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Abstract

This paper presents a connection between some new results from the theory of sequence

spaces in functional analysis and physical chemistry and crystallography. We determine the first

and second β–duals of the sequence spaces v0(Λ) and v∞(Λ), and of the related spaces c0(Λ),

c(Λ) and c∞(Λ) of sequences that are Λ–strongly convergent to zero, Λ–strongly convergent and

Λ–strongly bounded. Furthermore we apply our results to crystallography, in particular to de-

termine the shape of Wulff’s crystals which in some cases can be considered as neighbourhoods in

certain metrizable topologies. Finally we use our own software for the graphical representations

of some or the crystals.

1 Introduction

This paper deals with two topics, namely the study of some new sequence spaces and an

application of our new results to physical chemistry and crystallography to determine the

shape of certain Wulff’s crystals with a surface energy function related to the metric of

our sequence spaces. Wulff’ shapes appear in the formation of a droplet or a crystal of

one substance inside another one.

We also use our own software in the graphical representations of some of the crystals

and their surface energy functions.
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The set c(Λ) of Λ–strongly convergent sequences was first introduced by Mòricz [1].

This set and the sets c0(Λ) and c∞(Λ) of sequences that are Λ–strongly convergent to zero

and Λ–strongly bounded were studied in [2]. Here we also consider the sets v0(Λ) and

v∞(Λ) which are closely related to c0(Λ) and c∞(Λ). All these sets, with the exception of

c(Λ), can be considered as the matrix domains of triangles in the sets w0(Λ) and w∞(Λ)

that were recently studied in [3].

We determine the first and second β–duals of the spaces v0(Λ), v∞(Λ), c0(Λ), c(Λ)

and c∞(Λ).

Our results have an interesting and important application in crystallography, in par-

ticular in the growth of crystals. According to Wulff’s principle [4], the shape of a crystal

is uniquely determined by its surface energy function. A surface energy function is a

real–valued function depending on a direction in space. We will see that if the surface

energy function is given by a norm then the shape of the corresponding crystal is given

by a neighbourhood in the dual norm.

We developed our own software package which, among other things, enables us to

graphically represent Wulff’s crystals and their corresponding surface energy functions.

We emphasize that all the graphics in this paper were created with our software.

2 Notations and Known Results

Let ω denote the set of all complex sequences x = (xk)
∞
k=0, and �∞, c, c0 and φ be the sets

of all bounded, convergent, null and finite sequences; also let cs, bs and �1 denote the sets

of all convergent, bounded and absolutely convergent series. Finally, let U be the set of

all sequences u = (uk)
∞
k=0 with uk �= 0 for all k. We write e and e(n) (n = 0, 1, . . . ) for the

sequences with ek = 1 for all k, and e
(n)
n = 1 and e

(n)
k = 0 for k �= n. Let x, y ∈ ω. Then

we write x · y = (xkyk)
∞
k=0; if u ∈ U , then x/u = (xk/uk)

∞
k=0, in particular, 1/u = e/u.

An FK spaceX is a complete linear metric sequence space with continuous coordinates

Pn : X → |C (n = 0, 1, . . . ) where Pn(x) = xn for all x = (xk)
∞
k=0 ∈ X; a BK space is

an FK space whose metric is given by a norm. An FK space X is said to have AK if

x =
∑∞

k=0xke
(k) for each sequence x = (xk)

∞
k=0 ∈ X, that is, x[m] → x (m → ∞) for the

m–section x[m] =
∑m

k=0 xke
(k) of the sequence x.

Let X be a subset of ω, and z be a sequence. Then we write z−1 ∗ X = {x ∈ ω :

x · z ∈ X}, and Xβ = {a ∈ ω : a · x ∈ cs for all x ∈ X} for the β–dual of X. We note
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that obviously (
u−1 ∗X)β = (1/u)−1 ∗Xβ for each u ∈ U . (2.1)

Let A = (ank)
∞
n,k=0 be an infinite matrix of complex numbers, x ∈ ω, and X and Y

be subsets of ω. We write An = (ank)
∞
k=0 (n = 0, 1, . . . ) and Ak = (ank)

∞
n=0 (k = 0, 1, . . . )

for the sequences in the nth row and the kth column of A, and Anx =
∑∞

k=0ankxk and

Ax = (Anx)
∞
n=0 provided the series converge for all n. The set XA = {x ∈ ω : Ax ∈ X} is

called the matrix domain of A in X. We write (X, Y ) for the set of all infinite matrices

A that map X into Y , that is, for which XA ⊂ Y .

