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Abstract

Lower and upper bounds on the Wiener index of connected graphs and of triangle—
and quadrangle—free graphs are obtained in terms of the number of vertices, number of
edges, and diameter. In addition, Nordhaus-Gaddum-type results for the Wiener index are
established.

1 Introduction

In this paper we are concerned with connected simple graphs. Let G = (V, E) be such
a graph, where V' = {vy,vy,...,v,} is its vertex set. Let n and m be, respectively,
the number of vertices and edges of G .

The distance 0(v;, v;|G) between the vertices v; and v; of the graph G is equal to

the length of (number of edges in) the shortest path that connects v; and v; [3]. The
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Wiener index of G is then defined as [29] (see also [11,18]):
W=W(@G) = > 0u,vlG).

{vi0;}CV
If we denote by d(G, k) the number of vertex pairs of G, the distance of which is
equal to k, then the Wiener index of G can be expressed as:

W(G) =Y kd(G,k) .

k>1
The maximum value of &k for which d(G, k) is non-zero is the diameter of the graph
G, and will be denoted by d.

The Wiener index is of certain importance in chemistry [15,17]. It is one of the
oldest and most thoroughly studied graph-based molecular structure-descriptors (so-
called “topological indices”) [15,26,29]. Numerous of its chemical applications were
reported (see, for instance, [2,12,13,17,22, 24]) and its mathematical properties are
reasonably well understood [1,4,8-10,19,20, 27,28, 31].

Another structure-descriptor introduced long time ago [16] is the so-called first
Zagreb index (M;) equal to the sum of the squares of the degrees of all vertices of
G [16]. Some basic properties of M; can be found in [7,14,21,25].

From the definition of the Wiener index we easily get

W(P,) = %(n — Dn(n+1) (1)

where P, stands for the n-vertex path, and
W(G)=nn—-1)—m

for any graph G of diameter 2.

The paper is organized as follows. In section 2, we present lower and upper bounds
on the Wiener index of connected graph, and, in particular, lower and upper bounds
of triangle— and quadrangle—free graphs. In section 3, we obtain Nordhaus-Gaddum-—

type result for the Wiener index.

2 Wiener index of graphs

Denote by G* a graph of diameter d (3 < d < 4 and |V(G*)| > d + 2), having the

following property. Let Py be a (d + 1)-vertex path contained in G*. Then for any
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vertex v; € V(G*)\V(Pys1) and for any vertex v; € V(G*), j # i, it should be either
d(vi,vj|G*) = 1 or 0(v;,v;|G*) = 2. In Fig. 1 are depicted two examples of G*-type
graphs.

Fig. 1. Two graphs of G*-type.
For the above described graphs we have
W(G*)=nn—1)—m+1
if d =3, and
W(GE)=nn—1)—m+4
ifd=4.
Now we give lower and upper bounds for the Wiener index in terms of the number

of vertices n, the number of edges m , and the diameter d .

Theorem 2.1. Let G be a connected graph with n > 2 vertices, m edges, and diameter
d. Then

W(G)>=(d-2)(d-1)d+nn—1)—m (2)

D=

and
1 1
W(G) < 3 n(n —1)d — 3 (d=2)(d—-1)d—(d—1)m . (3)
Fquality in (2) holds if and only if G is a graph of diameter at most 2 or G = P,
or G is isomorphic to some G* . FEquality in (3) holds if and only if G is a graph of

diameter at most 2 or G = P, .

n
Proof. Since G has diameter d, the path P, ; is contained in GG. There are (2>

vertex pairs (at distance at least one) and the number of vertex pairs at distance one
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is m. Thus we have

W(G) 2 W(Pr) +m—as (D HED )y )
and
W(G) < W(Pir) +m—d+ ("("2’ b_ d(d; D m— a))d (5)

from which, by taking into account (1), follow (2) and (3).

We now suppose that the equality holds in (2). Then the equality holds in (4). If
G is a graph of diameter at most 2, then the equality holds in (4). Otherwise, d > 3.
Now we have n > d + 1. We consider two cases: (a) n=d+ 1, and (b) n > d+ 2.

Case (a): n=d+ 1. In this case G = P, .

