following corollary is obtained:

Corollary 2
When K is an achiral cyclic subgroup, the homospheric double coset HgK is characterized

by a sphericity index ad , where d = |K|/|g−1Hg∩K| (odd).

2.3.3 Hemisphericity for Double Cosets via Coset Representations

According to Section 3 of [32], let us consider the maximum chiral subgroup C3 of the group

C3i. The corresponding double coset decomposition is represented as follows:

Oh =
[1]

C3vIC3 +
[2,3,4]

C3vC2(1)C3 +
[5]

C3viC3 +
[6,7,8]

C3vσh(3)C3, (39)

where each double coset is a disjoint union of cosets selected from Eq. 9 as follows:

C3vIC3 =
1

C3v︸︷︷︸{
1,5,9,

37,41,45

} (40)

C3viC3 =
5

C3vi︸︷︷︸{
25,29,33,
13,17,21

} (41)

C3vC2(1)C3 =
2

C3vC2(1)︸ ︷︷ ︸{
2,6,10,

38,42,46

} +
3

C3vC2(2)︸ ︷︷ ︸{
3,7,11,

39,43,47

} +
4

C3vC2(3)︸ ︷︷ ︸{
4,8,12,

40,44,48

} (42)

C3vσh(3)C3 =
6

C3vσh(3)︸ ︷︷ ︸{
26,30,34
14,18,22

} +
7

C3vσh(2)︸ ︷︷ ︸{
27,31,35
15,19,23

} +
8

C3vσh(1)︸ ︷︷ ︸{
18,32,36
16,20,24

} . (43)

The numbering of operations is in accord with Eq. 10, which corresponds to Table 1. The

numbers surrounded by a pair of brackets in the right-hand side of Eq. 39 represent a set of

cosets (cf. Eq. 9) contained in each double coset.
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According to Lemma 5 of [31], the number of right cosets in the double coset of Eq. 40 is

calculated as follows: |C3|
|I−1C3vI ∩C3| =

|C3|
|C3| =

3

3
= 1. (44)

Similarly, the number of right cosets in the double coset of Eq. 41 is calculated to be 1. On the

other hand, the number of right cosets in the double coset of Eq. 42 is calculated as follows:

|C3|
|C−1

2(1)C3vC2(1)∩C3|
=

|C3|
|C1| =

3

1
= 3. (45)

Similarly, the number of right cosets in the double coset of Eq. 43 is calculated to be 3.

These results are consistent with Theorem 2 of [31], which provides the following subduc-

tion:

(C3v\)Oh ↓ C3 = (I−1C3vI ∩C3\)C3 +(i−1C3vi∩C3\)C3

+(C−1
2(1)C3vC2(1)∩C3i\)C3i +(σ−1

h(3)C3vσh(3)∩C3\)C3

= 2(C3\)C3 +2(C1\)C3, (46)

where the coset representations in the right-hand side correspond to the double cosets shown in

the right-hand side of Eq. 39. As a result, Eqs. 44 and 45 simultaneously indicate the degrees

of the coset representations appearing in the right-hand side of Eq. 46.

Let K be a chiral cyclic subgroup of a given achiral group G and H be an achiral or chiral

subgroup of G. Whether the double coset HgK contains an odd or even number of right cosets

Hgk (k ∈ K), it is hemispheric, as described in Theorem 3. Theorem 3 concerning chiral cyclic

groups is combined with Lemma 5 of [31] (by referring to Theorem 2 of [31]) so as to give the

following theorem:

Theorem 6 (Hemispheric Double Cosets for a Chiral Cyclic Subgroup)
Let K be a chiral cyclic subgroup of a given achiral or chiral group G and H be an achiral

or chiral subgroup of G. The double coset HgK contains an even or odd number of right cosets

Hgk (k ∈ K), if it is hemispheric.

Compare this theorem with the difference between Theorem 4 and Theorem 5. Because the

number of right cosets in the double coset is represented by |K|/|g−1Hg∩K| (odd or even), the

following corollary is obtained:

Corollary 3
When K is a chiral cyclic subgroup, the hemispheric double coset HgK is characterized by

a sphericity index bd , where d = |K|/|g−1Hg∩K| (even or odd).

2.3.4 USCI-CFs for Cyclic Subgroups

Unit subduced cycle indices without and with chirality fittingness (USCIs and USCI-CFs) de-

fined in [2] are versatile in combinatorial enumeration, where they are originally based on the

concept of subduction of coset representations [1, 9]. On the other hand, double cosets have

been reported to be an alternative concept to define USCIs [31]. After that, the concept of

sphericities of double cosets have been proposed as an alternative way to support USCI-CFs

[32].
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Later, cyclic subgroups among a non-redundant set of subgroups have been demonstrated

to be essential in order to calculate gross numbers of isomers [4, 5] (cf. Part II of the present

series). Thus, USCIs for cyclic groups [5] and USCI-CFs for cyclic groups (cf. Part II of the

present series) have been are used effectively, where they are also based on the concept of

subduction of coset representations. Because double cosets for cyclic subgroups have been

formulated by referring to the subduction of coset representations in the preceding discussions,

USCIs and USCI-CFs for cyclic groups can be formulated by starting from such double cosets.

Let K be a cyclic subgroup of a given group G and H be a subgroup of G. Then, the

following double coset decomposition is obtained:

G = Hg1K+Hg2K+ · · ·+HgnH,KK (47)

where g1(= I), g2, . . ., gnH,K are representatives selected from G. The symbol (H\)G/K is used

to denote the set of double cosets appearing in the right-hand side of Eq. 47 as follows:

(H\)G/K = {Hg1K, Hg2K, · · · , HgnH,KK}, (48)

which corresponds to the subduction of the coset representation at issue, i.e., (H\)G ↓ K. Then,

the USCI-CF is defined by the following equation,

Z((H\)G/K,$di) =
nH,K

∏
i=1

$di , (49)

where each sphericity index $di is selected to be cdi , adi , or bdi in accord with the sphericity

of the corresponding double coset (HgiK) characterized by Theorem 4, 5, or 6 and where the

subscript is calculated to be di = |K|/|g−1
i Hgi ∩K| (see Corollary 1, 2, or 3).

