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Abstract

This paper presents a connection between some new results from the theory of sequence
spaces in functional analysis and physical chemistry and crystallography. We determine the first
and second S—duals of the sequence spaces vo(A) and v (A), and of the related spaces co(A),
¢(A) and co(A) of sequences that are A—strongly convergent to zero, A—strongly convergent and
A-strongly bounded. Furthermore we apply our results to crystallography, in particular to de-
termine the shape of Wulff’s crystals which in some cases can be considered as neighbourhoods in
certain metrizable topologies. Finally we use our own software for the graphical representations
of some or the crystals.

1 Introduction

This paper deals with two topics, namely the study of some new sequence spaces and an
application of our new results to physical chemistry and crystallography to determine the
shape of certain Wulff’s crystals with a surface energy function related to the metric of
our sequence spaces. Wulff” shapes appear in the formation of a droplet or a crystal of
one substance inside another one.

We also use our own software in the graphical representations of some of the crystals

and their surface energy functions.
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The set ¢(A) of A-strongly convergent sequences was first introduced by Moricz [1].
This set and the sets ¢g(A) and ¢ (A) of sequences that are A—strongly convergent to zero
and A-strongly bounded were studied in [2]. Here we also consider the sets vo(A) and
Uso(A) which are closely related to c¢(A) and coo(A). All these sets, with the exception of
¢(A), can be considered as the matrix domains of triangles in the sets wo(A) and we(A)
that were recently studied in [3].

We determine the first and second fS—duals of the spaces vg(A), veo(A), co(A), c(A)
and ¢ (A).

Our results have an interesting and important application in crystallography, in par-
ticular in the growth of crystals. According to Wulff’s principle [4], the shape of a crystal
is uniquely determined by its surface energy function. A surface energy function is a
real-valued function depending on a direction in space. We will see that if the surface
energy function is given by a norm then the shape of the corresponding crystal is given
by a neighbourhood in the dual norm.

We developed our own software package which, among other things, enables us to
graphically represent Wulff’s crystals and their corresponding surface energy functions.

We emphasize that all the graphics in this paper were created with our software.

2 Notations and Known Results

Let w denote the set of all complex sequences = = (24)72,, and £, ¢, ¢o and ¢ be the sets
of all bounded, convergent, null and finite sequences; also let c¢s, bs and ¢; denote the sets
of all convergent, bounded and absolutely convergent series. Finally, let ¢ be the set of
all sequences u = (uy)3%, with uy, # 0 for all k. We write e and ™ (n =0,1,...) for the
sequences with e, = 1 for all k, and e{” = 1 and eifl) =0 for k #n. Let z,y € w. Then
we write z -y = (2pyr)ioy; if u € U, then z/u = (z/ug)e,, in particular, 1/u = e/u.

An FK space X is a complete linear metric sequence space with continuous coordinates
P,: X -C (n=0,1,...) where P,(z) = z, for all z = (z4)}2, € X; a BK space is
an 'K space whose metric is given by a norm. An F'K space X is said to have AK if
x =37 jwre® for each sequence z = (4)32, € X, that is, 1™ — z (m — oo) for the
m-section 2™ = 77" 24e® of the sequence .

Let X be a subset of w, and 2 be a sequence. Then we write 27 '+ X = {z € w :

r-2€ X}, and XP ={a€w:a-x € csforal z € X} for the f—dual of X. We note



-591-

that obviously
(u’l*X)B:(l/u)’l*Xg for each u € U. (2.1)

Let A = (ank);szo be an infinite matrix of complex numbers, z € w, and X and Y
be subsets of w. We write A, = (a,4)32, (R =0,1,...) and A% = (a,)22, (k=0,1,...)
for the sequences in the n** row and the k* column of A, and A,z = Zzozoankxk and
Az = (A,x)22, provided the series converge for all n. The set Xy = {z € w: Az € X} is
called the matrix domain of A in X. We write (X,Y) for the set of all infinite matrices
A that map X into Y, that is, for which X, C Y.

Let X be a Banach space and By = {z € X : ||z|| < 1} be the closed unit ball in X.
As usual, X* denotes the continuous dual of X with the norm || f|| = sup{|f(z)| : © € Bx}
for all f e X*.