Case (b): n > d+ 2. Let Pyyq be the path on d + 1 vertices, contained in the
graph G. From equality in (4), we conclude that for any vertex v; € V(G)\V (Pyy1) ,
and for any vertex v; € V(G) , j # ¢, it is either 6(v;, v;|G) = 1 or 0(v;,v;|G) = 2.
So, the diameter of G is less than or equal to 4. Hence G is isomorphic to a graph
G*.

Suppose that the equality holds in (3). Then the equality holds in (5). If G is a
graph of diameter at most 2, then the equality holds in (5). Otherwise, d > 3. In
this case the equality holds in (5) if and only if

nn—1) d(d+1)
3 —— —(m—d)=0

nn =) ddED) g B0 B ©)

We have that m > d. If m = d, then d = n—1 as G is connected and the equation
(6) holds, and hence G = P, . Otherwise, m > d and by (6), there exists a vertex
v; € V(G)\V (Pas1), such that v; is adjacent to all the remaining vertices. Thus the
diameter of G is at most 2, a contradiction.

Conversely, one can easily see that the equality holds in (2) for a graph of diameter
at most 2 or for the path P, or for a graph G*. The equality holds in (3) for a graph
of diameter at most 2 or for the path P, . [ |
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Remark 2.2. The lower and upper bounds given by (2) and (3) are equal when G is

a graph of diameter at most 2 or G = P, .

Remark 2.3. Other estimates for W in terms of n, m, and d were given in the
works [23,34]. One of the (anonymous) referees of our paper informed us that the
lower bound in Theorem 2.1 is weaker than a lower bound given in [34]. Unfortunately,
Ref. [34] was inaccessible to us. Moreover, because of our insufficient command of
Chinese language and orthography, we could anyway not duly comprehend the results

communicated in Ref. [34].

The number of vertex pairs at unit distance is equal to the number of edges. Thus
d(G,1) = m. For a triangle- and quadrangle—free graph G, the number of vertex
pairs at distance two is

d(G,2) = = Mi(G) —m .

1
2
. n .
Because in an n-vertex graph there are 9 vertex pairs,

S d(Gk) = (’;)

E>1

from which it follows:

S d(GL k) = (Z) - % M(G)

k>3

Denote by G*™* a triangle- and quadrangle—free graph of diameter d = 4 and
[V(G*)| > d+ 2, such that for any vertex v; € V(G*)\V (Py41) and for any vertex
v; € V(G*), j # i, either 6(v;, v;]G*) = 1 or §(v;, v;|G™) = 2 or &(vy, v;]G**) = 3.

In Fig. 2 are depicted two examples of G**-type graphs.

Fig. 2. Two graphs of G**-type.
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Recall that for any graph of G**-type,

WG = %n(n Sy %Ml(G**) 1.

Theorem 2.4. Let G be a connected triangle— and quadrangle—free graph with n > 2

vertices, m edges, and diameter d. Then

W(G) >

DO | Lo

n(n—1)+éd(d2—6d+11)—%Ml(G)—m—1 (7)

and
wdf d%M](G) — f%(dfi’))(de)(df . ®

Moreover, equality in (7) holds if and only if G is a graph of diameter at most 3 or

W(G) <

G = P, or G is isomorphic to a graph G** . Equality in (8) holds if and only if G is

a graph of diameter at most 3 or G = P, .

Proof. Since G has diameter d, the path P, is contained in G'. There are (Z)
vertex pairs (at distance at least one), the number of vertex pairs at distance one is

m , and the number of vertex pairs at distance two is %]Wl(G) — m. Thus,

1
W(G) = W(Pun)+m—d+ (5M(G) —m—d+1)2

nn—1) dd+1) 1
+ ( — - 25 fiMl(G)+2d71>3 9)
and
1
W(G) < W(Pu)+m—d+ (5M(G) —m—d+1)2
nn—1) dd+1) 1
+ ( — - 25 751\[1(6‘)+2d71)d (10)
i e,
3 3 1
W(G) = W(Papa) + n(n—1) = Fd(d+1) = 3 Mi(G) = m +3d - 1
and
— _ 2
W(G)SW(PdH)f—dQ2Ml(G)+n(n2 1)dfd(d2+1)+2d27m74d+2.
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Taking into account (1), we arrive at the inequalities (7) and (8).
Suppose now that the equality holds in (7). Then the equality holds in (9). If G
is a graph of diameter at most 3, then the equality holds in (9). Otherwise, d > 4.

