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Abstract
The generalized Schultz indices were introduced by Schultz and Gutman according to
distances between vertices and vertex degrees. In this paper, we introduce the edge
versions of these indices. We state the relations between the new indices with vertex
Wiener index and distances between vertices. At last, these new indices are computed
for some graphs.

1. Introduction

The ordinary (vertex) version of Wiener index is oldest index that is defined in terms of
distances between vertices of a connected graph [1]. This index is the oldest and perhaps most
important topological index in chemistry. A lot of interesting research on the vertex Wiener
index has been performed in both chemistry and mathematics [2-8,13,14,16,17]. The Wiener

index is defined as follow:

W(G)=W,(G)= Y d(xy)

.V (G)
where d(x,y) is the distance between vertices x and y .

We use a variety of distance functions throughout this paper. Such a distance is a metric if it

satisfies:
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Let S be any set, the distance in S is a mapping d : S xS — R, where a,b,c € S,

a- d(a,b)>0

b- d(a,b)=0=a=b

c- d(a,b) =d(b,a)

d- d(a,b)+d(b,c) 2 d(a,c)

In 2008, the edge versions of Wiener index were introduced by Ali Iranmanesh et. al. as

follows [9]:

The first edge-Wiener index is:

W (G)= D.d,(e.f)

{e./}EG)

di(e./)+1 e=f
0 e=f

where e =xy and f =uv. In fact we have W (G) =W, (L(G))).

where d, (e, f) = { and d, (e, /) = min{d (x,u),d(x,v),d(y,u),d(y,v)}

Here, the line graph L(G) is the intersection graph of the edges of G, where vertices
correspond to edges of G and vertices in L(G) are adjacent if the corresponding edges share a
vertex. With regard to the Wiener index of L(G)see [2,3,16,17]. The second edge-Wiener
index is:

W (G)= Y def)

{e.fI2E(G)

dz(e:f) e;tfand

where d, (e, f) :{ 0 1
e=

d, (e, f) = max{d(x,u),d(x,v),d(y,u),d(y,v)} where e = xy and f =uv.

In [11], we found relations between different versions of Wiener index by definition of two
new distances between edges that are based on distances between endpoints of edges.
Definition 1-1. [11] Let e =uv, f =xy be edges of connected graph G . Then, we define:

[d'e. )] . lefleC
d'(e,f)+1 , le.f}eC”

du,x)+du,y)+dv,x)+d(v,y)
4

d'(e, f) = and d"(e, f) —{
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where C={{e, [} S E(G)| if e=uvand [ =xy ; d(u,x)=d(u,y)=d(v,x)=d(v,x)} and

d"(e,f) e+ f
0 e=f

Also, d' and d" are not distances because they do not satisfy the condition (b) and we

d,(e, f)= { . We suppose that d'(e,e) =—

proved in [11] that d, =d.
In addition, if e, f € E(G), we defined in [11]:

[d'e.N]  lesfie4
d'(e, f)+1 , {e’f}e A, and ds(e,f):{

Where 4, is defined in following.

d"(e,f) e*f

d"'(e,f)={ oy

And, the mathematical quantity d'"" is not distance because it not satisfy the condition (b) and
we proved in [11], d, =d;.

In [11], several sets were defined in terms of the distance d,, several sets have been defined.

4, ={e. /S EG)| dyte. ) =d'(e. N,

4, =1le. f1C EG) ds(e,f)=d'(e,f)+%},

A4

4 - { e d3<e,f)=d'(e,f)+§},
{ 1 EG) d, (e,f):d'(e,f)+%}-

The relation between the edge and vertex versions of Wiener index is:

Theorem 1-2. [11] Suppose G is a graph with m edges and 4,, 4,,4;, A4, and C are the sets

that have been defined above. Then, the edge-Wiener indices corresponding to the distances

d, and d, are:

Wo(G)=— >, D degt)xdeg(y)xd(x,))—— +

1
8.5 yel(G)

B

W..(G)=W,y(G)+|4]-|d]
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In [10-12], edge-Wiener indices of some graphs have been computed.
An index proposed by Schultz is shown to be related to the Wiener index for trees. This index
is [13]:

W.(G)= Y (deg(x) +deg(y))d(x,y)

eyl (G)

where deg(x) is the degree of x in graph G .