Let a be a sequence and X be a normed sequence space. Then we write

o0
E ArTp

k=0

lallx = sup
r€Bx

provided the expression on the righthand side exists and is finite which is the case whenever
X is a BK space and a € X? by [5, Theorem 7.2.9].

Let A = (Ank)ﬁszo be the matrix of the first difference, that is, A, = 1, A,y = —1
and A,r = 0 otherwise. We will use the convention throughout that any term with a

negative subscript is equal to zero.

o0
n=0

A non-decreasing sequence A = (\,) of positive reals is said to be exponentially
bounded if there is an integer m > 2 such that for all non—negative integers v there is at
least one term A, in the interval I$) = [m”,m** —1] ([2]). It is known ([2, Lemma 1])
that a non—decreasing sequence A = (X,,)22, of positive reals is exponentially bounded if

and only if there are reals s,¢ € (0,1) with s < ¢ such that for some subsequence (Ann))5,

)\Tl v
sg#gtforalll/:(),l,‘..; (2.2)
n(v+1)

such a subsequence is called an associated subsequence.

Throughout, let 1 = (41,,)72, be a non-decreasing sequence of positive reals tending
to infinity. Furthermore, let A = (),)22, be an exponentially bounded sequence, and
(Anw))sy be an associated subsequence with Ay = Ag. We write K<~ (v = 0,1,...)
for the set of all integers k with n(v) <k <n(v+1)—1, and ), and max, for the sum
and maximum taken over all indices k € K<">. Given any sequence x, we write

G (s |2]) = (Gnlps [21)5Zo » o (A fa]) = (0u (A, [2]))2,
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and

T\ lz]) = (m (A, [20),2

for the sequences with

n(hs |2]) = Z |zk] (n )

L

ou (A, [2]) =

1
5\ Soolzel and 7, (A, |z]) = Ayprymax,|ag] (v =0,1,...).
n(v+1)

We consider the sets wo(p) = {x € w: d(p,|z]) € co}, Woo(p) ={z € w:a(p,|z]) € loo},
wo(A) ={r ew:a(A,|z]) € co}, w(A) ={z € w:0(A,|z]) € ls} and write
[l ) = 16 (s [2])l]oo = sUP T (12, |])
and
[ llwoe(a) = llo(As [zl = sup o (A, |2]);
also let
Vo(1) = (Wo(p))a Voo () = (oo (pt))a vo(A) = (wo(A))a Veo(A) = (weo(A))a,
Co(u) = "t w o() Coo(pr) = " % Too (1) co(A) = A1 5 0g(A) coo(A) = A7 5 v (A),
é(p) ={zx ew:xz—Ee e () for some £ eC}

and

c(A) ={r ew:a—Ee € cy(A) for some £ €C}.

If i, =n+1(n=0,1,...) then the sets ¢o(u), ¢(n) and ¢oo (1) reduce to the sets [colo,
[c]: and [cs] introduced and studied by Hyslop, Kuttner and Thorpe [6, 7].

3 Some Topological Properties of the New Spaces
We need the following results.

Lemma 3.1 For each x € coo(A), the complex number § with x — & - e € ¢o(A) is unique

([2, Lemma 2]); it is called the A—strong limit of x.

Lemma 3.2 We have

To(p) € (1/p) " s co and Bao (1) € (1/p) " 5 oo (3.1)
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Proof: The inclusions in (3.1) hold, since, for all n and all sequences x,

‘We now state the most important fundamental topological properties of our spaces.
Proposition 3.3 (a) The sets vy (A) and vg(A) are BK spaces with the equivalent norms
[#ltw ) = 1AZ] o) a0 [|2]|oa) = (AT ]| (a);

vo(A) is a closed subspace of voo(A), and vo(A) has AK.
(b) The sets co(N), co(A) and ¢(A) are BK spaces with the equivalent norms

[#lleay = A - 2lloca) and [2]cem) = 1A - @/l

co(A) is a closed subspace of ¢(A), ¢(A) is a closed subspace of co (M), co(A) has AK, and

every sequence & = (xy)7, € ¢(A) has a unique representation

r=Ee+ Z(xk — &) where & is the A-strong limit of . (3.2)
k=0
Proof: (a) Since we(A) and wy(A) are BK spaces with the equivalent norms || - [|u.(a)

and || [|ow (a) by [3, Proposition 5.3], so are v (A) and vg(A) by [5, Theorem 4.3.12] with
the equivalent norms || - ||, (a) and || - |[s.c(a). Also vp(A) is a closed subspace of v (A)
by [5, Theorem 4.3.14].

