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Abstract 
The Wiener index and Schultz index are two important topological indices. Edge 
versions of Wiener index was recently introduced by Iranmanesh et al. In this 
paper, we put forward the generalized Schultz index and also introduce the edge 
versions of Schultz index. In addition, we establish a relation between first-order 
edge-Schultz indices and edge versions of Wiener indices of trees. We obtain lower 
and upper bounds for the first-order edge-Schultz indices in terms of edge-Wiener 
indices for hexagonal chains. 
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1. Introduction 
 

The ordinary (vertex) Wiener index was introduced in 1947 by Harold Wiener 

for mathematical modeling of certain physico-chemical properties of alkanes [1]. This 

important molecular structure-descriptor is defined in the following manner. 

Let G  be a connected graph with vertex set  and edge set . Then the 

Wiener index of  is  

( )V G ( )E G
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where is the distance between the vertices( . )d x y ,x y , that is, the length of the shortest 

path between these vertices.  

Basic facts from the theory of Wiener index can be found in the book [2] and 

the reviews [3-5]; for some most recent researches on this topic see [6-16].  

The edge versions of the Wiener index were recently introduced by Iranmanesh 

et. al. [17]; see also [18]. The edge Wiener indices are defined as follow: 

 

The first edge version is: 0
{ , } ( )

( ) ( , )e
e f E G

W G d e f
�

� 0� , where e and f are edges of the 

graph G, where 
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and where , assuming that e=uv 

and f=xy. 
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The ordinary (vertex) molecular topological index (MTI) of a molecular graph 

 was introduced by Schultz in 1989 [19] and it was eventually named Schultz index. 

It is defined as: 

G

��
� �
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p

i

p

j
ijiji DAvGMTI

1 1

)()(         (1) 

where  is the degree of the vertex i  of G ,  is the (i,j)-element of the adjacency 

matrix of G ,  is the (i,j)-element of distance matrix of G , and 

iv ijA

ijD p  is the number of 

vertices of G . Interesting chemical applications are found for the Schultz index in [20, 

21]. It has been demonstrated that MTI and W are mutually related for certain classes of 

molecular graphs [22-24].  

In this paper, we first formulate the generalized vertex-Schultz index and then 

introduce the edge versions of the generalized Schultz index. Next, we establish the 

relations between the first-order edge-Schultz indices and edge versions of Wiener 

indices of trees. Finally, we obtain lower and upper bounds of the first-order edge-

Schultz indices according to edge Wiener indices for hexagonal chains. 

 

2. Definitions 

We define the generalized Shultz index by means of the higher-order adjacency 

matrix, defined as follows:  

Definition 2-1. The adjacency matrix of order ,  , is defined as follows: k pp
kA �

)(
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In fact, the adjacency matrix of order 1k � , (1)
p p p pA A� �� , is the ordinary adjacency 

matrix [2,25]. 

The sum of the i-th row (resp. of the j-th column) of the adjacency matrix is 

equal to the degree  of the i-th vertex (resp. to the degree  of the j-th vertex), i. e., 

 (� ). Therefore, we state the summation of the i-th row for 

adjacency matrix of order : 
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where  is the neighborhood of radius  of vertex . )(iNk k i

In relation (2), if , then 1�k iiNk �	 )(1 and &�	 )(2 iNk . Therefore, . 

Then we can rewrite as: 
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Definition 2-2. The generalized Shultz index is defined as: 
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where . The quantity  is the diameter of the graph . )(,...,1 Gdk � )(Gd G

 

Now, we define the edge version of the generalized Shultz index as follows. 

Let  be a connected graph without loops and with G mGE �)(  edges. At first, we 

specify the adjacency matrix of order k , , (mm
k

rA �
)( 0, 4r � ), based on edges. 

Definition 2-3. The adjacency matrix of order  over edges,  , is defined as: k mm
k

rA �
)(
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where ji,  are edges and , ),( jidr )4,0( �r ,  is the distances between them. 

We state the summation of the i-th row for the adjacency matrix of order  and for 

 as follows: 

k

4,0�r

Let  and  be the neighborhood of radius k  for edge i  according to 

distance  and the degree of edge i  in graph G, respectively. 

)(iN k
r

iv
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12),();(},{ 4 ��� andfedGEfeSince for all  , there are no  and . 

tion of  we use the  

Before specifying the adjacency matrices  and , we provide 

some f

. We denote the vertex set of edge by 

t )(1
4 iN mmA �

)1(
4

For computa  conditions: &4N  and )(4 iN s , )3,2( �s , �)(0 i

iiN �)(1
4 . 

mmA �
)1(

0  mmA �
)2(

4

urther definitions. 