Ivan Gutman introduced a modification of the Schultz index with similar properties [14]:

W.(G)= Y (deg(x)xdeg(y))d(x,y)

[ESHSL(E)]

The two above indices, W, (G) and W.(G), were named the generalized Schultz indices.

The generalized Schultz indices were introduced similarly to the Wiener index by Schultz and
Gutman. A finding explicit relation between different versions of an index leads to parsimony
in time and computing its edge versions. This is because parts of the computations for the
edge versions are then included in the computations for the vertex versions.

In [9 and 11], we introduced the notations d,,d;, d, and d; explained above. We will need

these notations here again for the generalized Schultz indices.

Therefore, in this paper, we introduce the edge versions of generalized Schultz indices, and
obtain explicit relations between different versions of them and compute them for some

graphs.

2. Some definitions and results

In this section, we try to state our explanations with mathematical equations. For this, we do
not simplify our computations. Therefore, each mathematician can get the result only find the
clear computations by equations.

Before stating the edge versions of generalized Schultz indices, we mention upper and lower
bounds of their vertex versions.

Let A(G) and 6(G)be the maximum and minimum degrees of vertices of connected graph G,

respectively.

According to the definition of generalized Schultz indices, we have:
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20(GW(G) £ W, (G) L 2MGW(G) M

S8(G)* W(G) W.(G) < A(G)* W (G)
In particular, if G is a r -regular graph, then: W, (G) = 2rW(G)and W.(G) = r*W(G).
One of the applications of these indices is their computation for molecular graphs of chemical
structures such as nanotubes that are a hollow cylindrical or toroidal molecule made of one

element, usually carbon, and are being investigated as semiconductors and for uses in

nanotechnology. In the following, we write generalized Schultz indices.

Definition 2-1. Let G be a connected graph with vertex set V(G) and edge set E(G). We
define:

W(G,vi)=% > >ldv,x)

vel (G) xeV (G)
deg(v)=i

Theorem 2-2. Let G be a molecular graph of a nanotube with vertex set V(G) and edge set
E(G). The generalized Schultz indices according to Wiener index are:
W.(G) =6W(G)+4W(G,v2) -6 z d(x,y)

{x. 0yl (G)
deg(x)=deg(y)=2

W.(G)=9W(G)+3IW(G,v2) -8 > d(x,)
B0 a2

Proof. Since the vertex degree of vertices in the molecular graph of a nanotube is 2 or 3, we

have according to the definitions of W, _(G) and W.(G):

W.(G)= Y (deg(x)+deg(»))d(x,y) =

.l (G)
1 1
== > Yedx,y)+ Y D5dxy)+— Y D 4d(x,y)
2er(6> yel (G) xelV(G) yel (G) zer(G) yel (G)
deg(x)=3 deg(y)=3 deg(x)=2 deg(y)=3 deg(x)=2 deg(y)=2

Simplifying; up equation, we can restate the last line of up equation as follows:

3% Ddxy)+2 Y Ddxy)-6 Y d(x,y)

xeV (G) yeV (G) xelV (G) yel(G) [EN = g()]
deg(x)=2 deg(x)=deg(y)=2

According to the definition of Wiener index and Definition (2-1), we have:

W,(G) =6 (G)+4W(G,v2) -6 >.d(x,y)

X}V (G)
deg(x)=deg(y)=2
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We use a similar procedure for next result. Then,

W.(G)= Y (deg(x)xdeg(»))d(x,y) =

el (G)
1 1
== > D9d(x,y)+ Y D6dx,y)+— D D 4d(x,y)
2er(G) yel (G) xeV(G) yeV(G) 2er(G) yel (G)
deg(x)=3 deg(y)=3 deg(x)=2 deg(y)=3 deg(x)=2 deg(y)=2

=9W(G)+3W(G,v2)—-8 > d(x,y)

Lyl (G)
deg(x)=deg(y)=2

|
Now we introduce new versions of these indices and continue the procedure that is mentioned
in the proof of Theorem (2-2) for getting more results.