To show that vg(A) has AK let z € vg(A) and € > 0 be given. Since wy(A) = wo(A) by
[3, Proposition 5.3 (b)] and so vy(A) = @(A), we also have x € (1/A)~! % ¢y by the first

inclusion in (3.1). Consequently there is a positive integer my such that

. € -
an(A,|Az]) < 3 and ‘/\—nl <3 for all m > my.

Since the sequence A is nondecreasing it follows for all m > mg that

b ~ m 1 -
||x[m] — zllsn) = SITle (gn (A7 |A(x[m] _ x)|)) = sup (IH + " Z Akx|>

< “Terl‘

~ 3
+ sup (o.(A,|Az]) < =
Am-%—l n>m+1 2
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This shows that z = > jzpe®).

(b) All the statements that do not involve ¢(A) follow from Part (a) and [5, Theorems
4.3.12 and 4.3.6]. Furthermore, c¢(A) is a BK space with || - || (a) by [1, Theorem 1], so
¢(A) is closed in ¢ (A) by [5, Corollary 4.2.2], and ¢o(A) is closed in ¢(A) by [5, Corollary
422,

Finally, let 2 € ¢(A) be given. Then there is a complex number ¢ such that y =z —¢-e €
co(A) which is unique by Lemma 3.1, and so, by Part (a), y = > 5" jyre®™ = S0 (), —

&)e® | and the representation in (3.2) is an immediate consequence. ]

4 The Dual Spaces

Here we determine the S-duals of the spaces vy(A), voo(A), co(A), ¢(A) and c(A).
Let T = (tnk);f‘k:o be any triangle, that is, ¢, = 0 for &k > n and t,, # 0 for
all n = 0,1,.... Then T has a unique inverse S = T~!

T(Sz) = (T'S)(z) =« for all z € w ([5, 1.4.8] and [8, Remark 22 (a)]). We write R = S*

which also is a triangle, and

for the transpose of S.

We are going to apply the following general result in the determination of the f—duals.

Proposition 4.1 Let X be an FK space with AK, T be a triangle, S be its inverse, and
R = S'. Then we have a € (X7)? if and only if a € (XP)g and W € (X, L), where the
matriz W is defined by

a;s; 0<k<m
Wk = j;n s (0 h<m) (m=0,1,...);
0

(k>m)

moreover, if a € (Xr)? then we have

Zakxk = Z(Rka)(Tkx) for all x € Xr. (4.1)
k=0 k=0

Proof: First, by [9, Theorem 3.2], a € (Xr)? implies a € (X?)z and W € (X, ¢), and
obviously (X, ¢y) C (X, ls).
Conversely, if a € (X?)p and W € (X, £y,), then Rya = Z;o:k a;s;, converges for each k,
that is,

7’113;0 Z a;sj, = n’lzlzgo W = 0 for each k. (4.2)

Jj=m
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Since X has AK and ¢ is a closed subspace of the BK space {, W € (X, () and (4.2)
imply W € (X, ¢cp) by [5, 8.3.6]. Now a € (X7)? follows from a € (X#)z and W € (X, c)
by [9, Theorem 3.2].

Thus we have shown that the conditions of the proposition are equivalent to those in [9,

Theorem 3.2] and so if a € (X7)? then (4.1) holds. |

If T'=A, then R = (7'nk:)fk:o is the matrix with
1 (k>n)
Tk = - n=20,1,...).
e {0 O0<k<n-—1) ( )
Given any sequence a € ¢s we write @ = Ra, that is, ay = ch:k ap (k=0,1,...).
We will use Abel’s summation by parts in the following form

m—1 m
Z bl = Z EnAny — by - Ym form=0,1,.... (4.3)
n=0 n=0
We put
W) ={acw:r(Alal) €6}, lalwey = IT(A laDll = D Anpsnmax,|axl,
v=0
VA)={acw:aec W)}, lallvay = Ml -
C(A) = (1/A)"1*V(A) and lalle) = lla/Allyy, -

First we determine the S—duals of vo(A) and ve(A).