The Oh group has a non-redundant set of cyclic subgroups (SCSG) according to [4] as

follows:

SCSGOh =
{

C1,C2,C′
2,Cs,C′

s,Ci,C3,C4,S4,C3i
}

, (50)

where each cyclic subgroup consists of operations selected from Table 1 as follows:

C1 = {I} = {1} (51)

C2 = {I,C2(1)} = {1,2} (52)

C′
2 = {I,C′

2(1)} = {1,16} (53)

Cs = {I,σh(3)} = {1,26} (54)

C′
s = {I,σd(1)} = {1,37} (cf. Eq. 28) (55)

Ci = {I, i} = {1,25} (56)

C3 = {I,C3(1),C
2
3(1)} = {1,5,9} (57)

C4 = {I,C4(1),C2(1),C
3
4(1)} = {1,20,2,19} (58)

S4 = {I,S4(1),C2(1),S
3
4(1)} = {1,43,2,44} (59)

C3i = {I,C3(1),C
2
3(1), i,S

5
6(1),S6(1)} = {1,5,9,25,29,33} (cf. Eq. 17). (60)

Among them, for example, the C3i-group linked to Eq. 21 (Eq. 27) is found to have a

USCI-CF c2c6 by using Eq. 49, because the application of Eq. 48 to the present case gives the

following set of double cosets:

(C3v\)Oh/C3i = {
[1,5]

C3vIC3i,
[2,3,4,6,7,8]

C3vC2(1)C3i}, (61)
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where the number set [1,5] for representing contained cosets corresponds to c2, while the num-

ber set [2,3,4,6,7,8] corresponds to c6. Similarly, Eq. 29 (Eq. 38) gives a USCI-CF a4
1c2

2 for C′
s,

and Eq. 39 (Eq. 46) gives a USCI-CF b2
1b2

3 for C3.

To obtain a full set of such USCI-CFs, the double coset decompositions for the cyclic sub-

groups of SCSGOh are listed as follows:

Oh =
[1]

C3vIC1 +
[2]

C3vC2(1)C1 + · · ·+
[8]

C3vσh(1)C1 (b8
1) (62)

Oh =
[1,2]

C3vIC2 +
[3,4]

C3vC2(2)C2 +
[5,6]

C3viC2 +
[7,8]

C3vσh(1)C2 (b4
2) (63)

Oh =
[1,8]

C3vIC′
2 +

[2,6]
C3vC2(1)C′

2 +
[3,7]

C3vC2(2)C′
2 +

[4,5]
C3vC2(3)C′

2 (b4
2) (64)

Oh =
[1,6]

C3vICs +
[2,5]

C3vC2(1)Cs +
[3,8]

C3vC2(2)Cs +
[4,7]

C3vC2(3)Cs (c4
2) (65)

Oh =
[1]

C3vIC′
s +

[2,3]
C3vC2(1)C′

s +
[4]

C3vC2(3)C′
s +

[5]
C3viC′

s

+
[6,7]

C3vσh(3)C′
s +

[8]
C3vσh(1)C′

s (a4
1c2

2) (cf. Eq. 29) (66)

Oh =
[1,5]

C3vICi +
[2,6]

C3vC2(1)Ci +
[3,7]

C3vC2(2)Ci +
[4,8]

C3vC2(3)Ci (c4
2) (67)

Oh =
[1]

C3vIC3 +
[2,3,4]

C3vC2(1)C3 +
[5]

C3viC3 +
[6,7,8]

C3vσh(3)C3 (b2
1b2

3) (cf Eq. 39) (68)

Oh =
[1,2,7,8]
C3vIC4 +

[3,4,5,6]
C3vC2(2)C4 (b2

4) (69)

Oh =
[1,2,3,4]
C3vIS4 +

[5,6,7,8]
C3viS4 (c2

4) (70)

Oh =
[1,5]

C3vIC3i +
[2,3,4,6,7,8]

C3vC2(1)C3i (c2c6) (cf Eq. 21) (71)

The numbers surrounded by a pair of brackets in the respective right-hand sides represent a

set of cosets (cf. Eq. 9) contained in each double coset. The number of cosets contained in

each double cosets, i.e., the size of the number set in each pair of brackets in Eqs. 62–71, can

be calculated by Theorems 4–6 and Corollaries 1–3. Thereby, the USCI-CF (the product of

sphericity indices) for each double coset decomposition (Eqs. 62–71) can be obtained by Eq. 49

combined with Corollaries 1–3. The resulting USCI-CFs are shown in the pairs of parentheses

of Eqs. 62–71.
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3 Double Coset Representations

3.1 Achiral Subgroups and Their Maximum Chiral Subgroups
3.1.1 Divisions of Double Cosets

According to the formulation of [32], the data shown in Eqs. 22 and 23 are combined with Eq.