Definition 2-3. The edge versions of generalized Schultz indices are:

7.),,(G) = Y (deg(e) +deg(/))d, (e, /), i =04

{e./1cEG)

W), (G)= > (deg(e)xdeg(f))d, (e, ), i =04

{e./)<E(G)

where deg(e) is the degree of e in the line graph L(G).

Let A(L(G)) and 0(L(G))be the maximum and minimum degrees of edges of a connected

graph G, respectively. Therefore, we find bounds for the new indices as follows:
20(LGOW(G) W) (O SBALEOWG) (o

S(L(G)’ W, (G) < (W.),,(G) < ML(G)' W, (G)

If we write the inequalities (2) in terms of the degree of vertices, then we must replace

A(L(G)) and 6(L(G)) with 2A(G) -2 and 26(G)—2. In particular, if G is r -regular graph,
then: (7,),,(G) = (4~ 4)W,,(G) and (W.),,(G) = (2r ~2)'W,,(G).

Now, we write edge generalized Schultz indices according to the edge Wiener index. Before

this, some notations are defined to simplify our computations.

Definition 2-4. Let G be a connected graph with vertex set V(G) and edge set £(G). We

define:
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W,(Geh=s Y Sdief), i-04 and j=234,

ecE(G) [€E(G)
deg(e)=/

WL,I(G,vj):l > Dld(ef),i-04 and j=23.

2 . 6) fEE(G)
deg(v)=/

Theorem 2-5. Let G be a molecular graph of a nanotube with vertex set /(G) and edge set
E(G). The edge generalized Schultz indices are:
W)u(G) =8, (G) +6W,,(G,e3) + 4, (G, e2)

-8 Yd(e.f)-8 Ydief)-8 D.dlef)

{e.fICE(G) {e.f1CE(G) {e.f1CE(G)
deg(e)=deg(/)=3 deg(e)=2 deg(e)=deg(f)=2 .
deg(/)=3 , 1= 0,4

(W) (G) =160, (G) +8W,,(G,e3) +

-15 Zd(ef)—lZ Yde.f)-12  Ydef)

te.fICE(G) {e.fISE(G) fe.fISE(G)
deg(e)= deg(f )=3 deg(e)=2 deg(e)=deg(/)=2
deg(/)=3

Proof. Since the degree of vertices in a molecular graph of a nanotube is 2 or 3, the degree of
edges in the molecular graph of a nanotube is 2, 3 or 4. Therefore, we have according to the

Definition (2-3):

W),(G) = (deg(e)+deg(f))d,(e. /) =

te.f1CE(G)
Z D8d(e, N+ D DTd(e./)+ D, D 6def)
eeE(G) f€E(G) ecE(G) feE(G) ecE(G) feE(G)
deg(e)=4 deg(f)=4 deg(e)=4 deg(f)=3 deg(e)=4 deg(f)=2
1 1
+— > Y6d(e, )+ D DSdle N+ Y, Y Adle )
2eeE(G) Sf€E(G) ecE(G) feE(G) 2eeE(G) S€E(G)
deg(e)=3 deg(f)=3 deg(e)=3 deg(/)=2 deg(e)=2 deg(f)=2

=8W.,(G) + 6W.,(G,e3) + 4W,,(G, e2)

-8 Yd(e.f)-8 d.d(e.f)-8 D.dle)).
te./ICE(G) te.fI1CE(G) te.[ICE(G)
deg(e)=deg(f)=3 deg(e)=2 deg(e)=deg(f)=2

deg(f)=3
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W), (G)= > (deg(e)xdeg(f))d, (e, f) =

{e.[I1cE(G)
Z d16d, (e, )+ D, D12d(e./)+ D, D.8d (e f)
(EE(G) f€E(G) ecE(G) [fe€E(G) ecE(G) feE(G)
deg(e)=4 deg(f)=4 deg(e)=4 deg(/)=3 deg(e)=4 deg(/)=2
Z >9d (e, )+ Y, Z6d(ef)+f > Dlade f)
ceE(G) f€E(G) ecE(G) feE(G) eeE(G) feE(G)
deg(e)=3 deg(/)=3 deg(e)=3 deg(f)=2 deg(e)=2 deg(f)=2

=16W,(G)+8W,(G,e3) +

-15  Yd(ef)-12 Did(e,NH-12  Ddlef)

{e./}SE(G) {e./}SE(G) {e./}SE(G)
deg(e)=deg(f)=3 deg(e)=2 deg(e)=deg(f)=2
deg(/)=3

|
Now, we state relations between edge-generalized Schultz indices with vertex-Wiener index

for molecular graphs of nanotubes. Before stating these relations, we call some notations for

simplifying our computations.