We consider two cases: (a) n=d+1, and (b) n >d+2.
Case (a): n=d+ 1. In this case G = P, .

Case (b): n > d+ 2. Let, as before, Py1 be the path on d + 1 vertices, contained
in G. From equality in (9), we have that for any vertex v; € V(G)\V (Pz11) and for
any vertex v; € V(G), j # i, 6(v;,vj|G) is equal to either 1 or 2 or 3. Using this
we conclude that the graph G has diameter less than or equal to 4, as G is triangle—
and quadrangle—free. Thus the diameter of G is equal to 4. Hence G is isomorphic

to some G**.

Suppose that the equality holds in (8). Then the equality holds also in (10). If G
is a graph of diameter at most 3, then the equality holds in (10). Otherwise, d > 4.
So we must have

nn—1) dd+1) 1 L
. . SMI(G) +2d—1=0

"(”2’ b_ d(d; D _ (a(¢.2) ~ @~ 1) + (. 1) - a) . (1)

Since n > d + 1, we consider two cases: (¢) n=d+1, and (d) n > d+2.

Case (c): n=d+ 1. In this case G = P, .

Case (d): n > d + 2. From equality in (11), we have that for any vertex v; €
V(G)\V (Pys1) and for any vertex v; € V(G), j # i, it is either 6(v;, v;|G) = 1 or
d(v;, vj|G) = 2. Using this we conclude that we do not have any graph of diameter
greater than or equal to 4. As G is supposed to be triangle- and quadrangle-free,

this leads to a contradiction.

Conversely, one can easily see that equality holds in (7) for a graph of diameter
at most 3 or for the path P, or for a graph G**. Equality holds in (8) for a graph of
diameter at most 3 or for the path P, . |
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In [32] Zhou and one of the present authors obtained the following lower bound

on Wiener index of a connected triangle— and quadrangle—free graph:

Corollary 2.5. Let G be a connected triangle— and quadrangle—free graph with n > 2

vertices and m edges. Then

W(G) >

N | Lo

1
nn—1)— 3 M (G) —m
with equality holding if and only if G is a graph of diameter at most 3.

Proof. One can easily check that § d(d® — 6d + 11) — 1 > 0, with equality holding
if and only if d < 3. The result now follows from Theorem 2.4. |

Also the following lower bound on Wiener index of trees was obtained in [32]:
Corollary 2.6. Let T be a tree with n > 2 vertices. Then
W(T) = My(T) = (n—1)
with equality holding if and only if T is the star Ky, .
Proof. From De Caen’s inequality [6], we have M;(T") < n(n — 1) (special case for

trees) with equality holding if and only if 7" = K,y . For trees, m = n —1, and the

result follows from Corollary 2.5. |

Corollary 2.7. Let G be a connected triangle— and quadrangle—free graph with n > 2

vertices, m edges and diameter d. Then
1
W(G)zn(nfl)+6d(d276d+11)fm71. (12)

Moreover, equality holds in (12) if and only if G = Ky ,_1 or G is a Moore graph of
diameter 2.
Recall that there are at most four Moore graphs of diameter 2: the pentagon,

the Petersen graph, the Hoffman—Singleton graph, and possibly a 57-regular graph
on 3250 vertices [5].
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Proof. In [33] it was shown that M;(T) < n(n— 1) with equality holding if and only
if T'= K;,,1 or G is a Moore graph of diameter 2. Inequality (12) follows then from
Theorem 2.4. |

Remark 2.8. The lower and upper bounds given by (7) and (8), respectively, are

equal when G is a graph of diameter at most 3 or G = P, .