Let X be a Banach space and BX = {x ∈ X : ‖x‖ ≤ 1} be the closed unit ball in X.

As usual, X∗ denotes the continuous dual of X with the norm ‖f‖ = sup{|f(x)| : x ∈ BX}
for all f ∈ X∗.

Let a be a sequence and X be a normed sequence space. Then we write

‖a‖∗X = sup
x∈BX

∣∣∣∣∣
∞∑
k=0

akxk

∣∣∣∣∣
provided the expression on the righthand side exists and is finite which is the case whenever

X is a BK space and a ∈ Xβ by [5, Theorem 7.2.9].

Let Δ = (Δnk)
∞
n,k=0 be the matrix of the first difference, that is, Δnn = 1, Δn,n−1 = −1

and Δnk = 0 otherwise. We will use the convention throughout that any term with a

negative subscript is equal to zero.

A non–decreasing sequence Λ = (λn)
∞
n=0 of positive reals is said to be exponentially

bounded if there is an integer m ≥ 2 such that for all non–negative integers ν there is at

least one term λn in the interval I
(ν)
m = [mν ,mν+1 − 1] ([2]). It is known ([2, Lemma 1])

that a non–decreasing sequence Λ = (λn)
∞
n=0 of positive reals is exponentially bounded if

and only if there are reals s, t ∈ (0, 1) with s ≤ t such that for some subsequence (λn(ν))
∞
ν=0

s ≤ λn(ν)

λn(ν+1)

≤ t for all ν = 0, 1, . . . ; (2.2)

such a subsequence is called an associated subsequence.

Throughout, let μ = (μn)
∞
n=0 be a non–decreasing sequence of positive reals tending

to infinity. Furthermore, let Λ = (λn)
∞
n=0 be an exponentially bounded sequence, and

(λn(ν))
∞
ν=0 be an associated subsequence with λn(0) = λ0. We write K<ν> (ν = 0, 1, . . . )

for the set of all integers k with n(ν) ≤ k ≤ n(ν + 1)− 1, and
∑

ν and maxν for the sum

and maximum taken over all indices k ∈ K<ν>. Given any sequence x, we write

σ̃(μ, |x|) = (σ̃n(μ, |x|))∞n=0 , σ(Λ, |x|) = (σν(Λ, |x|))∞ν=0
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and

τ(λ, |x|) = (τν(Λ, |x|))∞ν=0

for the sequences with

σ̃n(μ, |x|) = 1

μn

n∑
k=0

|xk| (n = 0, 1, . . . ),

σν(Λ, |x|) = 1

λn(ν+1)

∑
ν |xk| and τν(Λ, |x|) = λn(ν+1)maxν |xk| (ν = 0, 1, . . . ).

We consider the sets w̃0(μ) = {x ∈ ω : σ̃(μ, |x|) ∈ c0}, w̃∞(μ) = {x ∈ ω : σ̃(μ, |x|) ∈ �∞},
w0(Λ) = {x ∈ ω : σ(Λ, |x|) ∈ c0}, w∞(Λ) = {x ∈ ω : σ(Λ, |x|) ∈ �∞} and write

‖x‖w̃∞(μ) = ‖σ̃(μ, |x|)‖∞ = sup
n

σ̃n(μ, |x|)

and

‖x‖w∞(Λ) = ‖σ(Λ, |x|)‖∞ = sup
ν

σν(Λ, |x|);

also let

ṽ0(μ) = (w̃0(μ))Δ ṽ∞(μ) = (w̃∞(μ))Δ v0(Λ) = (w0(Λ))Δ v∞(Λ) = (w∞(Λ))Δ,

c̃0(μ) = μ−1 ∗ ṽ0(μ) c̃∞(μ) = μ−1 ∗ ṽ∞(μ) c0(Λ) = Λ−1 ∗ v0(Λ) c∞(Λ) = Λ−1 ∗ v∞(Λ),

c̃(μ) = {x ∈ ω : x− ξe ∈ c̃0(μ) for some ξ ∈ |C}

and

c(Λ) = {x ∈ ω : x− ξe ∈ c0(Λ) for some ξ ∈ |C} .

If μn = n + 1 (n = 0, 1, . . . ) then the sets c̃0(μ), c̃(μ) and c̃∞(μ) reduce to the sets [c0]0,

[c]1 and [c∞] introduced and studied by Hyslop, Kuttner and Thorpe [6, 7].