10 so as to give a set of double cosets:

C3v\Oh/C3i =
{ f (1)

C3vIC3i,
f (2)

C3vC2(1)C3i,
f (3)

C3vC2(2)C3i,
f (4)

C3vC2(3)C3i,

f (5)
C3viC3i,

f (6)
C3vσh(3)C3i,

f (7)
C3vσh(1)C3i,

f (8)
C3vσh(2)C3i,

}
. (72)

It should be noted that the set of double cosets represented by Eq. 72 (i.e., C3v\Oh/C3i) is

different from the counterpart represented by Eq. 61 (i.e., (C3v\)Oh/C3i). Thus, two or more

double cosets appearing in Eq. 72 (i.e., C3v\Oh/C3i) may coalesce to give one set appearing in

Eq. 61 (i.e., (C3v\)Oh/C3i), when they are equal to one another:

f (1)
C3vIC3i =

f (5)
C3viC3i (73)

f (2)
C3vC2(1)C3i =

f (3)
C3vC2(2)C3i =

f (4)
C3vC2(3)C3i =

f (6)
C3vσh(3)C3i

=
f (7)

C3vσh(1)C3i =
f (8)

C3vσh(2)C3i, (74)

because Eq. 72 adopts the same representatives as found in the set of right cosets (Eq. 9). When

the numbering for the right cosets (1,2, · · · ,8) in Eq. 9 corresponds to the numbering for the

double cosets ( f (1), f (2), · · · , f (8)) in Eq. 72, we find the following relationships:

f (1) = f (5) =
[1,5]

C3vIC3i (75)

f (2) = f (3) = f (4) = f (6) = f (7) = f (8) =
[2,3,4,6,7,8]

C3vC2(1)C3i. (76)

Each double coset C3vgiC3i (gi = I,C2(1), . . . ,σh(1)) contained in the set of double cosets

C3v\Oh/C3i (Eq. 72) is converted by using g (∈ Oh) into another double coset C3vgigC3i,

which is also contained in the set of double cosets C3v\Oh/C3i (Eq. 72). Hence, the following

permutation is obtained according to the formulation of [32]:

g ∼ q[R]
g =(

C3vIC3i C3vC2(1)C3i · · · C3vσh(1)C3i

C3vIgC3i C3vC2(1)gC3i · · · C3vσh(1)gC3i

)
(77)

=

(
f (1) f (2) · · · f (8)

f (tg1) f (tg2) · · · f (tg8)

)
. (78)

When g runs over all of the elements of Oh, there appears a set of permutations, which is called

a double coset representation:

(C3v\)Oh(/C3i) =
{

q[R]
g

∣∣∣∣∀g ∈ Oh

}
(79)
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Table 2: C3i-Part of the Double Coset Representation (C3v\)Oh(/C3i)

operation f (1) f (2) f (3) f (4) f (5) f (6) f (7) f (8) permutation

I f (1) f (2) f (3) f (4) f (5) f (6) f (7) f (8) (1)(2)(3)(4)(5)(6)(7)(8)

C3(1) f (1) f (4) f (2) f (3) f (5) f (8) f (6) f (7) (1)(2 4 3)(5)(6 8 7)

C2
3(1) f (1) f (3) f (4) f (2) f (5) f (7) f (8) f (6) (1)(2 3 4)(5)(6 7 8)

i f (5) f (6) f (7) f (8) f (1) f (2) f (3) f (4) (1 5)(2 6)(3 7)(4 8)
S5

6(1) f (5) f (8) f (6) f (7) f (1) f (4) f (2) f (3) (1 5)(2 8 3 6 4 7)

S6(1) f (5) f (7) f (8) f (6) f (1) f (3) f (4) f (2) (1 5)(2 7 4 6 3 8)

where the symbol (C3v\)Oh(/C3i) is used in accord with [32].

It should be emphasized that the coalescence of C3v\Oh/C3i (Eq. 72) into (C3v\)Oh/C3i
(Eq. 61) is reinterpreted by the transitivity of the double coset representation of Eq. 79. This fact

is more clearly demonstrated by taking account of the C3i-part of the double coset representation

(C3v\)Oh(/C3i), as shown in Table 2.

Table 2 shows the C3i-part of the double coset representation (C3v\)Oh(/C3i), which is gen-

erated by running g over C3i. Obviously, the resulting set of permutations is essentially equiva-

lent to the subduction (C3v\)Oh ↓C3i shown in Eq. 27. Note that the subduction (C3v\)Oh ↓C3i
selects the permutations of C3i from the right coset representation (C3v\)Oh (Table 1). These

permutation are equal to those shown in Table 2.

The data shown in Eqs. and 40–43 are combined with Eq. 10 so as to give a set of double

cosets:

C3v\Oh/C3 =
{ f ′(1)

C3vIC3,
f ′(2)

C3vC2(1)C3,
f ′(3)

C3vC2(2)C3,
f ′(4)

C3vC2(3)C3,

f ′(5)
C3viC3,

f ′(6)
C3vσh(3)C3,

f ′(7)
C3vσh(1)C3,

f ′(8)
C3vσh(2)C3,

}
. (80)

Note that two or more double cosets may be equal to one another:

f ′(1)
C3vIC3 �=

f ′(5)
C3viC3 (81)

f ′(2)
C3vC2(1)C3 =

f ′(3)
C3vC2(2)C3 =

f ′(4)
C3vC2(3)C3 (82)

f ′(6)
C3vσh(3)C3 =

f ′(7)
C3vσh(1)C3 =

f ′(8)
C3vσh(2)C3, (83)

because Eq. 72 adopts the same representatives as found in the set of right cosets (Eq. 9). When

the numbering for the right cosets (1,2, · · · ,8) in Eq. 9 corresponds to the numbering for the

double cosets ( f ′(1), f ′(2), · · · , f ′(8)) in Eq. 80, we find the following relationships:

f ′(1) = C3vIC3 (84)

f ′(5) = C3viC3 (85)

f ′(2) = f ′(3) = f ′(4) = C3vC2(1)C3 (86)

f ′(6) = f ′(7) = f ′(8) = C3vσh(3)C3. (87)
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Table 3: C3-Part of the Double Coset Representation (C3v\)Oh(/C3)

operation f ′(1) f ′(2) f ′(3) f ′(4) f ′(5) f ′(6) f ′(7) f ′(8) permutation

I f ′(1) f ′(2) f ′(3) f ′(4) f ′(5) f ′(6) f ′(7) ′ f (8) (1)(2)(3)(4)(5)(6)(7)(8)

C3(1) f ′(1) f ′(4) f ′(2) f ′(3) f ′(5) f ′(8) f ′(6) f ′(7) (1)(2 4 3)(5)(6 8 7)

C2
3(1) f ′(1) f ′(3) f ′(4) f ′(2) f ′(5) f ′(7) f ′(8) f ′(6) (1)(2 3 4)(5)(6 7 8)

The comparison between Eq. 21 and Eq. 39 or between the set of Eqs. 22 and 23 and the set of

Eqs. 40–43 provides the following relationships:

C3vIC3i = C3vIC3 +C3viC3 (88)

C3vC2(1)C3i = C3vC2(1)C3 +C3vσh(3)C3, (89)

which are consistent with the enantiospheric case of Eq. 52 of [32]. Hence, the double cosets

C3vIC3i and C3vC2(1)C3i are both concluded to be enantiospheric.