3 Nordhaus—Gaddum-type results for the Wiener
index

Zhang and Wu [30] obtained the following Nordhaus-Gaddum-type result for the
Wiener index:

Lemma 3.1. Let G be a connected graph on n > 5 vertices with a connected comple-
ment G . Then

n3+3n?+2n—6

5 (13)

3 (;) <W(G) +W(@) <
We now give lower bound for W(G) + W(G):

Theorem 3.2. Let G be a connected graph on n > 2 vertices, diameter d, and with

a connected complement G . Then

W(G)+W@G) >

N W

n(n — 1)+é(d—2)(d— 1)d (14)

with equality holding in (14) if and only if G is a graph of diameter 2 or G = P, or

G is isomorphic to some G* and G is a graph of diameter 2.

Proof. Using the inequality (2) from Theorem 2.1 we arrive at
W(G)+W(G) >2n(n—1) — (m +m) + é(d —2)(d—1)d+ é(ﬁ —2)(d—1)d (15)

where m and d are, respectively, the number of edges and diameter of G. Since
m+m = @ (d—2)(d—1)d >0, we get (14) from (15).
Suppose now that equality holds in (14). Then all inequalities in the above argu-

ment must be equalities. Then from equality in (15) we conclude that G is a graph of
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diameter 2 or G = P, or G is isomorphic to some G*, and G is a graph of diameter
2 0or G = P, or G is isomorphic to some G*. From equality in (14), we get d < 2.
Hence G is a graph of diameter 2 or G = P, or G is isomorphic to some G* and G is
a graph of diameter 2.

Conversely, let G be a graph of diameter 2 and let G be a graph of diameter 2.
Sod=d=2, and thus

W(G)+W(é):n(n—1)—m+n(n—1)—m:gn(n—1)

as m+m=n(n—1)/2.
Let G = P, and let G be a graph of diameter 2. For d = 2,

W(@)+W(G) = é(n—l)n(nﬂ)m(n—n—m - gn(n—l)Jr% (n=3)(n—2)(n—1).

Let G be isomorphic to some G* and let G be a graph of diameter 2. For d = 2
and d =3,

W(G’)+W(§):n(nfl)ferlen(nfl)fm:gn(nf1)+1
whereas for d =2 and d = 4,
W(G)—i—W(a):n(n—1)—m+4+n(n—1)—m:gn(n—l)+4‘

Hence the theorem. [ ]

Remark 3.3. One can easily check that our lower bound (14) on W(G) + W(G) is
always better than (13) as (d —2)(d—1)d > 0.

Now we give an upper bound for W(G) +W (G) in terms of the number of vertices

n, and diameters d, d of G and G, respectively.

Theorem 3.4. Let G be a connected graph on n > 2 vertices with a connected G . If
k = max{d,d}, then

. _nn—=1)

W(G) +W(G) < o (k1) - %k(l@— (k- 2) (16)

where d and d are the diameters of G and G , respectively. Moreover, equality holds

if and only if both G and G have diameter 2.
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Proof. We start by inequality (3). Since G and G are connected, d, d > 2. Without
loss of generality, we can assume that d > d. So we have k = d. Let m be the

number of edges of G'. Then

W(G) +W(G)
< w(dﬁ-ﬁ)—%(d—?)(d—1)d—%(3—2)(3—1)3
— (d=1)m—(d—1)m (17)
= DT - (- 2)(d - )d - 5@~ 2)@- 1)
- dm—g(@—m) as m+m:%n(n—1),
~ n(n—1) 1 1 _ — —
= T d+ 1) = 5(d=2)(d = Dd— 5@ (A= 1)d - m(d = d)
< @(k+l)—%(k—2)(k—l)k as k=dandd>4d. (18)

Now suppose that the equality holds in (16). Then equality holds also in (17) and
(18). From equality in (17), we conclude that G is a graph of diameter at most 2 or
G = P, and that G is a graph of diameter at most 2 or G = P, .

From equality in (18), we must have k = d = d and d < 2. Hence both G and G
have diameter 2.

Conversely, one can easily see that the equality holds in (16) if both G' and G have
diameter 2. |

Remark 3.5. For k <n/3, we have

1 . 1

g(n“ +3n% +2n—6) > En(n -1)(k+1).
From this we conclude that our upper bound (16) is always better than the upper bound
(13), provided k <mn/3.

Remark 3.6. The lower and upper bounds given by (14) and (16), respectively, are
equal when both G and G have diameter 2.
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