3 Some Topological Properties of the New Spaces

We need the following results.

Lemma 3.1 For each x ∈ c∞(Λ), the complex number ξ with x− ξ · e ∈ c0(Λ) is unique

([2, Lemma 2]); it is called the Λ–strong limit of x.

Lemma 3.2 We have

ṽ0(μ) ⊂ (1/μ)−1 ∗ c0 and ṽ∞(μ) ⊂ (1/μ)−1 ∗ �∞ (3.1)
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Proof: The inclusions in (3.1) hold, since, for all n and all sequences x,

|xn|
μn

=
1

μn

∣∣∣∣∣
m∑
k=0

Δkx

∣∣∣∣∣ ≤ σ̃n(μ, |Δx|).

�

We now state the most important fundamental topological properties of our spaces.

Proposition 3.3 (a) The sets v∞(Λ) and v0(Λ) are BK spaces with the equivalent norms

‖x‖ṽ∞(Λ) = ‖Δx‖w̃∞(Λ) and ‖x‖v∞(Λ) = ‖Δx‖w∞(Λ);

v0(Λ) is a closed subspace of v∞(Λ), and v0(Λ) has AK.

(b) The sets c∞(Λ), c0(Λ) and c(Λ) are BK spaces with the equivalent norms

‖x‖c̃∞(Λ) = ‖Λ · x‖ṽ∞(Λ) and ‖x‖c∞(Λ) = ‖Λ · x‖v∞(Λ);

c0(Λ) is a closed subspace of c(Λ), c(Λ) is a closed subspace of c∞(Λ), c0(Λ) has AK, and

every sequence x = (xk)
∞
k=0 ∈ c(Λ) has a unique representation

x = ξ · e+
∞∑
k=0

(xk − ξ)e(k) where ξ is the Λ–strong limit of x. (3.2)

Proof: (a) Since w∞(Λ) and w0(Λ) are BK spaces with the equivalent norms ‖ · ‖w∞(Λ)

and ‖ · ‖w̃∞(Λ) by [3, Proposition 5.3], so are v∞(Λ) and v0(Λ) by [5, Theorem 4.3.12] with

the equivalent norms ‖ · ‖v∞(Λ) and ‖ · ‖ṽ∞(Λ). Also v0(Λ) is a closed subspace of v∞(Λ)

by [5, Theorem 4.3.14].

To show that v0(Λ) has AK let x ∈ v0(Λ) and ε > 0 be given. Since w0(Λ) = w̃0(Λ) by

[3, Proposition 5.3 (b)] and so v0(Λ) = ṽ0(Λ), we also have x ∈ (1/Λ)−1 ∗ c0 by the first

inclusion in (3.1). Consequently there is a positive integer m0 such that

σ̃n(Λ, |Δx|) < ε

2
and

|xn|
λn

<
ε

2
for all m ≥ m0.

Since the sequence Λ is nondecreasing it follows for all m ≥ m0 that

‖x[m] − x‖ṽ∞(Λ) = sup
n

(
σ̃n

(
Λ,
∣∣Δ(x[m] − x)

∣∣)) = sup
n≥m+1

(
|xm+1|
λn

+
1

λn

n∑
k=m+2

|Δkx|
)

≤ |xm+1|
λm+1

+ sup
n≥m+1

(σ̃n(Λ, |Δx|)) ≤ ε

2
+

ε

2
= ε.
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This shows that x =
∑∞

k=0xke
(k).

(b) All the statements that do not involve c(Λ) follow from Part (a) and [5, Theorems

4.3.12 and 4.3.6]. Furthermore, c(Λ) is a BK space with ‖ · ‖c∞(Λ) by [1, Theorem 1], so

c(Λ) is closed in c∞(Λ) by [5, Corollary 4.2.2], and c0(Λ) is closed in c(Λ) by [5, Corollary

4.2.2].

Finally, let x ∈ c(Λ) be given. Then there is a complex number ξ such that y = x− ξ · e ∈
c0(Λ) which is unique by Lemma 3.1, and so, by Part (a), y =

∑∞
k=0yke

(k) =
∑∞

k=0(xk −
ξ)e(k), and the representation in (3.2) is an immediate consequence. �

4 The Dual Spaces

Here we determine the β–duals of the spaces v0(Λ), v∞(Λ), c0(Λ), c(Λ) and c∞(Λ).