In a parallel way to Eq. 79, a double coset representation (C3v\)Oh(/C3) can be constructed

on the basis of the set of double cosets C3v\Oh/C3 (Eq. 80). Table 3 shows the C3-part of the

double coset representation (C3v\)Oh(/C3). The resulting set of permutations is essentially

equivalent to the subduction (C3v\)Oh ↓ C3.

These results are consistent with Theorem 2 of [31], which provides the following subduc-

tion:

(C3v\)Oh ↓ C3 = (I−1C3vI ∩C3\)C3 +(i−1C3vi∩C3\)C3

+(C−1
2(1)C3vC2(1)∩C3\)C3 +(σ−1

h(3)C3vσh(3)∩C3\)C3

= 2(C3\)C3 +2(C1\)C3, (90)

where the coset representations in the right-hand side correspond to the double cosets shown in

the right-hand side of Eq. 39.

3.1.2 Sphericities of Double Cosets for Cyclic Groups and for General Cases

The discussions for cyclic subgroups described in the preceding paragraphs shall be correlated

to the original definitions of sphericities of double cosets for aiming more general cases [32].

Let G be an achiral group, H be an achiral or a chiral subgroup of G, and K be an achiral

cyclic group of G. Then, let us examine a double coset HgK for a given element g (∈ G). When

K′ is the maximum chiral subgroup of K, we obtain the following coset decomposition of K by

K′:
K = K′ +σK′, (91)

where the symbol σ denotes an improper rotation (rotoreflection), satisfying σ ∈ K and σ �∈ K′.
Thereby, there appear at most two double cosets:

HgK = HgK′ ∪HgσK′ (92)

where |HgK′|= |HgσK′| with respect to the numbers of contained cosets, and where HgK′ and

HgσK′ may be equal or not.
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1. Suppose that the double coset HgK is enantiospheric according to Theorem 4, where

HgK contains an even number of right cosets. Then, Theorem 4 allows us to select a

chiral K′′ = g−1Hg∩K (⊂ K′). Thereby, the right coset decomposition of K by K′′ is

represented as follows:

K = K′′g1 +K′′g2 + · · ·+K′′gr︸ ︷︷ ︸
K′

+K′′gr+1 +K′′gr+2 + · · ·+K′′g2r︸ ︷︷ ︸
σK′

. (93)

where each g j for j = 1,2, . . . ,r is a proper rotation contained in G, while each g j for j =
r + 1,r + 2, . . . ,2r is an improper rotation. Because K′ is the maximum chiral subgroup

of K and because K′′ is chiral, we are able to place K′′g j+r = σK′′g j for j = 1,2, . . . ,r.

Thereby, Eq. 93 is divided into two parts:

K′ = K′′g1 +K′′g2 + · · ·+K′′gr (94)

σK′ = K′′gr+1 +K′′gr+2 + · · ·+K′′g2r (95)

For all k′′ ∈ K′′(= g−1Hg ∩ K), it is represented by k′′ = g−1hg, where we select an

appropriate element h ∈ H. Hence, we obtain:

Hgk′′g j = Hg(g−1hg)g j = Hhgg j = Hgg j (96)

for g j ( j = 1,2, . . . ,r,r+1, . . . ,2r). Because k′′ runs over K′′, Eq. 96 means the following

relationship:

HgK′′g j = Hgg j (97)

for g j ( j = 1,2, . . . ,r,r +1, . . . ,2r). This equation is combined with Eqs. 94 and 95 so as

to give the following equations:

HgK′ = HgK′′g1 +HgK′′g2 + · · ·+HgK′′gr

= Hgg1 +Hgg2 + · · ·+Hggr (98)

HgσK′ = HgK′′gr+1 +HgK′′gr+2 + · · ·+HgK′′g2r

= Hggr+1 +Hggr+2 + · · ·+Hgg2r (99)

Eqs. 98 and 99 indicate that the double coset HgK′ contains r right cosets while the

double coset HgσK′ contains r right cosets and that HgK′ �= HgσK′. Hence, Eq. 92 is

represented by a disjoint union:

HgK = HgK′ +HgσK′. (100)

As for examples, see Eqs. 88 and 89, where we place G = Oh, H = C3v, K = C3i, K′ = C3,

and K′′ = C1. The double coset HgK contains 2r right cosets where r = |K′|/|K′′|. It fol-

lows that the double coset HgK contains an even number of right cosets. This conclusion

is consistent with the formulation of enantiospheric double cosets described in Section

3.1 of [32].

2. Suppose that the double coset HgK is homospheric according to Theorem 5, where HgK
contains an odd number of right cosets. Let us presume HgK′ �= HgσK′ for Eq. 92.

Then, we should postulate Eq. 100 as well as |HgK′| = |HgσK′| (equal numbers of right
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cosets). This means that HgK is forced to contain an even number of right cosets. This is

inconsistent with the homosphericity of the double coset HgK. Hence, we obtain:

HgK = HgK′. (101)

As for examples, see Eqs. 30, 32, 33, and 35, where the maximum chiral subgroup of C′
s

is C1 = {I}. This conclusion is consistent with the formulation of homospheric double

cosets described in Section 3.1 of [32].