Definition 2-6. Let G be a molecular graph of nanotube. Then,

m(i) =|M()| =|fe € E(G)| deg(e) = ] where i=23.4,

m, () =|M, )] = ‘{uv — e E(G)| deg(u) =i and deg(v) = j} where i =123 and j=12.3,
a, (i) = ‘{{e, /1e4,(6)] degle) = z} where i = 23,4 and j=123,4,

0,k =|{fe./}e 4,(G) deg(e) =i and deg(/) = k| where ik =234 and j=12.34,
(i) = ‘{{e, /1eC(G)] degle) = iﬂ where i = 23,4,

(i) =|{fe. /1€ C(G)| deg(e) =i and deg(f) = k| where i.k =234,

deg,(x) =[le < E(G)| deg(e) =i and x < ef where i=2.3.4 and

N, (x,y)=deg,(x)deg(y) + deg, (y)(deg(x) —deg, (x)) where i =2,3,4.
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Lemma 2-7. W, (G) of nanotubes according to the vertex-Wiener index is:

VVCO(@:%WV(G)%M(G,vz)f S Sday)-"

xel(G) yel (G) 4
deg(x)=2deg(y)=2

<3 Jake(§ {3 Jal+lc

W.(G)=W,(G) +‘A1‘ _‘q

Proof. The desired results follow from Theorem (1-2). =

Lemma 2- 8. Let G be a molecular graph of a nanotube. Then, we have:
d(u,x)+d(u,y)+d(v,x)+d(v,y) _
le.fIcE(G) 4

if e=uv, f=xy
deg(u)=3,deg(v)=2

1( > YN+ Y ZM(x,y)d(x,y)J

xeV (M(3)) yel (G) xeV (M(3)) yeV (G)\V (M(3))

and

d(u,x)+d(u,y)+d(v,x)+d(v,y) _

fe./ICE(@) 4

if e=uv, f=xy

deg(e)=2

1

|2 2N@ydeen+ Y >N, (x, p)d(x, »)
8 xeV (M, (2)uM, (3)) yeV (G) xeV (M, (2)UM, (3)) yeV (G)\V (M, (2)UM, (3))

Proof. The proofs of the two formulas are similar. Therefore, we only prove the first one.

Let G be a molecular graph of a nanotube, xu = e and p = ab be elements of M(3) and
w=feM@3).

z d(u,x)+d(u,y)+dv,x)+d(v,y)

le.f)<E(G) 4
if e=uv, f=xy
deg(u)=3,deg(v)=2

Consider the summation . The number of
times d(x,y) is counted in the above summation is deg, (x)deg(y) + deg, (¥)(deg(x) — deg, (x)).
The number of times d(x,a) is counted in the above summation is

2(deg, (x)deg(y) + deg, (y)(deg(x) — deg, (x))) i.e., the number of times d(x,a) is
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deg, (x)deg(y) + deg, (y)(deg(x) — deg, (x)) and the number of times d(a, x)
deg, (x)deg(y) + deg, (v)(deg(x) — deg, (x)) . Therefore, the summation
d(u,x)+d(u,y)+d(v,x)+d(v,y)

4 is equal to:
le./}<E(G)

if e=uv, f=xy

deg(u)=3,deg(v)=2

> Y (degy(x)deg(y) + deg, (y)(deg(x) — deg, (x)))d(x, y) +

xel (M(3)) yeV (G)

8 > > (deg, (x)deg(y) +deg; (y)(deg(x) — deg, (x)))d(x, )

xeV (M(3)) yel (G)\WV (M(3))

which is

1[ > DNy + Y ZNg(x,y)d(x,y)].

xel (M(3)) yel' (G) xel (M(3)) yeV (G)\W (M(3))

Lemma 2-9. W, (G,v3) and W,,(G,v2) of nanotubes according to the vertex distances are:

MO(G,v3)=1{ Y SN@yda+ Y SNy, y)] m3)

xeV (M(3)) yeV (G) xeV (M(3)) yeV (G)W (M(3))
( )az &) +( ]az 3+ (3 )04 3+
and
1
Weu(G,v2>:[ Y YNewden+ Y ZNz(x,y)doc,y)J

8 xeV (M, (2)uM,(3)) yeV (G) xelV (M, (2)uM,(3)) yeV (G)\WV (M, (2)wM,(3))

2
-mBEm), U (2>+[1ja2(2)+(3ja4(2)+c(2)

Proof. We only prove the first formula, because the proof of the second one is similar.