Theorem 4.2 (a) Let X = vg(A) or X = vy(A). Then we have X? = V(A); moreover,
if a € X, then it follows that

Zakmk = Z&kAW for all x € X, (4.4)
k=0 k=0
and also
llallx = llallva for all a € V(A). (4.5)

(b) The space V(A) is a BIK space with AK with || - [ly(a)-
(c¢) The set voo(N) is B-perfect, that is,

B

(050 (A)* = ((vas(A))?) " = Ve (A); (4.6)

we also have

lallia) = llallow ) for all a € (vee(A))". (4.7)
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Proof: (a) First we assume a € (vp(A))?. This implies @ € (wy(A))? by Proposition 4.1,
and (wy(A))? = W(A) by [3, Theorem 5.5 (a)], hence a € V(A). Since vp(A) C v (A), we
have

(10(A))? € (v0(A))” € V(A). (48)

Conversely, we show

V(A) € (vao(A))’. (4.9)
Let a € V(A), hence @ € W(A) = (wao(A))? by [3, Theorem 5.5 (a)] . Then it follows that
G- (Ax) € cs for all z € v (A). (4.10)

Obviously a € V(A) implies A - a € ¢y. Let © € vso(A) be given. Then we have z/A € (o,

by the second inclusion in (3.1) and so we obtain
a-x=(A-a) (x/A) € c. (4.11)

Applying (4.3) with b = @ and y = z, and using (4.10) and (4.11), we conclude a - = € cs.
Since 2 € v, (A) was arbitrary, we have a € (v,(A))?. Thus we have shown (4.9). Now
(4.8) and (4.9) together yield V(A) = (vo(A))? = (v(A))?. Also (4.4) holds for all
T € U (A).
Finally, if a € V(A), then (4.5) follows from (4.4) and the identities || [w) = || [}, ) =
- uny (3, G2

(b) The set W(A) is a BK space with || - ||y by [3, Theorem 5.7]. Since the matrix
R is one to one and z = Ry =y € V(A) if and only if y € W(A), V(A) is a BK space
with [|z(|ya) = |9y by [5, Theorem 4.3.2].
Now we show that V(A) has AK. It is clear that ¢ C V(A). Let 2 € V(A) and ¢ > 0
be given. For each m € INy, let v(m) be the unique integer for which n(v(m)) < m <
n(v(m)+ 1) — 1. We choose mg € INy such that

o0
Z An(p4+1ymax, || < e for all m > my.

v=v(m)
Let m > myq be given. Since A is exponentially bounded, there is ¢ € (0, 1) such that the

second inequality in (2.2) holds, and so

|l — x[m]HV@ = ||7‘ (A |R (m — glm H1 Z An(v+1)Max, |Rk T — :1:["’])}
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v(m)—1
E /\n(l/+1 |Im+1| + § /\rL(z/+1 maXV‘xk‘
v=0 v=v(m)

(m)—1
e An(/ﬁrl)

< An(wm)+1) [ Em1]
e ; /\n(y<m)+1)

+ €

v(m)—1
€
< m)—p < = )
€ Z +e< =7 +ée
p=0
Thus we have shown that V(A) has AK.
(c) First we establish the identity in (4.6). Since X C X% for any subset X of w by

[5, Theorem 7.2.2 (i)], we have to show by Part (a) that

Vo (A) C (V(A))P. (4.12)

Let a € (V(A))?. We define the map f, : V(A) — C by fo(z) = Y parzy for all
x € V(A). Since V(A) is a BK space by Part (b), it follows from [5, Theorem 7.2.9] that
fa € (V(A))?, and so

[fa(@)] < lfall - zllva) for all z € V(A). (4.13)

Let m € INy be given and v(m) be the unique integer for which n(v(m)) < m < n(v(m)+
1) — 1. Since A is exponentially bounded, there are s,¢ € (0, 1) such that (2.2) holds and
we obtain

)\
j=k

J

o )\7l(ll+1)