Let T = (tnk)
∞
n,k=0 be any triangle, that is, tnk = 0 for k > n and tnn �= 0 for

all n = 0, 1, . . . . Then T has a unique inverse S = T−1 which also is a triangle, and

T (Sx) = (TS)(x) = x for all x ∈ ω ([5, 1.4.8] and [8, Remark 22 (a)]). We write R = St

for the transpose of S.

We are going to apply the following general result in the determination of the β–duals.

Proposition 4.1 Let X be an FK space with AK, T be a triangle, S be its inverse, and

R = St. Then we have a ∈ (XT )
β if and only if a ∈ (Xβ)R and W ∈ (X, �∞), where the

matrix W is defined by

wmk =

⎧⎨⎩
∞∑

j=m

ajsjk (0 ≤ k ≤ m)

0 (k > m)

(m = 0, 1, . . . );

moreover, if a ∈ (XT )
β then we have

∞∑
k=0

akxk =
∞∑
k=0

(Rka)(Tkx) for all x ∈ XT . (4.1)

Proof: First, by [9, Theorem 3.2], a ∈ (XT )
β implies a ∈ (Xβ)R and W ∈ (X, c0), and

obviously (X, c0) ⊂ (X, �∞).

Conversely, if a ∈ (Xβ)R and W ∈ (X, �∞), then Rka =
∑∞

j=k ajsjk converges for each k,

that is,

lim
m→∞

∞∑
j=m

ajsjk = lim
m→∞

wmk = 0 for each k. (4.2)
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Since X has AK and c0 is a closed subspace of the BK space �∞, W ∈ (X, �∞) and (4.2)

imply W ∈ (X, c0) by [5, 8.3.6]. Now a ∈ (XT )
β follows from a ∈ (Xβ)R and W ∈ (X, c0)

by [9, Theorem 3.2].

Thus we have shown that the conditions of the proposition are equivalent to those in [9,

Theorem 3.2] and so if a ∈ (XT )
β then (4.1) holds. �

If T = Δ, then R = (rnk)
∞
n,k=0 is the matrix with

rnk =

{
1 (k ≥ n)

0 (0 ≤ k ≤ n− 1)
(n = 0, 1, . . . ).

Given any sequence a ∈ cs we write â = Ra, that is, âk =
∑∞

j=k ak (k = 0, 1, . . . ).

We will use Abel’s summation by parts in the following form

m−1∑
n=0

bnyn =
m∑

n=0

b̂nΔny − b̂m · ym for m = 0, 1, . . . . (4.3)

We put

W(Λ) = {a ∈ ω : τ(Λ, |a|) ∈ �1} , ‖a‖W(Λ) = ‖τ(Λ, |a|)‖1 =
∞∑
ν=0

λn(ν+1)maxν |ak|,

V(Λ) = {a ∈ ω : â ∈ W(Λ)} , ‖a‖V(Λ) = ‖â‖W(Λ) ,

C(Λ) = (1/Λ)−1 ∗ V(Λ) and ‖a‖C(Λ) = ‖a/Λ‖V(Λ) .

First we determine the β–duals of v0(Λ) and v∞(Λ).

Theorem 4.2 (a) Let X = v0(Λ) or X = v∞(Λ). Then we have Xβ = V(Λ); moreover,

if a ∈ Xβ, then it follows that

∞∑
k=0

akxk =
∞∑
k=0

âkΔkx for all x ∈ X, (4.4)

and also

‖a‖∗X = ‖a‖V(Λ) for all a ∈ V(Λ). (4.5)

(b) The space V(Λ) is a BK space with AK with ‖ · ‖V(Λ).
(c) The set v∞(Λ) is β–perfect, that is,

(v∞(Λ))ββ =
(
(v∞(Λ))β

)β
= v∞(Λ); (4.6)

we also have

‖a‖∗V(Λ) = ‖a‖v∞(Λ) for all a ∈ (v∞(Λ))β. (4.7)
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Proof: (a) First we assume a ∈ (v0(Λ))
β. This implies â ∈ (w0(Λ))

β by Proposition 4.1,

and (w0(Λ))
β = W(Λ) by [3, Theorem 5.5 (a)], hence a ∈ V(Λ). Since v0(Λ) ⊂ v∞(Λ), we

have

(v∞(Λ))β ⊂ (v0(Λ))
β ⊂ V(Λ). (4.8)

Conversely, we show

V(Λ) ⊂ (v∞(Λ))β. (4.9)

Let a ∈ V(Λ), hence â ∈ W(Λ) = (w∞(Λ))β by [3, Theorem 5.5 (a)] . Then it follows that

â · (Δx) ∈ cs for all x ∈ v∞(Λ). (4.10)

Obviously a ∈ V(Λ) implies Λ · â ∈ c0. Let x ∈ v∞(Λ) be given. Then we have x/Λ ∈ �∞

by the second inclusion in (3.1) and so we obtain

â · x = (Λ · â) · (x/Λ) ∈ c0. (4.11)

Applying (4.3) with b = a and y = x, and using (4.10) and (4.11), we conclude a · x ∈ cs.

