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Abstract

The Wiener index and Schultz index are two important topological indices. Edge
versions of Wiener index was recently introduced by Iranmanesh et al. In this
paper, we put forward the generalized Schultz index and also introduce the edge
versions of Schultz index. In addition, we establish a relation between first-order
edge-Schultz indices and edge versions of Wiener indices of trees. We obtain lower
and upper bounds for the first-order edge-Schultz indices in terms of edge-Wiener
indices for hexagonal chains.
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1. Introduction

The ordinary (vertex) Wiener index was introduced in 1947 by Harold Wiener
for mathematical modeling of certain physico-chemical properties of alkanes [1]. This
important molecular structure-descriptor is defined in the following manner.

Let G be a connected graph with vertex set V' (G) and edge set £(G). Then the
Wiener index of G is

wW(G)=W,(G)= > dxy)
{x.yler (G)
where d(x.y) is the distance between the vertices x, v, that is, the length of the shortest
path between these vertices.

Basic facts from the theory of Wiener index can be found in the book [2] and
the reviews [3-5]; for some most recent researches on this topic see [6-16].

The edge versions of the Wiener index were recently introduced by Iranmanesh

et. al. [17]; see also [18]. The edge Wiener indices are defined as follow:

The first edge version is: W, (G) = Z d,(e, ), where e and f'are edges of the

te.f1E(G)

graph G, where

de f)+1 e=f
0 e=f

and where d, (e, ) = min{d(u, x),d(u,y),d(v,x),d(v,y)}, assuming that e=uv

do(e,f)z{

and f=xy.

The second edge version is: W,,(G) = Z:a’4 (e, /) where

te./}cE(G)

d2(esf) eif
0 e=f

and d,(e, f) = max{d(u,x),d(u,y),d(v, x),d(v,y)}.

d4(€,f) :{
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The ordinary (vertex) molecular topological index (MT7) of a molecular graph
G was introduced by Schultz in 1989 [19] and it was eventually named Schultz index.

It is defined as:

MTIG) =Y Y v (4, +D,) M

=1 j=1
where v, is the degree of the vertex i of G, 4, is the (i,j)-element of the adjacency
matrix of G, D, is the (i,j)-element of distance matrix of G, and p is the number of

vertices of G . Interesting chemical applications are found for the Schultz index in [20,
21]. It has been demonstrated that M77 and W are mutually related for certain classes of
molecular graphs [22-24].

In this paper, we first formulate the generalized vertex-Schultz index and then
introduce the edge versions of the generalized Schultz index. Next, we establish the
relations between the first-order edge-Schultz indices and edge versions of Wiener
indices of trees. Finally, we obtain lower and upper bounds of the first-order edge-

Schultz indices according to edge Wiener indices for hexagonal chains.

2. Definitions

We define the generalized Shultz index by means of the higher-order adjacency
matrix, defined as follows:
Definition 2-1. The adjacency matrix of order k, 4 ., , is defined as follows:

[A”‘)] :l d(i.j)=k
Yolo di,j)#k

In fact, the adjacency matrix of order £ =1 ,A(”W =4,,,, is the ordinary adjacency

matrix [2,25].

The sum of the i-th row (resp. of the j-th column) of the adjacency matrix 4, , is

equal to the degree v; of the i-th vertex (resp. to the degree v, of the j-th vertex), i. e.,

Mm

p
A, =v, (ZAU-:VJ. ). Therefore, we state the summation of the i-th row for
i=1

adjacency matrix of order £ :
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2 NG @O\NL Okl

r

A(A)i' _ JEN (DN, (i) ) . (2)
JZ::‘ ' Z"/ _‘Nk—l(l)\Nk—Z(l)‘-'—l k=1
JEN; 1 (D)\Ny_, (i)

where N, (i) is the neighborhood of radius & of vertex i.

P
In relation (2), if k=1, then N, (i)=iand N, ,(i)=¢. Therefore, » A" =v,.

j=1

»
Then we can rewrite Y A“; as:
j=1

» _ ZV./ ) _‘Nkfl(i)\Nk—Z(i)‘ NED!
ZA(k)"/ _ N OWi

=

V. k=1

Definition 2-2. The generalized Shultz index is defined as:

MTI(G) = . 3 v,(4%, + D) 3)

i=l j=1

where k =1,...,d(G) . The quantity d(G) is the diameter of the graph G .