Am

= T - iw)m

v=0
v(m

n(/H»l) n(u(m)+1) v(m)—p < 1
E . < - E t < — < o0
= Anwm)+1)  An(v(m)) s(t—1)

Now (4.13) implies

[l fall
s(1—1)

and so a € (1//\)’1 * lo. Furthermore x € V(A) implies & € A™! % ¢y, we obtain,

ol _ | e A)| < Al e A <

for all m,

interchanging = and a in the converse part of the proof of Part (a),
Z A, = Zi‘nAna for all z € V(A). (4.14)
n=0 n=0
Thus we have & - Aa € cs for all ¢ € V(A). Since x € V(A) if and only if & € W(A), it
follows that Aa € (W(A))?, and (W(A))? = wa(A) by [3, Theorem 5.8 (a)]. But this



-598-

means a € voo(A). Thus we have shown (4.12).

Finally, since z € Sy if and only if 2 € Sy, a € (V(A))? = v(A) if and only if

Aa € woo(A), and ||+ [5yay = |+ lww(a) on (W(A))? by [3, (5.9)], we obtain from (4.14)
”a”f](/\) = esélp Zanxn = N Sup Z-anna
TEOVA) | n=0 EESw(a) n=0
= Aaliya) = 1Aallwe ) = llallowa)-
]
Now, we determine the S-duals of the sets co(A), ¢(A) and ¢ (A).
Corollary 4.3 (a) Let X be any of the sets co(A), c(A) or coo(A). Then we have X°® =
C(A); moreover, if a € XP and b= a/A then
Z apTy = Zi)kAk(Ax) for all x € X; (4.15)
k=0 k=0
also
lallx = llallca) for all a € C(A). (4.16)
(b) The space C(A) is a BK space with AK with | - ||c(a)-
(c) The set coo(N) is B—perfect, that is,
(oo (M) = coo (A); (4.17)
we also have
lally = lallex ) for all a € (C(A))". (4.18)

Proof: (a) Since (vp(A))? = (ve(A))? = V(A) by Theorem 4.2 (a), we obtain (cy(A))?
= (cao(A))? = C(A) from (2.1). Now ¢5(A) C ¢(A) C coo(A) implies (¢(A))? = C(A).
Furthermore, (4.15) and (4.16) obviously follow from (4.4) and (4.5), since a -z = (a/A) -
(A-x).

(b) Since V(A) is a BK space with AK with || - ||ya) by Theorem 4.2 (b), Part (b)
follows by [5, Theorems 4.3.6 and 4.3.12].

(¢) We obtain (4.17) and (4.18) from (4.6), (4.7) and (2.1), since a-x = (a/A) - (A - z).
|

Finally, we determine the continuous duals of the spaces vo(A), ¢o(A), V(A) and C(A).
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Corollary 4.4 Let vo(A) and co(A) have the norms || - ||uoay and || - [lca)- Then we have

(a) (vo(A))* and V(A) are norm isomorphic;

* and C(A) are norm isomorphic;

(b) (co(A)
(c) (V(A
(c(

)
))* and v (A) are norm isomorphic;
(d) (C(A))* and co(A) are norm isomorphic.

Proof: Since vp(A), ¢o(A), V(A) and C(A) are BK spaces with AK by Proposition 3.3
(a) and (b), Theorem 4.2 (b) and Corollary 4.3 (b), the f—dual and the continuous dual

are isomorphic in each case by [5, Theorem 7.2.9]. Also the norms on the f-dual and the
|

continuous dual are the same by (4.5), (4.16), (4.7) and (4.18).

5 Waulff’s Crystals and Potential Surfaces

Here we deal with Wulff’s construction and the graphical representation of Wulff’s crystals

and their surface energy functions as potential surfaces.
According to Wulff’s principle [4], the shape of a crystal is uniquely determined by

its surface energy function. A surface energy function is a real valued function depending

on a direction in space.