3.2 Symmetry Lowering
By lowering the achiral C3i into the chiral C3 (Eq. 21 → Eq. 39 or Eq. 27 → Eq. 90), each
double coset due to C3i is divided into two parts, which are in an enantiomeric relationship in
isolation. This process is symbolically represented as follows:

{ f (1), f (5)} −→ { f ′(1)}+{ f ′(5)} (102)

{ f (2), f (3), f (4), f (6), f (7), f (8)} −→ { f ′(2), f ′(3), f ′(4)}+{ f ′(6), f ′(7), f ′(8)}. (103)

These equations mean that each function f (i) (or f ′(i)) assigned to a double coset represents a

ligand (strictly speaking, proligand [2]) to be attached on the position i (i = 1,2, . . . ,8). When

the symbols p/p and q/q represent pairs of enantiomeric ligands in isolation, Eqs. 75 and 76

combined with Eqs. 84–87 can be rewritten as follows:

f (1) = p (104)

f (5) = p (105)

f (2) = f (3) = f (4) = q (106)

f (6) = f (7) = f (8) = q, (107)

where Eqs. 75 and 76 hold true under the action of C3i, while Eqs. 84–87 hold true under the

action of C3 after attached by primes. As a result, the substitutions of ligands p/p and q/q to the

8 positions of the cubane skeleton (1 in Fig. 1) according to Eqs. 104–107 generate a C3i-cubane

derivative (2), as depicted in Fig. 2.

p q

qq
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q

q
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3 5

2
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X
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2
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Figure 2: C3i-Cubane derivatives

It should be noted that other modes of substitution for generating C3i-cubane derivatives

are permissible. For example, Eqs. 75 and 76 combined with Eqs. 84–87 can be rewritten in
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another way as follows:

f (1) = p (108)

f (5) = p (109)

f (2) = f (3) = f (4) = X (110)

f (6) = f (7) = f (8) = X(= X). (111)

where the symbol X denotes an achiral ligand in isolation. In the light of these equations, Eqs.

75 and 76 hold true under the action of C3i, while Eqs. 84–87 hold true under the action of

C3 after attached by primes. Note that the achiral ligand X is converted into its hypothetical

mirror-image ligand X, which is equal to the original X. As a result, the substitutions of ligands

p/p and X to the 8 positions of the cubane skeleton (1 in Fig. 1) according to Eqs. 108–111

generate another C3i-cubane derivative (3), as depicted in Fig. 2.

The full list of the double coset representation (C3v\)Oh(/C3i), which is generated by run-

ning g over Oh, is shown in the form of a reordered multiplication table of Oh (Table 4). Note

that respective columns of Table 4 are categorized by means of a left coset decomposition of

Oh by C3i:

Oh = IC3i +C2(1)C3i +C2(2)C3i +C2(3)C3i +σd(1)C3i +σd(6)C3i +σd(4)C3i +σd(5)C3i, (112)

while respective rows are categorized by means of a right coset decomposition of Oh by C3v
(Eq. 10). Each row of Table 2 appears as each column of the first left coset (IC3i).

3.3 Number of Fixed Molecules
Let us consider the following function:

fI = { f (1), f (2), f (3), f (4), f (5), f (6), f (7), f (8)} (113)

which corresponds to the first I-column (column No. 1) of Table 4 (equivalently the I-row of

Table 2). Thereby, the function fI , which corresponds to the double coset C3vIgC3i (g = I),

can be considered to represent the starting molecule 2 (or 3) shown in Fig. 2 via Eqs. 104–107

(or Eqs. 108–111). When g runs over the group C3i, the columns corresponding to the double

cosets C3vIgC3i (g ∈ IC3i) leave 2 (or 3) to be fixed. In other words, the function:

fg = { f (tg1), f (tg2), f (tg3), f (tg4), f (tg5), f (tg6), f (tg7), f (tg8)} (114)

for g ∈ IC3i represents such an fixed molecule which cannot be distinguished from the starting

molecule 2 (or 3), although the modes of numbering are changed in accord with g.

To fix fg (g ∈ IC3i), Eq. 27 (or Eq. 21) indicates that the corresponding enantiospheric

orbits accommodate two ligands (Eq. 75) and six ligands (Eq. 76) respectively so as to satisfy

the product of sphericity indices, c2c6. Note that the product of sphericity indices, c2c6, is

equivalent to the USCI-CF (unit subduced cycle index with chirality fittingness) formulated by

the USCI approach [2]. To evaluate the number of fixed molecules (functions) by selecting two

or six ligands from a ligand inventory:

L = {H,X,p,p,q,q}, (115)
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Table 4: Reordered Multiplication Table of Oh Showing (C3v\)Oh(/C3i)

1st operation

right cosets 1 5 9252933 2 811263235 3 612273036 4 710283134 374145131721 404346161922 424839182415 473844231420

by C3v 2nd left cosets by C3i

(position) operation IC3i C2(1)C3i C2(2)C3i C2(3)C3i σd(1)C3i σd(6)C3i σd(4)C3i σd(5)C3i

p (p) q (q) q (q) q (q) p (p) q (q) q (q) q (q)

I 1 1 5 9252933 2 811263235 3 612273036 4 710283134 374145131721 404346161922 424839182415 473844231420

C3(1) 5 5 9 1293325 612 3303627 710 4313428 811 2323526 453741211317 483942241518 384447142023 434640192216

C3vI C2
3(1) 9 9 1 5332529 10 4 7342831 11 2 8353632 12 3 6362730 414537172113 444738202314 464043221619 394248151824

(pos. 1) σd(1) 37 374145131721 384447142023 394248151824 404346161922 1 5 9252933 4 710283134 612 3303627 11 2 8352632

σd(2) 41 414537172113 424839182415 434640192216 444738202314 9 1 5332529 12 3 6362730 2 811263235 710 4313428