By Definition (1-1), we have



-103-

W, (G3) = Zd3(e,f)= z [d(u,x)+d(u,y)+d(v,x)+d(v,y)—‘

fe.f}<E(G) {e.fcE(G) 4
deg(e)=3 if e=uv, f=xy
deg(e)=3
d(u,x) +d(,y) +d(v,x) +d(v, )
fe./CE(G) 4
if e=uv, f=xy

deg(u)=3,deg(v)=2

1 1 3
E0 020
et \2) a4 a4 e

deg(e)=3 deg(e)=3 deg(e)=3 deg(e)=3

And using Lemma (2-8), we have

Weo(G,V3):l( > 2N @ydeey+ Y 2N (), y)~ Zdeg;(x)j

xel (M(3)) el (G) xel (M(3)) yeV (G)\WV (M(3)) xeV (My)

! z (2J 2 GjJr(z G}rhrz};‘pﬁ):

f>eA fe./lety ./ led, e.
deg(e)=3 deg(e)=3 deg(e)=3

[Z SN,Eder Y SN, y)] md)

xeV (M(3)) yeV (G) xel (M(3)) yel (G)\V (M(3))

_1
8
[ Ja3(3)+( ja (3)+[ ja4(3)+c(3)

|
Lemma 2-10 (G,v3)and W,,(G,v2) of nanotubes according to the vertex distances are:
W, (G,v3) =W, (G,v3)+a,(3) —c(3)
W, (Gv2) =W, (G,v2)+a,(2)—c(2)
Proof. These results can be concluded by lemma (2-7). =

Lemma 2-11. We have:

3Y -y Y Y deg@deg, () -

ecE(G) f<€E(G) V(M(3)) yeV (M(3))
deg(e)=3 deg(/)=3

+ [%]% 3.3)+ (i)az 3,3)+ [%jau (3,3)+¢(3,3)

and
LS Sden-2Y YdenaG3-cG3)
2 o EG) feEG) 2 .56 FeE(G)

deg(e)=3 deg(/)=3 deg(e)=3 deg(f)=3
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Proof. By Definition (1-1), we conclude the results as follows:

1 Z Zd (f)= Zd (e.f) = z [d(u,x)+d(u,y)+d(v,x)+d(v,y)—‘

2 ok6)_feBG) e.AICE©) {e./J<EG) 4
deg(e)=3 deg(/)=3 deg(e)=3 if e=uv, f=xy
deg(/)=3 deg(e)=3.eg(f)=3
_ du,x)+d(u,y)+dv,x)+d(v,y)
{e.f|<EG) 4

if e=uv, f=xy
deg(e)=3.deg(/)=3

1 1 3
-Z0r 0 2
erea\2) s \4) g \4) et

deg( ):3 deg(e)=3 deg(e)=3 deg(e)=3
deg(/)=3 deg(/)=3 deg(/)=3 deg(/)=3

If x,y € V(M(3)), then the number of times d(x,y) is counted in the above summation is
2(deg, (x)deg,(»)) e.i. the number of times d(x,y) is deg,(x)deg,(y) and The number of

times d(y,x) is deg,(x)deg,(y). Therefore,

dw,x)+dw,y)+dv,x)+d(v,y) 1 z z
== (deg;(x)deg,; (¥))d(x,y)
{f f;cl'(/G) 4 8 H W) vV (M3
des(e)=3 deg /123

Hence,
1 m(3
SY TNy XY (@ () -
eEE(G) feE(G) 8 €V(M(3)) yel (M(3))
deg(e)=3 deg(/)=3
1 1 3
a3(3 3)+| — a2(3 3+ = a4(3 3)+¢(3,3)
For second result, if we compute 1 Z Zd4 (e, f), we have
ecE(G) feE(G)
deg(e)=3 deg(/)=3
Wt(3)