Since x ∈ v∞(Λ) was arbitrary, we have a ∈ (v∞(Λ))β. Thus we have shown (4.9). Now

(4.8) and (4.9) together yield V(Λ) = (v0(Λ))
β = (v∞(Λ))β. Also (4.4) holds for all

x ∈ v∞(Λ).

Finally, if a ∈ V(Λ), then (4.5) follows from (4.4) and the identities ‖·‖W(Λ) = ‖·‖∗w∞(Λ) =

‖ · ‖∗w0(Λ)
([3, (5.2)]).

(b) The set W(Λ) is a BK space with ‖ · ‖W(Λ) by [3, Theorem 5.7]. Since the matrix

R is one to one and x = Ry = ŷ ∈ V(Λ) if and only if y ∈ W(Λ), V(Λ) is a BK space

with ‖x‖V(Λ) = ‖ŷ‖W(Λ) by [5, Theorem 4.3.2].

Now we show that V(Λ) has AK. It is clear that φ ⊂ V(Λ). Let x ∈ V(Λ) and ε > 0

be given. For each m ∈ IN0, let ν(m) be the unique integer for which n(ν(m)) ≤ m ≤
n(ν(m) + 1)− 1. We choose m0 ∈ IN0 such that

∞∑
ν=ν(m)

λn(ν+1)maxν |x̂k| < ε for all m ≥ m0.

Let m ≥ m0 be given. Since Λ is exponentially bounded, there is t ∈ (0, 1) such that the

second inequality in (2.2) holds, and so

‖x− x[m]‖V(Λ) =
∥∥τ (Λ, ∣∣R (x− x[m]

)∣∣)∥∥
1
=

∞∑
ν=0

λn(ν+1)maxν
∣∣Rk(x− x[m])

∣∣
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=

ν(m)−1∑
ν=0

λn(ν+1)|x̂m+1|+
∞∑

ν=ν(m)

λn(ν+1)maxν |x̂k|

< λn(ν(m)+1)|x̂m+1|
ν(m)−1∑
μ=0

λn(μ+1)

λn(ν(m)+1)

+ ε

< ε

ν(m)−1∑
μ=0

tν(m)−μ + ε ≤ ε

1− t
+ ε.

Thus we have shown that V(Λ) has AK.

(c) First we establish the identity in (4.6). Since X ⊂ Xββ for any subset X of ω by

[5, Theorem 7.2.2 (i)], we have to show by Part (a) that

v∞(Λ) ⊂ (V(Λ))β. (4.12)

Let a ∈ (V(Λ))β. We define the map fa : V(Λ) → |C by fa(x) =
∑∞

k=0akxk for all

x ∈ V(Λ). Since V(Λ) is a BK space by Part (b), it follows from [5, Theorem 7.2.9] that

fa ∈ (V(Λ))β, and so

|fa(x)| ≤ ‖fa‖ · ‖x‖V(Λ) for all x ∈ V(Λ). (4.13)

Let m ∈ IN0 be given and ν(m) be the unique integer for which n(ν(m)) ≤ m ≤ n(ν(m)+

1)− 1. Since Λ is exponentially bounded, there are s, t ∈ (0, 1) such that (2.2) holds and

we obtain

∥∥e[m]/Λ
∥∥
V(Λ) =

∥∥∥τ (Λ, ∣∣∣̂e[m]/Λ
∣∣∣)∥∥∥

1
=

∞∑
ν=0

λn(ν+1)maxν

∣∣∣∣∣
∞∑
j=k

e
[m]
j

λj

∣∣∣∣∣ =
ν(m)∑
ν=0

λn(ν+1)

λm

≤
ν(m)∑
μ=0

λn(μ+1)

λn(ν(m)+1)

· λn(ν(m)+1)

λn(ν(m))

≤ 1

s

ν(m)∑
μ=0

tν(m)−μ ≤ 1

s(t− 1)
< ∞.