σd(3) 45 453741211317 464043221619 473844231420 483942241518 5 9 1293325 811 2323526 10 4 7342831 3 612273036

q (q) p (q) q (q) q (q) q (q) q (q) p (p) q (q)

C2(1) 2 2 811263235 1 5 9252933 4 710283134 3 612273036 394248151824 384447142023 414537172113 464043221619

C3(3) 6 612 3303627 5 9 1293325 811 2323526 710 4313428 473844231420 464043221619 374145131721 424839182415

C3vC2(1) C2
3(4) 10 10 4 7342831 9 1 5332529 12 3 6362730 11 2 8352632 434640192216 424839182415 453741211317 384447142023

(pos. 2) S3
4(3) 38 384447142023 374145131721 404346161922 394248151824 3 612273036 2 811263235 5 9 1293325 10 4 7342831

σd(4) 42 424839182415 414537172113 444738202314 434640192216 11 2 8352632 10 4 7342831 1 5 9252933 612 3303627

S4(2) 46 464043221619 453741211317 483942241518 473844231420 710 4313428 612 3303627 9 1 5332529 2 811263235

q (q) q (q) p (p) q (q) q (q) q (q) q (q) p (p)

C2(2) 3 3 612273036 4 710283134 1 5 9252933 2 811263235 384447142023 394248151824 434640192216 453741211317

C3(2) 7 710 4313428 811 2323526 5 9 1293325 612 3303627 464043221619 473844231420 394248151824 414537172113

C3vC2(2) C2
3(3) 11 11 2 8352632 12 3 6362730 9 1 5332529 10 4 7342831 424839182415 434640192216 473844231420 374145131721

(pos. 3) S4(3) 39 394248151824 404346161922 374145131721 384447142023 2 811263235 3 612273036 710 4313428 9 1 5332529

S4(1) 43 434640192216 444738202314 414537172113 424839182415 10 4 7362831 11 2 8352632 3 612273034 5 9 1293325

σd(5) 47 473844231420 483942241518 453741211317 464043221619 612 3303627 710 4313428 11 2 8352632 1 5 9252933

q (q) q (q) q (q) p (q) q (q) p (p) q (q) q (q)

C2(3) 4 4 710283134 3 612273036 2 811263235 1 5 9252933 404346161922 374145131721 444738202314 483942241518

C3(4) 8 811 2323526 710 4313428 612 3303627 5 9 1293325 483942241518 453741211317 404346161922 444738202314

C3vC2(3) C2
3(2) 12 12 3 6362730 11 2 8352632 10 4 7342831 9 1 5332529 444738202314 414537172113 483942241518 404346161922

(pos. 4) σd(6) 40 404346161922 394248151824 384447142023 374145131721 4 710283134 1 5 9252933 811 2323526 12 3 6362730

S3
4(1) 44 444738202314 434640192216 424839182415 414537172113 12 3 6342730 9 1 5332529 4 710283136 811 2323526

S3
4(2) 48 483942241518 473844231420 464043221619 453741211317 811 2323526 5 9 1293325 12 3 6362730 4 710283134

p (p) q (q) q (q) q (q) p (p) q (q) q (q) q (q)

i 25 252933 1 5 9 263235 2 811 273036 3 612 283134 4 710 131721374145 161922404346 182415424839 231420473844

S5
6(1) 29 293325 5 9 1 303627 612 3 313428 710 4 323526 811 2 211317453741 241518483942 142023384447 192216434640

C3vi S6(1) 33 332529 9 1 5 34283110 4 7 35363211 2 8 36273012 3 6 172113414537 202314444738 221619464043 151824394248

(pos. 5) C′
2(6) 13 131721374145 142023384447 151824394248 161922404346 252933 1 5 9 283134 4 710 303627 612 3 35263211 2 8

C′
2(4) 17 172113414537 182415424839 192216434640 202314444738 332529 9 1 5 36273012 3 6 263235 2 811 313428 710 4

C′
2(5) 21 211317453741 221619464043 231420473844 241518483942 293325 5 9 1 323526 811 2 34283110 4 7 273036 3 612

q (q) p (p) q (q) q (q) q (q) q (q) p (p) q (q)

σh(3) 26 263235 2 811 252933 1 5 9 283134 4 710 273036 3 612 151824394248 142023384447 172113414537 221619464043

S5
6(3) 30 303627 612 3 293325 5 9 1 323526 811 2 313428 710 4 231420473844 221619464043 131721374145 182415424839

C3vσh(3) S6(4) 34 34283110 4 7 332529 9 1 5 36273012 3 6 35263211 2 8 192216434640 182415424839 211317453741 142023384447

(pos. 6) C4(3) 14 142023384447 131721374145 161922404346 151824394248 273036 3 612 263235 2 811 293325 5 9 1 34283110 4 7

C′
2(2) 18 182415424839 172113414537 202314444738 192216434640 35263211 2 8 34283110 4 7 252933 1 5 9 303627 612 3

C3
4(2) 22 221619464043 211317453741 241518483942 231420473844 313428 710 4 303627 612 3 332529 9 1 5 263235 2 811

q (q) q (q) p (p) q (q) q (q) q (q) q (q) p (p)

σh(2) 27 273036 3 612 283134 4 710 252933 1 5 9 263235 2 811 142023384447 151824394248 192216434640 211317453741

S5
6(2) 31 313428 710 4 323526 811 2 293325 5 9 1 303627 612 3 221619464043 231420473844 151824394248 172113414537

C3vσh(2) S6(3) 35 35263211 2 8 36273012 3 6 332529 9 1 5 34283110 4 7 182415424839 192216434640 231420473844 131721374145

(pos. 7) C3
4(3) 15 151824394248 161922404346 131721374145 142023384447 263235 2 811 273036 3 612 313428 710 4 332529 9 1 5

C3
4(1) 19 192216434640 202314444738 172113414537 182415424839 36283110 4 7 35263211 2 8 273034 3 612 293325 5 9 1

C′
2(3) 23 231420473844 241518483942 211317453741 221619464043 303627 612 3 313428 710 4 35263211 2 8 252933 1 5 9

q (q) q (q) q (q) p (p) q (q) p (p) q (q) q (q)