Definition 2-4. Let ue � )(GEv�

et C  as follow

e vueV ,)( � . 

Also, we define the s : 

� �1 2) ( ) ( , ) ( , )E G d e f d e f� � � � . 

Remark. The condition 

( , ) (C e f E G

1 2( , ) ( , )d e f d e f� means: 

),(),()),( yvdxvdyudxy ,(, xudfuve � '� � �� . 

The elements of the set are similar to the edges shown in Figure 1. 

 
Figure 1. 

C ,e f

eu v

k edges

x yf

1 2( , ) ( , )d e f d e f k� �  

When we say that th d f are k-distance edges, we mean that 

. Also, if a graph has at least two k-distance edges, we say that 

is a k-graph. 

e edges e an

1 2( , ) ( , )d e f d e f k� � G  
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Theorem 2-5. Let G  be a graph. Then ( 1) ( 2)
0 4

k k
m m m mA A� �
� ��  if and only if the 

 a (k+1)-subgraph or possesses cycles , ,C C C or C

graph

has a k-subgraph,

 G  

2 5k or 2 2 2 3 2 4k k k� � �

 based on distance 0d .   

� , 

0 	0 ( )k d G( ( 1, where 0 ( )d G  is the diam

there are at least tw

eter of G

Proof. (' ) If G  has a k-subgraph, then o edges e and f , )( fe � , 

such that ( , ) ( , )d e f d e f k� � . Because of ,(),(1 2 1)40 �� fedfed

. 

, it follows 

 f

( 1)A (
0 4

k
m m

�2)A� �
k

m m
� �

If  has a (k+1)-subgraph, then there are at least two edges e and f

such that 1

G

(1

, )(e � , 

),(), 2
( 1) ( 2)

0 4
k k

m m m mA A� �
� ���� kfedfed . Therefore, . �

If G has  as a subgraph, then 2 3kC � 0 ( , ) 1d e f k� �

0 4 m mA A

 and  for any 

two edges 

4 ( , ) 1d e f k� �

2 3kC �,e f � . Therefore, ( 1) ( 2)k k� �
m m� �� . 

2 4kC �  as a subgraph, then 0 ( , ) 2d e f k� �

( 2)
0 4

k
m mA A

If G has  and  for any 

two edges . Therefore, 

4 ( , ) 2d e f k� �

2 4kC �,e f � ( 1)k� �
m m� �� . 

2 5kC �  as a subgraph, then 0 ( , ) 2d e f k� �

( 2)
0 4

k
m mA A

If G has  and  for any 

two edges . Therefore, 

4 ( , ) 2d e f k� �

2 5kC �,e f � ( 1)k� �
m m� �� . 

() ) If ( 1 2)� , then there exist edges , () (
0 4

k k
m m m mA A�
� �� )e f E G� , satisfying one of the 

following two  cases:  

. 

 this case

Case (i) 0 41 ( ,d and d e f( , ) ) 2e f k k� � � �

In ) k�  and 2 ( , )d e f k 1( ,d e f 2� � e , ( )e f E G� . Since 

2 10 ( , ) ( , )d e f d e f( 	 (

, for som

, then  are k-distance edges and therefore  has a 

2. If ,  if 

1 , we have: 

2 1( , ) ( , ) 0d e f d e f	 � ,e f G1. If 

k-subgraph. 

) 1f , then2 1( , ) ( ,d e f d e	 � ,e uv f xy� � , we have two sub-cases: 

� If ( , ) ( ,d u x d v y) k� � , then ,e f are in 2 2kC � . Hence, G  has a subgraph 

2 2kC � . 

� , then If ( , ) (d u x d u, ) 1y k� � � ,e f are in C2 3k� . Hence, G  has a 

subgraph 2 3kC � .
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Case (ii)

In this cas  and 

 0 4( , ) 2d e f k� �  

e, 1( ,

1 ( , )k and d e f� �

)d e f k� 2 ( , ) 2d e f k� � , for some . Also, 

f
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if 

G  
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2. If 2 ( , )d e f 	 � , then,  1( , ) 1d e f ,e uv f xy� � , we have two  

1),(
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� �� kyv , then ),( � dxud

subgraph 42 �kC . 

,e f are in . Hence,  has a 42 �kC G

� ) 2,(),( �� k

subgraph 52 �kC . 

� yudxud , then are in . Hence,  has a 

Hence, as a k-graph, or a

,e f 52 �kC G

G  h  (k+1)-graph or cycles 2 2 2 3 2 4 2 5, ,k k k kC C C or C� � � � , 

0 1, as a subgraph 0 ( )k d G( ( 	 and the proof is completed.               