Now, we define the edge version of the generalized Shultz index as follows.
Let G be a connected graph without loops and with ‘E (G)‘ =m edges. At first, we
specify the adjacency matrix of order &, A,(k)mxm ,(r=0,4), based on edges.

Definition 2-3. The adjacency matrix of order k over edges, Ay(“mxm , is defined as:
1], :{1 d, (] =k
! 0 ,d.(,j)#k
where i, j are edges and d, (i, j), (r =0,4), is the distances between them.
We state the summation of the i-th row for the adjacency matrix of order & and for
r=0,4 as follows:
Let N"x(i) and v, be the neighborhood of radius & for edge i according to
distance d, and the degree of edge i in graph G, respectively.
For r=0:
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, v N @O\N G g
ZA.(“U _ JEN k-1 ()\N" -2 (i)
j=1

whereas for r =4:

, i Z)\:Vv’, (){N’k,.(i)\zvfk,z(i)\ k%2
ZA"(A-)’/ _ JIeN W2t

j=1

Vv k=2

Since for all{e, /} < E(G); d,(e,f)=2 and #1 , there are not N*/(i) and 4," .
For computation of N*,(i), (s = 2,3), we use the conditions: N*,(i) = ¢ and
NY()=i.

Before specifying the adjacency matrices Ao(l)mxm and A4(2)mxm , we provide

some further definitions.

Definition 2-4. Let e =uv € E(G). We denote the vertex set of edge eby V(e)=u,v.
Also, we define the set C as follow:
C={(e./)eE@*EG)| die.f)=dy(e.f)}.
Remark. The condition d,(e, ) =d, (e, /) means:
e=uv,f=xy = du,y)=du,x)=dv,x)=dv,y).
The elements of the set C are similar to the edges e, / shown in Figure 1.

U ey

~EL

N

X f Yy
Figure 1. d,(e, f)=d,(e, f) =k

When we say that the edges e and fare k-distance edges, we mean that

d(e, [)=d,(e, [)=k. Also, if a graph has at least two k-distance edges, we say that G

is a k-graph.
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Theorem 2-5. Let G be a graph. Then 4% =4  ifand only if the graph G

mxm mxm

has a k-subgraph, or a (k+1)-subgraph or possesses cyclesC,,.,,C,;.5,Coprq 07 Cyp s,
0<k<d,(G)-1, where d,(G) is the diameter of G based on distance d,,.

Proof. (=) If G has a k-subgraph, then there are at least two edges e and f, (e # f),
such that d (e, /) =d, (e, /) =k . Because of d (e, f)=d,(e, ) +1, it follows

(k+1) (k+2)
A AT

xm *

If G has a (k+1)-subgraph, then there are at least two edges e and f', (e # f),

such that d, (e, f) =d, (e, /) = k +1. Therefore, 4*"  #4*?

mxm mxm *

If G has C,,,, as a subgraph, then d,(e, f)=k+1 and d,(e, f)=k+1 for any

two edges e, f € C,,,, . Therefore, 4% =4

mxm *

If G has C,,,, as a subgraph, then d,(e, /)=k+2 and d,(e, /) =k+2 for any

two edges e, f € C,,.,. Therefore, 4*™",  #A4%?

mxm *

If G has C,,,, as a subgraph, then d (e, f)=k+2 and d,(e, f)=k+2 for any

two edges e, f € C,,5 . Therefore, 4“™" =+ 4%

mxm mxm *

(=) If 450 =40 then there exist edges e, f € E(G), satisfying one of the

mxm mxm >

following two cases:

Case (i) dy(e, f/)=k+1 and d,(e, ) #k+2.
In this case d(e, )=k and d,(e,f)#k+2, for some e, f < E(G). Since
0<d,(e,f)—d (e, f)<1, we have:
1. If d,(e,f)—d (e, /)=0, then e, ' are k-distance edges and therefore G has a
k-subgraph.
2. It d,(e,f)—d (e, f)=1, then, if e=uv, f = xy, we have two sub-cases:
o If d(u,x)=d(v,y)=k,then e, farein C,,,,. Hence, G has a subgraph
Chrir-
o If d(u,x)=d(u,y)=k+1, then e, fare in C, ;. Hence, G has a