σh(1) 28 283134 4 710 273036 3 612 263235 2 811 252933 1 5 9 161922404346 131721374145 202314444738 241518483942

S5
6(4) 32 323526 811 2 313428 710 4 303627 612 3 293325 5 9 1 241518483942 211317453741 161922404346 202314444738

C3vσh(1) S6(2) 36 36273012 3 6 35263211 2 8 34283110 4 7 332529 9 1 5 202314444738 172113414537 241518483942 161922404346

(pos. 8) C′
2(1) 16 161922404346 151824394248 142023384447 131721374145 283134 4 710 252933 1 5 9 323526 811 2 36273012 3 6

C4(1) 20 202314444738 192216434640 182415424839 172113414537 34273012 3 6 332529 9 1 5 283136 4 710 323526 811 2

C4(2) 24 241518483942 231420473844 221619464043 211317453741 323526 811 2 293325 5 9 1 36273012 3 6 283134 4 710
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we use the following ligand-inventory functions:

ad = Hd +Xd (116)

bd = Hd +Xd +pd +pd +qd +qd (117)

cd = Hd +Xd +2pd/2pd/2 +2qd/2qd/2 (118)

In this case, the last one is introduced into the product of sphericity indices, c2c6, so as to give

the following generating function:

c2c6 = (H2 +X2 +2pp+2qq)(H6 +X6 +2p3p3 +2q3q3) (119)

It should be noted that the C3i-group involves the C3-, Ci-, and C1-group as subgroups,

the numbers of fixed molecules evaluated by Eq. 119 contain duplicated contributions of the

subgroups. To avoid such duplications, we should take account of the following net contribution

of the C3i-group:

|C3i|− (|C3|− |C1|)− (|Ci|− |C1|)−|C1| = |C3i|− |C3|− |Ci|+ |C1| = 6−3−2+1 = 2

(120)

Because there are four conjugate C3i-subgroups in Oh (|Oh| = 48), the factor of the term c2c6

should be calculated as follows:
2×4

48
=

1

6
(121)

Similarly, the factors for the respective cyclic subgroups contained in SCSGOh (Eq. 50) are

calculated as follows:

C1 C2 C′
2 Cs C′

s Ci C3 C4 S4 C3i

mK
1
48

1
16

1
8

1
16

1
8

1
48

1
6

1
8

1
8

1
6

(122)

These factors appear in the form of mC3i etc. (generally mK) in the inverse mark table or the

inverse markaracter table of Oh (generally G) [4, 5], where they are obtained by the summation

of the C3i-row etc. (generally the K-row). For the inverse markaracter table of the Oh-group,

see Part II of this series.

4 Combinatorial Enumeration

4.1 DCR (Double Coset Representation) Method
Suppose that there appear α̃H sets of double cosets represented by Eq. 48, when H runs over

the SSGG.

P = ∑
H∈SSGG

α̃H(H\)G/K, (123)

where K is a cyclic subgroup which is tentatively fixed. The USCI-CF shown in Eq. 49 is used

to define the corresponding subduced cycle index (SCI) for a tentatively fixed K as follows:

SCI-CF(P;$di) = ∏
H∈SSGG

Z((H\)G/K,$di)
α̃H

= ∏
H∈SSGG

(
nH,K

∏
i=1

$di

)α̃H

(124)
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When the n positions of a given skeleton belongs to G via P, the following equation is obtained:

n = ∑
H∈SSGG

nH,K

∑
i=1

α̃Hdi (125)

The corresponding cycle index with chirality fittingness (CI-CF) is obtained by summing

up the SCI (Eq. 124) where K runs over SCSGG:

CI-CF(P;$di) = ∑
K∈SCSGG

mKSCI-CF(P;$di)

= ∑
K∈SCSGG

mK ∏
H∈SSGG

(Z((H\)G/K,$di))
α̃H

= ∑
K∈SCSGG

mK ∏
H∈SSGG

(
nH,K

∏
i=1

$di

)α̃H

, (126)

where mK is a factor calculated by summing up the values which appear in the K-row of the

inverse mark table.

On the basis of the CI-CF shown in Eq. 126, Theorem 1 of the Part II of the present series

(the extension of Theorem 5 of [5]), which was based on the subduction of coset representations,

can be written on the basis of double coset representations. Thereby, the following theorem for

the DCR (double-coset-representation) method is obtained:

Theorem 7 (Enumeration Based on Double Coset Representations (the DCR Method))
Suppose that the n positions of the above skeleton belonging to a point group G accommo-

date n proligands selected from the following proligand inventory:

X = {x1,x2, . . . ,xv;p1,p2, . . .pv;p1,p2, . . . ,pv} (127)

where each x� represents an achiral proligand and each pair of p� and p� represents an enan-

tiomeric pair of chiral proligands. Consider isomers having θ� of x�, θ ′
� of p�, and θ ′′

� of p�,

which are characterized by the formula:

Wθ =
v

∏
� = 1

x
θ�
�

v

∏
� = 1

p
θ ′
�

�

v

∏
� = 1

p
θ ′′
�

� (128)

where [θ ] represents a partition:

[θ ] :
v

∑
� = 1

θ� +
v

∑
� = 1

θ ′
� +

v

∑
� = 1

θ ′′
� = n (129)

Let the symbol Aθ denote the number of such isomers as having [θ ]. Then a generating function

for the gross number of isomers is represented by:

∑
[θ ]

AθWθ = CI-CF(P;$di) (130)
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where the CI-CF is represented by Eq. 126 and each $di (adi , bdi , or cdi) is substituted by either

one of the following ligand-inventory functions:

adi =
v

∑
� = 1

x
di
� (131)

bdi =
v

∑
� = 1

x
di
� +

v

∑
� = 1

p
di
� +

v

∑
� = 1

p
di
� (132)

cdi =
v

∑
� = 1

xdi
� +2

v

∑
� = 1

p
di/2
� p

di/2
� (133)

It should be noted here that Theorem 7 is equivalent to to Theorem 1 of Part II of this series

(the markaracter method) as well as to Theorem 1 of [23] (the proligand method), although they

are different in the formulations of USCI-CFs.