IY Tden =g X3 (e (der ()Mx.0) -

2 .5 1) XV (M) yeV (M)
deg(e)=3 deg(/)=3

[;)c@ 33)+ [ ! )az 33+ (4)514 33)+a,(33)
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Now, the second result follows easily. m

Lemma 2-12. We have:

2Y TNy ¥ Y(enmde o) -2

2 ecE(G) [€E(G) vsV(M(Z)) yeV (M(2))

deg(e)=2 deg(/)=2
(1Ja3(2 2)+(1ja2(2 2)+(3ja4(2 2)+¢(2,2)

and
1 1
— Y DYdlef)== D Dd,(e[f)+a,(2.2)-c(22)
2esE(G) fE€E(G) zeeE(G) f€E(G)
deg(e)=2 deg(f)=2 deg(e)=2 deg(f)=2

Proof. By Definition (1-1), we conclude the results as follows:

d(u,x)+d(u,y)+dv,x)+d(v, y)—‘

L'y Saen=- Taen= ¥ [ :

2 50 1eEG) le.f}EG) le./}EG)
deg(e)=2 deg(f)=2 deg(e)=2 if e=uv, f=xy
deg(f)=2 deg(e)=2.,deg(f)=2
d(u,x)+d(u,y)+d(v,x)+d(v,y)
{e.fICE(G) 4
if e=uv, f=xy

deg(u)=2.deg(v)=2
1 1 3
D D I o E S = Ea ) 1))
T \2) oo \4) T \4) e
deg(e)=2 deg(e)=2 deg(e)=2 deg(e)=2
deg(/)=2 deg(/)-2 deg(/)-2 deg(/)=2
If x,y € V(M(2)), then the number of times d(x, y) is counted in the above summation is
2(deg, (x)deg, ()) i.e., the number of times d(x,y) is deg, (x)deg,(y) and The number of

times d(y,x) is deg,(x)deg,(y). Therefore,

dw,x)+du,y)+dv,x)+d(v,y) 1

== (deg, (x)deg, (¥)d(x, y)
«; f,CE(f( ) 4 8 xe»’%f:tzn yew%:(zn ’ ’
deg(e)=2.deg(/)=2
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Therefore,

1 1
= DdyeNH== Y D (deg,(x)deg,(»)d(x,y)—
ZeeE(G) f€E(G) 8st(M(2))ysV(M(2))

deg(e)=2 deg(/)=2

m2)
4

( )03(22)+( ja2(22)+( ja4(22)+c(22)

. 1 .
For second result, if we compute 5 z Zd4 (e, f), we have

ecE(G) feE(G)
deg(e)=2 deg(/)=2

5 Z PR f)—f > D (deg, (x)deg, (»)d(x, y)_@

eeF((;) [eE(G) xel (M(2)) yeV (M(2))
deg(e)=2 deg(f)=2

[ )aS (2,2) +( Jaz (2,2) +( Ja4 22)+a,(2,2)

Now, the second result follows easily. =

Lemma 2-13. We have:

LS Saen=2(Y  Yldeg,(x)deg,(y) +deg, (x)deg, (0)d(x,»)

zeeE(G) f€E(G) 8 xelV (M (2)) yeV (M (3))
deg(e)=2deg(f)=3
+ > " (deg, (x)deg, () + deg, (x) deg, ()d(x, ))

xelV (MQNV (M 2)AV (M(3))) yelV (MY (M (2)nV (M(3)))

E V(M) NV (M3
4 ())4 ( ()))‘ ( j3(23)+( ]a2(23)+( ja4(23)+c(23)

and

1 o1

=Y YdlefH== Y Ddyef)+a,(2.2)-c2.2)