R
>

N
I']

\‘v"~
)

7

0

7 Y

= 22 N
p i Sl 7
LSRN I
/O'// \\\ W'“J}"]&\\“‘\\\ / \""W
7 WIS iy

v

Figure 1: Potential surfaces and corresponding Wulff’s crystals

Let OB™ denote the unit sphere in euclidean IR™**, that is,

n+1 1/2
oB" = —<>eR|—(Z) =10,
k=1
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and let F': 0B™ — IR be a surface energy function. Then we may consider the set
PM = {7 =F(&)¢c R"™ : &€ dB"}

as a natural representation of the function F.
If n =1, then € = é(u) = (cosu,sinu) for u € (0,27) and we obtain a potential curve

with a parametric representation (left in Figure 2)
PC = {# = f(u)(cosu,sinu) : u € (0,27)} where f(u) = F(e(u)).
If n = 2, then

é¢=é(u',u?) = (cosu' cosu?, cosu’ sinu? sinu')

for (ut,u®) € R = (—7/2,7/2) x (0,27)

and we obtain a potential surface with a parametric representation (right in Figure 2 and
Figure 3)
PS = {i = f(u',u?)(cosu' cosu? cosu' sinu? sinu') : (u',u?) € R}
where f(u',u?) = F(e(u',u?)).

Wulff gave a geometric principle of construction for crystals [4].

Theorem 5.1 (Wulff’s principle) For every é € dB", let Ez denote the hyperplane
orthogonal to € and through the point P with position vector p = F(€)¢€, and Hy be the
half space which contains the origin 0 and has the boundary E= = OHz. Then the crystal
Cr which has F as its surface energy function is uniquely determined and given by
Cr= () He= () {#:Fec< F(&)}
eeoBn eecoBn

where o is the usual dot product, that is, Tey = > ,_, xxyy for all vectors T and .

Remark 5.2 It is clear that if the surface energy function R is continuous then Cr is a

closed convex subset of R™!.

Since Wulft’s construction in Theorem 5.1 is far from applicable for the graphical

representation of crsytals, we give two results which are more useful.
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Figure 3: Potential surfaces
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(cosu,sinu)

Figure 2: A potential curve and a potential surface
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Theorem 5.3 ([10, Satz 6.1]) Let F : 9B™ — IR" be a continuous function. Then a
point X is on the boundary OCp of Wulff’s crystal Cr corresponding to F if and only if
(left in Figure 4)

F(é) > Ze¢ forallé€ dB" and F(ey) = eé for some é € OB

Theorem 5.4 ([10, Satz 6.2]) Let F : 9B™ — IR" be a continuous function and C'F :
OB" — IR" be defined by

CF(€) = inf {F(@)(€e ) ' : i€ OB" and €eii >0} . (5.1)
Then the boundary OCr of Wulff’s crystal corresponding to F is given by
ICp ={i=CF(@E)ée R :.ecaB"}; (5.2)

in particular, if n = 2 then a parametric representation for the boundary OCp of Wulff’s

crystal corresponding to F is (right in Figure 4)

F(u,u?) = CF(e(u', u?))e(ut, u?) for (u',u?) € R = (—7/2,7/2) x (0,27). (5.3)

Figure 4: Wulff’s constructions according to Theorems 5.1 and 5.3

Although we have used both Theorems 5.3 and 5.4 to develop algorithms and pro-
grammes for the graphic representation of Wulff’s crystals, in some cases a parametric
representation can explicitly be given for the boundary of a Wulff’s crystal, that is for the
function C'F.

One such case is when the function F'is equal to a norm in three-dimensional space.
If F=| ||, then the boundary of Wulff’s crystal corresonding to F' is given by the dual

norm of || - ||.
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Figure 5: Wulff’s crystals constructed by Theorems 5.3 and 5.4

Corollary 5.5 Let || - || be a norm on IR™™ and, for cach @ € OB", let ¢ : IR™™ — IR

be defined by

n+1
(bu?(l') = el = Zwkl'k (fE Rn+1).
k=1
Then the boundary OC|.| of Wulff’s crystal corresponding to || - || is given by
- 1 — n+1l . > n
60||.||= .’/C=7*~661R €€ 0B s
[l bell
where ||¢a||* is the norm of the functional ¢z, that is, the dual norm of || - ||.
Proof: It is clear that ¢g € (IR™™)* for each € B", and
l¢all” = sup{la(z) : [l=] =1}
We obtain by (5.1) with F = || - || and putting @ = ||ul|~! - @, since ||| = 1,