Let us consider the cubane skeleton 1, the eight positions of which accommodates an appro-

priate set of eight substituent selected from L (Eq. 115). By combining the USCI-CFs shown

in Eqs. 62–71 with the coefficients shown in Eq. 122, Eq. 126 is applied to this case so as to

generate the following CI-CF:

CI-CF(P,$d) =
1

48
b8

1 +
1

16
b4

2 +
1

8
b4

2 +
1

16
c4

2 +
1

8
a4

1c2
2 +

1

48
c4

2 +
1

6
b2

1b2
3 +

1

8
b2

4 +
1

8
c2

4 +
1

6
c2c6

=
1

48
b8

1 +
3

16
b4

2 +
1

6
b2

1b2
3 +

1

8
b2

4 +
1

12
c4

2 +
1

6
c2c6 +

1

8
a4

1c2
2 +

1

8
c2

4 (134)

Note that the cubane skeleton 1 has one orbit of eight positions, the corresponding SCI-CFs are

equal to the USCI-CFs shown in Eqs. 62–71. According to Theorem 7, the ligand-inventory

functions shown in Eqs. 116–118 are introduced into the CI-CF (Eq. 134). The resulting equa-

tion is expanded to give the following generating function:

f = H8 +H7X+
1

2
(H7p+H7p)+

1

2
(H7q+H7q)

+3H6X2 +
3

2
(H6Xp+H6Xp)+

3

2
(H6Xq+H6Xq)+

3

2
(H6p2 +H6p2)

+3H6pp+
3

2
(H6pq+H6pq)+

3

2
(H6pq+H6pq)+

3

2
(H6q2 +H6q2)+3H6qq

+3H5X3 +
7

2
(H5X2p+H5X2p)+

7

2
(H5X2q+H5X2q)+

7

2
(H5Xp2 +H5Xp2)

+9H5Xpp+7(H5Xpq+H5Xpq)+7(H5Xpq+H5Xpq)+
7

2
(H5Xq2 +H5Xq2)

+9H5Xqq+
3

2
(H5p3 +H5p3)+

7

2
(H5p2p+H5pp2)+

7

2
(H5p2q+H5p2q)

+
7

2
(H5p2q+H5p2q)+7(H5ppq+H5ppq)+ · · · (135)

where the coefficient of each term HhXxppppqqqq represents the number of cubane derivatives

as 3D-structural isomers having h of H, x of X, p of p, p of p q of q, and q of q,

Note that each pair of enantiomers is counted once as a 3D-structural isomer. Hence, terms

with a fractional coefficient in the generating function (Eq. 135) should be commented here.

For example, the term 3
2(H6Xp+H6Xp) corresponds to three pairs of enantiomers listed in Fig.

3 (4a/4b, 5a/5b, and 6a/6b), where the coefficient 3
2 should be interpreted to be 2× 3

2 . Note that
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Figure 3: Three enantiomeric pairs of chiral cubane derivatives of H5Xp/H5Xp
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Figure 4: Three achiral cubane derivatives of H6pp

H6Xp and H6Xp are degenerated to have the same molecular formula when p and p are reduced

into their constitutions.

On the other hand, the coefficient 3 of the term H6pp corresponds to three achiral cubane

derivatives depicted in Fig. 4. These derivatives are regarded as extended cases of meso-

compounds.

4.2 Comparison with Other Methods of Combinatorial Enumeration
4.2.1 Versus the Markaracter Method

The crux of the DCR method of the present article is to calculate USCI-CFs from the numbers

of right cosets contained in each double coset of a cyclic subgroup. Although its theoretical

framework is akin to the markaracter method described in Part II of this series, an essential

difference is that the markaracter method calculates USCI-CFs by means of the subduction
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of coset representations [4, 5]. It is important to point out an intimate relationship between

the two concepts, i.e., double coset representations and subduction of coset representations, as

exemplified by Table 2.

4.2.2 Versus the Proligand Method

The original version of the DCR method [32] uses products of sphericity indices (SIs) assigned

to respective operations, as shown in Table 1. This means that the formulation of the original

DCR method succeeds to the methodology of the proligand method, although the former is

based on sphericities of double cosets [32], while the latter is based on sphericities of cycles

[23–25] (cf. Part I of this series). Such products of SIs (Table 1) as adopted in the proligand

method as well as in the original DCR method are related to USCI-CFs assigned to double

cosets, as found in the present formulation of the DCR method.

As found in Table 1, the contribution of the C3i-group in the proligand method [23] is eval-

uated by the two elements, i.e., S6(1) (element no. 33) and S5
6(1) (element no. 29), each of which

is a generator of the cyclic group C3i. The two elements correspond to the value 2 calculated

by Eq. 120. The four sets of generators, i.e., {S6(1),S5
6(1)}, {S6(2),S5

6(2)}, {S6(3),S5
6(3)}, and

{S6(4),S5
6(4)} generate cyclic subgroups conjugate to C3i. It follows that the factor of the term

c2c6 is calculated on a similar line to Eq. 121 also in the proligand method.

5 Conclusions
In contrast to the original version of the DCR method [32] in which USCI-CFs has been based

on products of sphericity indices (SIs) assigned to respective operations, the present version

of DCR method is based on USCI-CFs calculated by sphericities of double cosets for cyclic

subgroups. Thereby, CI-CFs defined by starting from the latter USCI-CFs are used to conduct

gross enumeration of 3D-structural isomers, as exemplified by combinatorial enumeration of

cubane derivatives.
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