subgraph C,, ;.
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Case (i) d,(e, f)#k+1 and d (e, f)=k+2
In this case, d,(e,f)#k and d,(e,f)=k+2, for some e,f €E(G). Also,
0<d,(e, f)—d, (e, f)<1. Therefore we have:
1. If d,(e,f)—d,(e,f)=0, then e, f are (k +1)-distance edges and therefore G
has a (k +1) -subgraph.
2. If d,(e,f)—d (e, f)=1, then, if e=uv, /' =xy, we have two sub-cases:
o du,x)=dv,y)=k+1, then e, fare in C, . Hence, G has a
subgraph C,,,,.
o du,x)=d(u,y)=k+2, then e, fare in C,, . Hence, G has a
subgraph C,, ;.
Hence, G has a k-graph, or a (k+1)-graph or cycles C,,,,,C,,.5.Cory 08 Cypiss
0<k <d,(G)-1, as a subgraph and the proof is completed. =
Corollary 2-6. The graph G has a 1-graph, four 2-graphs, triangle, square, or pentagon

as subgraph if and only if A, # 4,V . In addition, 4", #4,>,, ,i=3 if and

ixi

only if G has a triangle as subgraph. Also, 4", # 4, ,i=4 if and only if G has as

subgraph a triangle or a square or a 1-graph.
The common (first-order) adjacency matrices AO(])mxm and A4(2)mxm can also be
defined as follows:

Definition 2-7. If G is a graph without 1-subgraph, 2-subgraph, triangle, square and

pentagon, then Aﬂ(l)mxm = A4(2)mxm =4, . Also, if G is a graph with 1-subgraph, 2-

subgraph, triangle, square or pentagon, then Aommxm =4

mxm *

In addition, we define the matrix A4, with following components:

] _{1 ViynV(j)#¢
Tl vinr(=¢

Definition 2-8. Let e € E(G) and V' (e) =u,v, then the degree of e in G is:

v,=v,+v, =2.
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Definition 2-9. We introduce the edge versions of the generalized Schultz index as
follow:
o r=0 and k =1,...,d,(G)
MIT® (G =33 v,(4,5 +[D,]). { or
= r=4 and k=2,...,d,(G)

where v, is the degree of the edge i in G, 4,“; is the respective element of the
adjacency matrix of order & according to distance d,, [D,_ ]/, (r=0,4) are the elements
of the distance matrices of G according to distance d,, m is the number of edges in

G and d,(G) is the diameter of G according to distance d, .

According to the Definitions (2-7) and (2-9), the first-order edge-Schultz index

MTI,.(G) = Ziv (4, +[D,]). r=04 )

i=1 j=1

3. Relation between the first-order edge-Schultz and edge-Wiener indices of trees

In [13], a relation has been established between the Schultz and Wiener indices
of trees. Here we obtain an analogous relation between the first-order edge-Schultz and
edge-Wiener indices.

Theorem 3-1. Let G be a tree with » vertices and m edges. Then:

MTI, (G)=4W,.(G)+ E E vjA[_j—m E vj2+2m2+(2m—n)(m—l).
i=l j=1 Jj=l
jer(G)

The first summation goes over the edge set, the latter summation over the vertex set and

r=04.
Proof. For a pair of edges iand j, define the sum [S, ]i/. over all [Dr ],”. , r=0,4, such

that & is adjacent to j but it is more distant from 7 than from j, see Figure 2. Note

that [S,], =v,.
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Figure 2. The edges i and j used in the proof of Theorem 3-1.

There is a single path of length [D,_ ]U from i to j that is followed by

v, —(k; +1) pendent edges, having greater distance from ;. Hence,

[S,]i/. = (v_/. = (k; +1))x( [D,,] ; +1) , i#]
With an appropriate correction for i = j, we have:
[s,], =(v, =k, +1)x( [D,] , +1)+8,(k, +1). (5)

According to the definition of [S, ],/ , we have

s, =], (6)

= =]

Then, due to the relations (5) and (6),

i[D,]y :i[(v/ ~(k, +1))><( 0], +1)+5,.,(k, +1)]
=3v,[p,] ) ~S(k, +1[D,] ) S-S, +1)+Z§.(k,+1)

j=1

O

By Fig. 2, definition of [Sk ]U and the relation (6), the quantity of Z(k + 1)[D ]

j=1

equal to i[D, . Also, we have ZV = ZV —2m and Z(k +1)= Z(v -1.