Now (4.13) implies

|am|
λm

=
∣∣fa (e[m]/Λ

)∣∣ ≤ ‖fa‖ ·
∥∥e[m]/Λ

∥∥
V(Λ) ≤

‖fa‖
s(1− t)

for all m,

and so a ∈ (1/Λ)−1 ∗ �∞. Furthermore x ∈ V(Λ) implies x̂ ∈ Λ−1 ∗ c0, we obtain,

interchanging x and a in the converse part of the proof of Part (a),

∞∑
n=0

anxn =
∞∑
n=0

x̂nΔna for all x ∈ V(Λ). (4.14)

Thus we have x̂ · Δa ∈ cs for all c ∈ V(Λ). Since x ∈ V(Λ) if and only if x̂ ∈ W(Λ), it

follows that Δa ∈ (W(Λ))β, and (W(Λ))β = w∞(Λ) by [3, Theorem 5.8 (a)]. But this
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means a ∈ v∞(Λ). Thus we have shown (4.12).

Finally, since x ∈ SV(Λ) if and only if x̂ ∈ SW(Λ), a ∈ (V(Λ))β = v∞(Λ) if and only if

Δa ∈ w∞(Λ), and ‖ · ‖∗W(Λ) = ‖ · ‖w∞(Λ) on (W(Λ))β by [3, (5.9)], we obtain from (4.14)

‖a‖βV(Λ) = sup
x∈SV(Λ)

∣∣∣∣∣
∞∑
n=0

anxn

∣∣∣∣∣ = sup
x̂∈SW(Λ)

∣∣∣∣∣
∞∑
n=0

x̂nΔna

∣∣∣∣∣
= ‖Δa‖∗W(Λ) = ‖Δa‖w∞(Λ) = ‖a‖v∞(Λ).

�

Now, we determine the β–duals of the sets c0(Λ), c(Λ) and c∞(Λ).

Corollary 4.3 (a) Let X be any of the sets c0(Λ), c(Λ) or c∞(Λ). Then we have Xβ =

C(Λ); moreover, if a ∈ Xβ and b = a/Λ then

∞∑
k=0

akxk =
∞∑
k=0

b̂kΔk(Λx) for all x ∈ X; (4.15)

also

‖a‖∗X = ‖a‖C(Λ) for all a ∈ C(Λ). (4.16)

(b) The space C(Λ) is a BK space with AK with ‖ · ‖C(Λ).
(c) The set c∞(Λ) is β–perfect, that is,

(c∞(Λ))ββ = c∞(Λ); (4.17)

we also have

‖a‖∗C(Λ) = ‖a‖c∞(Λ) for all a ∈ (C(Λ))β. (4.18)

Proof: (a) Since (v0(Λ))
β = (v∞(Λ))β = V(Λ) by Theorem 4.2 (a), we obtain (c0(Λ))

β

= (c∞(Λ))β = C(Λ) from (2.1). Now c0(Λ) ⊂ c(Λ) ⊂ c∞(Λ) implies (c(Λ))β = C(Λ).
Furthermore, (4.15) and (4.16) obviously follow from (4.4) and (4.5), since a · x = (a/Λ) ·
(Λ · x).

(b) Since V(Λ) is a BK space with AK with ‖ · ‖V(Λ) by Theorem 4.2 (b), Part (b)

follows by [5, Theorems 4.3.6 and 4.3.12].

(c) We obtain (4.17) and (4.18) from (4.6), (4.7) and (2.1), since a ·x = (a/Λ) · (Λ ·x).
�

Finally, we determine the continuous duals of the spaces v0(Λ), c0(Λ), V(Λ) and C(Λ).
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Corollary 4.4 Let v0(Λ) and c0(Λ) have the norms ‖ · ‖v0(Λ) and ‖ · ‖c0(Λ). Then we have

(a) (v0(Λ))
∗ and V(Λ) are norm isomorphic;

(b) (c0(Λ))
∗ and C(Λ) are norm isomorphic;

(c) (V(Λ))∗ and v∞(Λ) are norm isomorphic;

(d) (C(Λ))∗ and c∞(Λ) are norm isomorphic.