2 ecE(G) feE(G) 2 ecE(G) feE(_G)
deg(e)=2 deg(f)=3 deg(e)=2 deg(f)=3

Proof. By Definition (1-1), we conclude the results as follows:
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1 du,x)+du,y)+dv,x)+d(v,
L'y Saen= Sden=- ¥ [ (u,x) +d(u, y) + d(v,x) +d( y)—‘
2 olk0) o5, 5O BLSED, !
¢ ¢ dcg(f )=3 deg(e)=2. dez)(f )=3
du,x)+d(,y)+d(v,x)+d(v,y)
{e./1E©) 4
if e=uv, f=xy

deg(u)=2,deg(v)=3

!
e N2/ u\A) eI\ 4 T

deg(e)=2 deg(e)=2 deg(e)=2 deg(e)=2
deg(f)=3 deg(/)=3 deg(/)=3 deg(/)=3

If xeV(M(2)) and y € V(M (3)), then the number of times d(x,y) is counted in the above

summation is deg, (x)deg, (). Therefore,

d(,x) +d(, y) +d(v,.x) +d(v,y) _1 z Z(degz (x)deg, () +deg, (x)deg, () )d(x, )
(je f}CL-(/G) 4 8 v (M2 vl (1))
deg(u)= zu;c(\) -3

Therefore,

3 Y TN = (Y (der,(de, (1) + deg, () deg, (DM 0)

ecE(G) [eE(G) xeV (M(2)) yeV (M(3))
deg(e)=2 deg(/)=3

+ > > (deg, (x)deg, () + deg, (x)deg, (»)d(x, »))

xeV (MNP (MQ2)V (M(3))) yeV (MB)V (M (2))"V (M(3)))

E(V(M(2))4mV(M(3))X ( j 2 3)+( )az(z 3)+[ },4(2 3)+c(23)

For second result, if we compute 1 z Zd4 (e, f), we have

ecE(G) feE(G)
deg(e)=2 deg(/)=3

3 TN = (T (der(de, (1) + deg, ()deg: (DM )

ecE(G) [€E(G) xeV (M(2)) yel (M(3))
deg(e)=2 deg(/)=3

+ > > (deg, (x)deg, () + deg, (x)deg, (»)d(x, »))

xel (MY (M2)AV (M(3)) yel (MBNV (M (2)V (M(3))

E(V(M(Z)): rMe)) [ j (23) +( jaz 2.3) +[ };4 23)+a,23)
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Now, the second result follows easily. =

3. Main result

We can now

(2-8, 29, 2-

provide formulas for the edge generalized Schultz indices by means of Lemmas

10, 2-11, 2-12 and 2-13) and Theorem (2-5). We only state formulas for

W.),,(G), other edge generalized Schultz indices can be computed in a similar way.

xel (G) yel (G)

(WJMG)—S[ZWV(GHiVK(G,vZ)— > Y, y)——+[ JA3+CJA2+(2)A4+C]

+6)

+4

deg(x)=2 deg(y)=2

1[ Y SN+ Y SN, y)j m3)

8 xel (M(3)) yeV (G) xeV (M(3)) yel (G)\W (M (3))

+[%Ja3(3>+( j 2<3)+[ ]a4(3)+c(3>

%[ Y SNepde Y ZN;(m)d(x,y)J

xeV (M, (2)uM,(3)) yeV (G) xeV (M, (2)UM,(3)) yeV (G)\WV (M, (2)wM,(3))
2 3
- Dm0y e+ 3 @)
! )

= 2 2, (degy(x)deg,(»)d(x,y)~

8 xel (M(3)) yeV (M (3))

( ]a3(33)+[ Ja2(33)+( )a4(33)+c(33)

LY e (e () -2

8 xeV (M(2)) yeV (M(2))

( )03(22)4{ ]a (22)+[ ja4(22)+c(22)

LS S (deg, (x)deg, () + deg, (x)deg, (1)) (x.y)

8 xel (M(2) yel (M(3))

+ > > (deg, (x)deg, () + deg; (x)deg, (»)d(x, ) |

el (MNP M)AV (M) YeV (MY (M(2)V (M(3)))

- E(V(M(z)); V(MG)))‘ [lj L(2.3) +[ )a, 23) +[ J04(2 3)+c(2,3)