= JjeV(@)
,ec(r jeV(G)
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Therefore,
20 L =2, - 2D ], + 2y, -2 v, D+ + D).
Jj=1 Jj=1 j=1 J=1 J=1

Thus,

ii[a],, -y ml vIp], -33 ] , +i§i‘,vj =SS, -]+ Sk ).

i=l j=1 il j= i=l j=1 i=l j=1 i=l j=1 i=1

Hence,

., (G) = iiv, [D,],+ ZZV, +(2m—n)(1—m)

i=1 j=1 i=l j=1

and therefore,

MTL,(G) =4, (G)+ 2 D v, A —m ;vf +2m* +(2m—n)(m-1). m

i=l j=1 Jj=
JeV(G)

4. Bounds of first order for edge-Schultz indices of hexagonal chains

A hexagonal chain is a chain which is constructed by connecting hexagons. Any
two hexagons have either one common edge (in which case they are said to be adjacent)

or have no common vertices. A hexagonal chain G with /4 hexagons has

‘V(G)‘ =n=4h+?2 vertices and ‘E(G)‘ =m=5h+1 edges. In Figure 3 are depicted the

hexagonal chains Ly and Hj .

Figure 3. The hexagonal chains L, and H,.

Since the linear chain L, has maximum vertex-Wiener index among all hexagonal
chains [14], L, has the maximum edge-Wiener indices among all hexagonal chains that

it has computed for L, at following.
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Theorem 4-1. The first edge-Wiener index of the linear chain L, with /# hexagons is:

WeO(L,,)=%h3+12hz+%7h+l. (8)

Proof. Consider the linear chainZ, with s hexagons and suppose that 7>3. We
denote the first (2—1) hexagons by S, and the last (2—1) hexagons by S, and
W, (L,) byW,, ,then S, =,  fori=12 and S, NS, =L, ,. Therefore, we have:

Wy, = Zdo(e,f)= zdo(ea.f)+ zdo(eaf)_ zdo(eaf)+2 Zdo(eaf)

e.feV (L) e, eV (S)) e feV(Sy) e, eV (5,1S,) eel (S)\V(S,)
fEV(SHV(S)

= 4W0(h71) - 2W0(h—2) +2 Zdo (e, /).

eeV (S)\V(S,)
SEV(SHW(S)

According to Figure 3, we have Za’o (e, f)=50h-26.

eeV (S)\V(Sy)
[V (SHW(S))

Therefore, we have W, =2W,, \, + W, +50h—26 with W, =27 and W, =127.

By solving the above equation, we arrive at Eq. (8). g
Theorem 4-2. The second edge-Wiener index of the linear hexagonal chain L, with
hhexagons is:

I/I/L,“(L,,):%h3 +ﬂh2 +%h

2 )

Proof. Suppose L, is a linear hexagonal chain with /# hexagons and #>3. Let S, and

S, be same as in the previous theorem. Then,

W, = Ydef)= Yd(eNH+ Ydlef)- Ddief)+2 Yd(ef)

e, feV (L) e.feV(S)) e.feV(Sy) e.feV(S,NS,) el (S)W(S,)
SV (SHWS)

= 4W4(h—l) - 2W4(/172) +2 zd4 (e, /)
el (SOV/(S,)
SV (§)W(S))

According to Figure 3, we have: Zd4 (e, f)=50h-3.

eel (S)\V(S,)
JEV(SHW(S)
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Therefore, we have W,, =2W,, , +W,, , +50h—=3 with W, =39 and W, =175.

By solving the above equation, we arrive at Eq. (9).

Since the helicene A, has the minimum vertex-Wiener index among all hexagonal
chains [14], H, has also minimum edge-Wiener indices among all hexagonal chains.
Theorem 4-3. The first edge-Wiener index of the helicene A, with / hexagons is

W, (H,)= 25,0 o 213, 72
6 6 6
Proof. The proof'is the same as proof of Theorem 4-1. g
Theorem 4-4. The first edge-Wiener index of the helicene /, with / hexagons is:
$ By 124, T8
2 6 6

Proof. The proof is the same as proof of Theorem 4-2.