Proof: Since v0(Λ), c0(Λ), V(Λ) and C(Λ) are BK spaces with AK by Proposition 3.3

(a) and (b), Theorem 4.2 (b) and Corollary 4.3 (b), the β–dual and the continuous dual

are isomorphic in each case by [5, Theorem 7.2.9]. Also the norms on the β–dual and the

continuous dual are the same by (4.5), (4.16), (4.7) and (4.18). �

5 Wulff’s Crystals and Potential Surfaces

Here we deal with Wulff’s construction and the graphical representation of Wulff’s crystals

and their surface energy functions as potential surfaces.

According to Wulff’s principle [4], the shape of a crystal is uniquely determined by

its surface energy function. A surface energy function is a real valued function depending

on a direction in space.

Figure 1: Potential surfaces and corresponding Wulff’s crystals

Let ∂Bn denote the unit sphere in euclidean IRn+1, that is,

∂Bn =

⎧⎨⎩
x = (x1, x2, . . . , xn+1) ∈ IRn+1 : ‖
x‖2 =
(

n+1∑
k=1

x2
k

)1/2

= 1

⎫⎬⎭ ,
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and let F : ∂Bn → IR be a surface energy function. Then we may consider the set

PM = {
x = F (
e)
e ∈ IRn+1 : 
e ∈ ∂Bn}

as a natural representation of the function F .

If n = 1, then 
e = 
e(u) = (cosu, sin u) for u ∈ (0, 2π) and we obtain a potential curve

with a parametric representation (left in Figure 2)

PC = {
x = f(u)(cosu, sinu) : u ∈ (0, 2π)} where f(u) = F (
e(u)).

If n = 2, then


e = 
e(u1, u2) = (cos u1 cosu2, cos u1 sin u2, sinu1)

for (u1, u2) ∈ R = (−π/2, π/2)× (0, 2π)

and we obtain a potential surface with a parametric representation (right in Figure 2 and

Figure 3)

PS = {
x = f(u1, u2)(cosu1 cos u2, cosu1 sinu2, sin u1) : (u1, u2) ∈ R}
where f(u1, u2) = F (
e(u1, u2)).

Wulff gave a geometric principle of construction for crystals [4].

Theorem 5.1 (Wulff’s principle) For every 
e ∈ ∂Bn, let E�e denote the hyperplane

orthogonal to 
e and through the point P with position vector 
p = F (
e)
e, and H�e be the

half space which contains the origin 0 and has the boundary E�e = ∂H�e. Then the crystal

CF which has F as its surface energy function is uniquely determined and given by

CF =
⋂

�e∈∂Bn

H�e =
⋂

�e∈∂Bn

{
x : 
x • 
e ≤ F (
e)}

where • is the usual dot product, that is, 
x • 
y =
∑n

k=1 xkyk for all vectors 
x and 
y.

Remark 5.2 It is clear that if the surface energy function R is continuous then CF is a

closed convex subset of IRn+1.

Since Wulff’s construction in Theorem 5.1 is far from applicable for the graphical

representation of crsytals, we give two results which are more useful.
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e( )=(cos ,sin )u u u

u

f u u( )e( )

¶B
(1)

Figure 2: A potential curve and a potential surface

Figure 3: Potential surfaces
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Theorem 5.3 ([10, Satz 6.1]) Let F : ∂Bn → IR+ be a continuous function. Then a

point X is on the boundary ∂CF of Wulff’s crystal CF corresponding to F if and only if

(left in Figure 4)

F (
e) ≥ 
x • 
e for all 
e ∈ ∂Bn and F (
e0) = 
x • 
e0 for some 
e0 ∈ ∂Bn.

Theorem 5.4 ([10, Satz 6.2]) Let F : ∂Bn → IR+ be a continuous function and CF :

∂Bn → IR+ be defined by

CF (
e) = inf
{
F (
u)(
e • 
u)−1 : 
u ∈ ∂Bn and 
e • 
u > 0

}
. (5.1)

Then the boundary ∂CF of Wulff’s crystal corresponding to F is given by

∂CF = {
x = CF (
e)
e ∈ IRn+1 : 
e ∈ ∂Bn}; (5.2)

in particular, if n = 2 then a parametric representation for the boundary ∂CF of Wulff’s

crystal corresponding to F is (right in Figure 4)


x(u1, u2) = CF (
e(u1, u2))
e(u1, u2) for (u1, u2) ∈ R = (−π/2, π/2)× (0, 2π). (5.3)

Figure 4: Wulff’s constructions according to Theorems 5.1 and 5.3

Although we have used both Theorems 5.3 and 5.4 to develop algorithms and pro-

grammes for the graphic representation of Wulff’s crystals, in some cases a parametric

representation can explicitly be given for the boundary of a Wulff’s crystal, that is for the

function CF .