In following, we simplify the formula of (W.),,(G) for nanotube TUC,C,(R).
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Conclusion 3-1. Let G be the molecular graph of TUC,Ci(R) nanotube. Then, the

simplified formula of (W,),,(G) for G is:

xeV (G) yel (G) 4
deg(x)=2 deg(y)=2

2 2 2 2
(W+)QO(G)—8[ZVV\,(G)+in(G,v2)— 3 Zd(x,y)_(épq;p)ﬂpq +qp° =Spq-p° —¢q }

+6[1[ > YN ydE D+ Y ZNz(x,y)d(x,y)jMpq*‘*pj

xel (M(3)) yeV (G) xeV (M(3)) yeV (G)W (M(3))

—8[3 > Z(deg3<x>deg3(y))d(x,y)]

8 v )yl 1)

2 _ 2 _
which if p is even, then " Zd(x,y)—{m Ta+apqtp =2p+l ’q<Pl,ifpisodd,we

1e/(G) yeV(G) 3pg+p*—2p—3q+1 g=P
deg(x)=2deg(y)=2

74’ +q+4 _p-2 ,q<P
have > Y d(x,y)= q +q+ 2pq+p p q< landazim[pﬂ]
XV (G) yel(G) 3pg+p —p+3qg-2 ,q=PR 2

deg(x)=2 deg(y)=2

Proof. Let G be the molecular graph of TUC,C (R) nanotube. Therefore, we have

2 2 2 2
m=6pg—p, |4=1PL 9P —;qup 4 m@B)=4p, m2)=0, my(2)=0, m(3)=0,

a,(3)=8pg—6p, a,(2)=0, a;(3.3)=2p, a;(22)=0, a,(2,3)=0. Also, In [15], the

summation Z Zd(x, y) is computed for TUC,C,(R) nanotube. Therefore, according the

xeV(G) yel (G)
deg(x)=2 deg(y)=2

formula of (,),,(G) , the desire results can be concluded. |

Finally, the edge generalized Schultz indices for some familiar graphs have been computed in
Table 1.

The examples which are in Table 1, are well-known graphs and one can get the results only
by using the Definition (2-3). However, by using the results that are mentioned in section 2,
we can compute the generalized edge-Schultz indices for familiar graphs that are the sub
graphs of the molecular graph of a nanotube. These results easily computed for them which

have desire condition because some of sets 4,, (1<i<4), and C are empty for these graphs.
For example, we compute the generalized edge-Schultz indices of S, by using the Definition

(2-3). The notations S,, C, and K, denote the star, cycle and complete graph respectively.
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),.(S,)=" (deg(e) +deg(f))d, (e, /) which i=0,4. We know that deg(e) for each

le./}cEG)

ec£(S,) is n—2. Therefore, (W), (S,)=(2n-4) > .d,(e, f)- Then,
(=G

W.)i(S,)=Q2n=HW,(S,)-

Since we know W, (S,) = %(n —1)(n-2) and W,,(S,) = (n—1)(n—2) from [11]. Then,

W)eo(S,)=Cn=4W,(S,)=(2n— 4)(%(?! —D(n —2)) =(n=1)(n-2)" and

W), +(5,)=Q2n=4W,(S,)=2n-4)((n-1D)(n-2))=2(n-1)(n-2)".

Also, (W.),,(G)= Z(deg(e)xdeg(f))di(e,f) which i=0,4. We know that deg(e) for
{e.fICE(G)

each ec £(s,) is n—2. Therefore, (.), (S,)=(n-2)* >.d,(e,f)- Then,
le.fI=E(G)
). (S) = (=2 W (S,
Then, (7.), o(S,) = (1—2)*W,o(S,) =(n—z)z[%(n—l)(n—z)):%(n—lxn—zy‘ and

(7.), (S,) = (1=2)*W,,(S,) = (n=2)*(n=D)(n—2)) = (n=1)(n-2)".

Table 1. Some examples for edge generalized Wiener indices.

Examples oo )., ). ).
2
> (b2 l(n ~D(n-2)°
2(n-1)(n-2)> 2 (n—T)(n—2)°
C,,
»’A ln3 ln(nz +4n—8) lnS ln(nz +4n_8)

n s even 2 2 2 2
C,, I .
nnis odd %nﬁlz*l) %”(”2+4”’13) En(nz -1 En(n2+4n713)

K, %n(n—l)i(n—Z)2 in(n—l)(n—2)2(3n—3) %n(n—l)z(n—zf %n(n—l)(n—2)3(3n73)
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