25
We4(Hh)=?h3

We use the edge Wiener indices of L, and H, for finding bounds of the first-order
edge-Schultz indices of hexagonal chains. Therefore, we have:

I) If G is equal to L, , then the vertices of G have degree 2 or 3, but the edges of G
have degrees 2, 3, or 4, such that the number of edges which have degree 2 is 6, the
number of edges which have degree 3 is 44-2 and the number of edges which have

degree 4 is h-1. Let D, = Zdr (i,j) and r=0,4 . Then, the first order edge-Schultz

JEE(G)

indices for L, are:

MTI, (G)= > v,D,,+ >.v' =4, (G)+ >.D, +2> D, +52h-28. (10)

i€E(G) i€E(G) iv=3 iv=4

II) I G is equal to H,, then the number of edges which have degree 2 is s +4, the

number of edges which have degree 3 is 2/ and the number of edges which have

degree 4 is 24 —3. Then,
MTI, (G)= > vD, + v’ =4W,(G)+ >.D,+2 D, +54h-32. (11)

icE(G) i€E(G) i, =3 iv;=4
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For obtaining lower and upper bounds for edge-Schultz indices, we examine the cases
r=0and r=4 separately.

Casel) r=0

I) If G is equal to L, , suppose that e, is an edge with degree 3 and G has at least 3
hexagons. Then G has 3 edges with distance 1, 5 or 4 edges with distance 2 and 7 or 8
edges with distance 3 or more than 3. Hence, D, is not less than 2m . Let now e, be an
edge with degree 4. Then G has 4 edges with distance 1, 4 edges with distance 2 and 7

edges with distance 3 or more than 3. Hence, D, > 2m .

Therefore, )" D, > 40h* —=32h—8 and 2 D,, > 20h> —16h—4. Then,

v,=3 =4

MTT,(G) > 4., (G) + (60h* + 4h — 40). (12)

By Theorem 4-1,
Wen(Lh):im-’+lm2+§m+l:i(5m3+21m2+28m+21)
15 25 75 25 75
For m>16, m’ >%(21m2 +28m+21). Then,
1 .5 10 5 3
W, (L)<—0Gm +—m’)=—m
w0 (Ly) 75( 7 ) 33

implying
WL, (13)

Therefore, the lower bound for M7 ,,(G) by relations (12) and (13) is:

MTI ,(G) > 4W (G) + (60h> + 4h — 40) = 4 (G) +%m2 —4m —%

MTleo(G)>4WGO<G)+152(3 ?Weo(Lh)] —4{3 fWeo(Lh)]—liz. (14)
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II) If G is equal to H,, suppose that e, is an edge with degree 3 and G has at least 3
hexagons. Then G has 3 edges with distance 1, 5 or 4 edges with distance 2 and 7 or 8
edges with distance 3 or more than 3. Hence, D,; is not less than2m . Let now e, be an
edge with degree 4. Then G has 4 edges with distance 1, 5 edges with distance 2 and 6

edges with distance 3 or more than 3. Hence, D, > 2m .

Therefore, Y Dy, 2 20h* +4h , 2)" D,, > 40h* =52h—12 and

V=3 V=4
MTI ,,(G) > 4W,(G) + (60h> + 6h — 44) . (15)
By Theorem 4-3,

W, (H,) :inf +Em2 —2m+17 >Lm(m2 +33m—184)
30 10 15 30

The function (m* +33m —184) has minimum at m = —? . Then, for m > 16, the
minimum of this function is 600. Therefore,
W (H,)

600
WHO(Hh)>Wm3m<T (16)

We have: ZDM +2 sz < 3 ZDO, and by relation (15),

iv=3 iv;=4 iE(G)
54 214
MTI,,(G) < 4W,(G) +3W,,(G) + 54h =32 < TW, (G) + ?m e
By relation (16),
W, (H
MTI ,(G) < TW,, (G)+%[$j—25ﬁ . (17)

Therefore, by relations (14) and (17) we arrive at the following:
Theorem 4-5. With regard to distance d, the first edge-Schultz index of hexagonal
chains is bounded as:

1 2
—% — W03 + LW, 3 +4W, < MTI ,(G) < AW, —%

2
where, 1, =74(§j3, A, =%[§]3 2, =7+% .
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Case2) r=4
By means of a reasoning that is fully analogous to what we did in Case 1), we obtain:
Theorem 4-6. With regard to distance d, , the second edge-Schultz index of hexagonal

chains is bounded as:

192 1 2 214
_?_ﬂ“lVVz%} + A Woys + AW, <MTI,(G) < AW, B
L 2
5615000 )3 1815000 )3 324
where, 4, =——|—— |, Lh=—|—| ., 4 =T+—-.
501677 51677 1226
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