Cjy)(€) = inf {||@||(¢e @) " :uw € IB" and e @ >0}
_ -1
= (sup { |¢T1(;‘L|)| 14 € 0B" and €e U # 0})

|
= (sup {|6e(®)] : 7] = 1 and Te &£ 0}) ™" =

llgell*
Now the identity in (5.4) follows from (5.2).
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Remark 5.6 In the special case of n = 2, we obtain from (5.4) and (5.3) the following

parametric representation for Wulff’s crystal corresponding to a norm || - || in IR

(' u?) = Cpy (elu', u?)) - e(u', u?) = i_ -E(ut,u?) for (u',u?) € R; (5.5)

€

the potential surface has a parametric representation

= F(e(ut,u?)) - e(u',u?) = ||e(ut, u?)|| - eut,u?) for (u',u?) € R. (5.6)

<y

Example 5.7 As a first ezample, we represent the potential surfaces and corresponding

Wulff’s crystals for the €y and Ly, norms || - |1 and || - || given by
170y = lwr] + fwal + [zs| and ||Tlloe = max |zi| for &' = {w1, 22, 75}

The two pictures in Figure 6 are dual to one another.

AN
IR
.II\ “‘\\
NN 1
N~ ::/
~J1 LA
:t ——1 [ 1
—1 T
—1 I~
SN
| Ny
1 Nty
SRR
I N

Figure 6: Wulff’s crystals corresponding to the ¢, and ¢y, norms

Example 5.8 Finally, we represent some potential surfaces and the corresponding Wulff’s
crystals for the norms || - [lwea)s ||+ lowa)y and || - llew(n) (Figures 7, 9 and 11), and for
the dual norms || - lway. |- vy and |- |leay (Figures 8, 10 and 12). The representations
also serve as a visualisation of the results of Section 4.

We identify the sequences x = (xy,)72, with the three—dimensional vectors T given by their

three-sections 2B that is & = (1, 19, x3). We also choose A = (1,2,3,4) in each picture.

Acknowledgement. Research of Malkowsky supported by the research project #174025 of
the Serbian Ministry of Science, Technology and Development.
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Figure 7: Potential surface of the w.(A) norm and potential surface with corresponding

Wulff’s crystal
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Figure 8: Potential surface of the W(A) norm and potential surface with corresponding

Wulff’s crystal

Figure 9: Potential surface of the v, (A) norm and potential surface with corresponding

Wulff’s crystal
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Figure 10: Potential surface of the V(A) norm and potential surface with corresponding

Wulff’s crystal
Figure 11: Potential surface of the ¢ (A) norm and potential surface with corresponding

Wulft’s crystal

Figure 12: Potential surface of the C(A) norm and potential surface with corresponding

Wulff’s crystal



-607-

References

[1] F. Moricz, On A-strong convergence of numerical sequences and Fourier series, Acta
Math. Hungar. 54 (1989) 319-327.

[2] E. Malkowsky, The continuous duals of the spaces c¢o(A) and ¢(A) for exponentially
bounded sequences, Acta Sci. Math. (Szeged) 61 (1995) 241-250.

[3] E . Malkowsky, V. Velickovi¢, The graphical representation of neighbourhoods in
certain topologies, Topol. Appl. 158 (2011) 1369-1380.

[4] G. Wulff, Der Curie-Wulffsche Satz iiber Combinationsformen von Krystallen, Z.
Krystallographie V53 (1901).

[5] A. Wilansky, Summability Through Functional Analysis, North-Holland, Amster-
dam, 1984.

(6] J. M. Hyslop, Note on the strong summability of series, Proc. Glasgow Math. Assoc.
1 (1951/53) 16-20.

[7] B. Kuttner, B. Thorpe, Strong convergence, J. Reine Angew. Math. 311/312 (1979)
42-55.

[8] R. C. Cooke, Infinite Matrices and Sequence Spaces, MacMillan, London, 1950.

[9] E. Malkowsky, V. Rakocevi¢, On matrix domains of triangles, Appl. Math. Comput.
189 (2007) 1146-1163.

[10] M. Failing, Entwicklung numerischer Algorithmen zur computergrafischen Darstel-
lung spezieller Probleme der Differentialgeometrie und Kristallographie, Ph.D. The-
sis, Giessen, 1996, Shaker Verlag, Aachen, 1996.