Co   The graph  ha

as subgraph if and only if . In addition, 

� 

rollary 2-6. s a 1-graph, four 2-graphs, triangle, square, or pentagon 
1(

0

G

A mmmm A �� � )2(
4

) (1) (2)
0 4 , 3i i i iA A i� �� �  if and 

only if G has a triangle as subgraph. Also, (1) (2)
0 4 , 4i i i iA A i� �� � s 

gle or a square or a 1-graph. 

 if and only if G   has a

subgraph a trian

lso, if  is a graph with 1-subgraph, 2-

subgrap .  

e define the matrix  with following components: 

Definition 2-8. Let  and 

The common (first-order) adjacency matrices mmA �
)1(

0  and mmA �
)2(

4  can also be 

defined as follows:  

Definition 2-7. If G  is a graph without 1-subgraph, 2-subgraph, triangle, square and 

pentagon, then mmmmmm AAA ��� �� 40 . A)2()1( G
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Definition 2-9. We introduce the edge versions of the generalized Schultz index as 

follow: 

 the 

 according to dis

#��
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r D
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)() $ijier
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where iv  is the degree of the edge i in G , ijrA  is the respective element of

adjacency matrix of order 

k )(

ance rd , k t # $ijrD  ( 4,0�r

 is the nu

) are the elements 

of the distance matrices of  accordin mber of edges in 

 and  is the diam

   According to the Definitions (2-7) and (2-9), the first-order edge-Schultz index 

G g to distan

 according to distan

ce rd , m

ce rd . G )(Gdr eter of G

is: 

# $
� �

m

i
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1 1
�� ��

j
ijrijier DAvGMTI )()( , 4,0�r         (4) 

elation between the first-order edge-Schultz and edge-Wiener indices of trees 

In [13], a relation has been established er indices 

on between the first-order edge-Schultz and 

iener indices.  

3. R

between the Schultz and Wien

of trees. Here we obtain an analogous relati

edge-W

Theorem 3-1. Let G  be a tree with n  vertices and m edges. Then: 

).1)(2(2)(4)( 22 		��	�� ��� mnmmvmAvGWGMTI
n

j

m

ij

m

jerer  
)(

11 1
�
�� �

GVj
ji j

The first summation goes over the edge set, the latter summation over the vertex set and 

4,0�r . 

# $kirProof. For a pair of edges i and j , define the sum # $  over all D , 4,0�rijrS , such 

that  is adjacent to k j  but it is more distant from rom i  than f j , see Figure 2. Note 

that . # $ iiir v�S
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Figure 2. The edges i and j used in the proof of Theorem 3-1.

 

There is a single path of length 

)1 

 

# $ijrD  from  to  i j  that is followed by  

 pendent edges, having greater distance from)1( �	 jj kv j . Hence,  
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With an appropriate correction for ji � , we have:  
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According to the definition of , we have  

.        (6) 

Then, due to the relations (5) and (6), 
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By Fig. 2, definition of  , and the relation (6), the quantity of  is 
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Therefore,  

hus,  

. 

Hence, 

and therefor

       � 

. Bounds of first order for edge-Schultz indices of hexagonal chains 

 

A hexagonal chain is a chain which is constructed by connecting hexagons. Any 

omm  which case they are said to be adjacent) 

or have no common vertices. A hexagonal chain  with  hexagons has 

# $ # $ # $ �����
�����

��		�	�
n

j
ij

m

j
j

m

j
ijrijr

m

j
j

m

j
ijr kvvDDvD

11111
)1()1( . 

T

# $ # $ # $ # $�� ���������
� � �� �� �� �� �

��		�	�
m

i

n

j

m

i
ij

m

i

m

j
j

m

i

m

j
ijr

m

i
ijr

m

j
j

m

i

m

j
ijr kvvDDvD

1 1 11 11 11 11 1
)1()1(

# $ )1)(2()(4 mnmvDvGW
m

i

mm

ij

m

		��� ����
�

 
1 11 1 j

j
i

r
j

jer
�� �

e, 

).1)(2(2)(4)( 2

)(
1

2

1 1
		��	�� ���

�
�� �

mnmmvmAvGWGMTI
n

GVj
j

j

m

i
ij

m

j
jerer

 

 

4

two hexagons have either one c on edge (in

G h

24)( ��� hnGV  vertices and 15)( ��� hmG  edges. In Figure 3 are depicted tE he 

hexagonal chains Lh and Hh . 