One such case is when the function F is equal to a norm in three–dimensional space.

If F = ‖ · ‖, then the boundary of Wulff’s crystal corresonding to F is given by the dual

norm of ‖ · ‖.
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Figure 5: Wulff’s crystals constructed by Theorems 5.3 and 5.4

Corollary 5.5 Let ‖ · ‖ be a norm on IRn+1 and, for each 
w ∈ ∂Bn, let φ�w : IRn+1 → IR

be defined by

φ�w(x) = 
w • 
x =
n+1∑
k=1

wkxk (
x ∈ IRn+1).

Then the boundary ∂C‖·‖ of Wulff’s crystal corresponding to ‖ · ‖ is given by

∂C‖·‖ =
{

x =

1

‖φe‖∗ · 
e ∈ IRn+1 : 
e ∈ ∂Bn

}
, (5.4)

where ‖φ�e‖∗ is the norm of the functional φ�e, that is, the dual norm of ‖ · ‖.

Proof: It is clear that φ�w ∈ (IRn+1)∗ for each 
w ∈ ∂Bn, and

‖φ�w‖∗ = sup{|φ�w(x) : ‖x‖ = 1}.

We obtain by (5.1) with F = ‖ · ‖ and putting 
v = ‖u‖−1 · 
u, since ‖
v‖ = 1,

C‖·‖(
e) = inf
{‖
u‖(
e • 
u)−1 : u ∈ ∂Bn and 
e • 
u > 0

}
=

(
sup

{ |φ�e(
u)|
‖u‖ : 
u ∈ ∂Bn and 
e • 
u �= 0

})−1

= (sup {|φ�e(
v)| : ‖
v‖ = 1 and 
v • 
e �= 0})−1 =
1

‖φ�e‖∗ .

Now the identity in (5.4) follows from (5.2). �
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Remark 5.6 In the special case of n = 2, we obtain from (5.4) and (5.3) the following

parametric representation for Wulff’s crystal corresponding to a norm ‖ · ‖ in IR3


x(u1, u2) = C‖·‖
(

e(u1, u2)

) · 
e(u1, u2) =
1

φ�e

· 
e(u1, u2) for (u1, u2) ∈ R; (5.5)

the potential surface has a parametric representation


y = F (
e(u1, u2)) · 
e(u1, u2) = ‖
e(u1, u2)‖ · 
e(u1, u2) for (u1, u2) ∈ R. (5.6)

Example 5.7 As a first example, we represent the potential surfaces and corresponding

Wulff’s crystals for the �1 and �∞ norms ‖ · ‖1 and ‖ · ‖∞ given by

‖
x‖1 = |x1|+ |x2|+ |x3| and ‖
x‖∞ = max
1≤k≤3

|xk| for 
x = {x1, x2, x3}.

The two pictures in Figure 6 are dual to one another.

Figure 6: Wulff’s crystals corresponding to the �1 and �∞ norms

Example 5.8 Finally, we represent some potential surfaces and the corresponding Wulff’s

crystals for the norms ‖ · ‖w∞(Λ), ‖ · ‖v∞(Λ) and ‖ · ‖c∞(Λ) (Figures 7, 9 and 11), and for

the dual norms ‖ · ‖W(Λ), ‖ · ‖V(Λ) and ‖ · ‖C(Λ) (Figures 8, 10 and 12). The representations

also serve as a visualisation of the results of Section 4.

We identify the sequences x = (xk)
∞
k=1 with the three–dimensional vectors 
x given by their

three–sections x[3], that is 
x = (x1, x2, x3). We also choose Λ = (1, 2, 3, 4) in each picture.

Acknowledgement. Research of Malkowsky supported by the research project #174025 of

the Serbian Ministry of Science, Technology and Development.
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Figure 7: Potential surface of the w∞(Λ) norm and potential surface with corresponding
Wulff’s crystal

Figure 8: Potential surface of the W(Λ) norm and potential surface with corresponding
Wulff’s crystal

Figure 9: Potential surface of the v∞(Λ) norm and potential surface with corresponding
Wulff’s crystal
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Figure 10: Potential surface of the V(Λ) norm and potential surface with corresponding
Wulff’s crystal

Figure 11: Potential surface of the c∞(Λ) norm and potential surface with corresponding
Wulff’s crystal

Figure 12: Potential surface of the C(Λ) norm and potential surface with corresponding
Wulff’s crystal
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