 

 
Figure 3.  The hexagonal chains Lh and Hh. 

chains [1 s the maximum e mong all hexagonal chains that 

Since the linear chain  has maximum vertex-Wiener index among all hexagonal 

4], ha dge-Wiener indices a

it has com llowing. 

hL

 at fo

 hL  

puted for hL
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Theorem 4-1. The first edge-Wiener index of the linear chain  with  hexagons is: hL h

1
3

1712
6

50)( 23
0 ���� hhhLW he .    (8)  

Consider the linear chai  with  hexagons and suppose that . We 

denote the first  hexagons by  and the last 

Proof. n hL h 3�h

)1( 	h 1S )1( 	h  hexagons by  and 

 by 

2S

)(LW 0hW  , then  1	+ hi LS  for 2,1�i  and 2	21 +� hLSS0 he . Therefore, we have: 
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According to Figure 3, we have . 

herefore, we have 26502 )2(0)1(00 	��� 		 hWWW hhh  with 2701 �W  and . 

heorem 4-2. The second edge-Wiener index of the linear hexagonal chain with 

hexagons is: 

12702 �WT

By solving the above equation, we arrive at Eq. (8).      � 

T L

h

h

hhhLW he 6
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2
47

6
50)( 23
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is a linear hexagonal chain with  hexagons and 3�h . Let S  and 

S  be same as in the previous

Proof. Suppose

 theorem. Then,  

hL h 1

2
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According to Figure 3, we have: 350),(
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Therefore, we have 3502 )2(4)1(44 	��� 		 hWWW hhh  with 3941 �W  and 17542 �W . 

By solving the above equation, we arrive at Eq. (

in

mong ai

Theorem 4-3. The first edge-W  index e helicene

9).      � 

Since the helicene hH  has the m imum vertex-Wiener index among all hexagonal 

chains [14], hH  has also minimum edge-Wiener indices a  all hexagonal ch ns.  

iener  of th with h hexagons is  hH

6
72

6
11530

6
25)( 23

0 �	�� hhhHW he  

Proof. The proof is the same as proof of Theorem 4-1.      � 

Theorem 4-4. The first edge-Wiener index of the helicene  with hexagons is: hH h

6
78

6
124

2
85

6
25)( 23

4 he �	�� hhhHW  

Proof. The proof is the same as proof of Theorem 4-2. 

ing bounds of the first-order 

I)  to , then the vertices of  have degree 2 or 3, but the edges of 

have degrees 2, 3, 4, such that the number of edges which have degree  is 6

num 3 is 

 L . orde -S

ind

 

We use the edge Wiener indices of  hL  and hH  for find

edge-Schultz indices of hexagonal chains. Therefore, we have: 

 If G is equal hL
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ber of edges which have degree 

G

4h-
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, the 

ve 
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2

2 and the number of edges which ha
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II) If G is equal to , then the number of edges which have degree 2 is , the 

num 3 is and the number of edges which have 

hH

ber of edges which have degree 

4�h

h2
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ices, we examine the cases   

= 0 and  r = 4 separately. 

edges with distance 3 or mo  is not less than . Let now  be an 

edge with degree 4. Then  has 4 edges with distance 1, 

For obtaining lower and upper bounds for edge-Schultz ind

r

Case 1)  0�r  

I) If G is equal to hL , suppose that ie  is an edge with degree 3 and G  has at least 3  

hexagons. Then  has 3 edges with distance 1, 5 or 4 edges with distance 2 and 7 or 8 G

re than 3. Hence, iD0 m2 ie

G 4 edges with distance 2 and 7 

edges with distance 3 or more than 3. Hence, mD i 20 � . 

Therefore, 83240 2
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h
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y Theorem 4-1, 
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Therefore, the lower bound for  by relations (12) and (13) is: )(0 GMTI e
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II) If G is equal to , suppose that  is an edge with degree 3 and  has at least 

 is not less than . Let now  be an 

 degr en  has 4 edges with distance 1, 

hH

4. Th

ie

re than 3. Hence, 

G

5 edges with distance 2 and 6 

3  

hexagons. Then G  has 3 edges with distance 1, 5 or 4 edges with distance 2 and 7 or 8 

edges with distance 3 or mo iD0

i0

m2 ie

e  Gedge with e

edges with distance 3 or more than 3. Hence, mD 2� . 
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By Theorem 4-3, 
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herefore, by relations (14) and (17) we arrive at the following: 

stanc  hexagonal 

chains is bounded as: 

T

Theorem 4-5. With regard to di  the first edge-Schultz index ofe 0d ,
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Case 2)  4�r  

By means of a reasoning that is fully analogous to what we did in Case 1), we obtain: 

Theorem 4-6. With regard to distance 4d , the second edge-Schultz index of hexagonal 

chains is bounded as: 

5
214)(4192
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