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Abstract

Let e be an edge of a graph G with endpoints u and v. Define two sets G1(e)
and Ga(e), Gi(e) is the set of vertices closer to u than to v while Ga(e) consists
of those vertices that are closer to v. Then the Szeged index of G is defined as
S2(G) = Yeepe)(IG1(€)||Gz(e)]). The generalized hierarchical product of graphs
was defined by Barriére et. al. (L. Barriere, C. Dalfé, M. A. Fiol and M. Mitjana,
Discrete Math., 309 (2009) 3871-3881.) In this paper we compute the Szeged index
of hierarchical product of graphs. As a consequence of our results, these indices were
computed for some chemical structures such as regular dicentric dendrimers, linear

phenylenes, dimer fullerene Cpg, truncated cube and truncated cuboctahedron.

1. Introduction

A real number associated to a graph is called a topological index. It must not depend
on the labeling or the pictorial representation of a graph, i.e. it is structural invariant. The
first topological index was introduced by the chemist Harold Wiener [1] for investigating

boiling points of alkanes. This index is defined as the sum of distances between all
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vertices of the graph, and called the Wiener index. The Szeged index is a topological
index related to the Wiener index, introduced by Gutman [2], and is obtained as a bond
additive quantity where bond contributions are given as the product of the number of
atoms closer to each of the two end points of each bond. It is well known that the Wiener
and Szeged indices are identical for trees.

Let G be a connected graph with vertex and edge sets V(G) and E(G), respectively.
Recall that the distance between the vertices v and v of G is denoted by dg(u,v) (or
d(u, v), when there is no confusion) and it is defined as the number of edges on a shortest
path between the vertices u and v. For an edge e = wv of G, let Gi(e) be the set of
vertices closer to u than to v and Gy(e) be the set of vertices closer to v than to u. The

set of all vertices that are at equal distance from u and v is denoted by Gs(e). That is

Gi(e) ={z e V(G) | dg(z,u) < de(z,v)}
Cale) = {2 € V(@) | do(,v) < do(a,w)
Gy(e) = {z € V(@) | do(, ) = do(, ).

If we write e as e = vu, the roles of G () and G4 (e) would be interchanged. But we always
consider these sets in pairs, so this imprecision in the definition will cause no problem.

The Szeged index of G is defined as

S2(G) = Y (IGi(e)]|Ga(e)])-

c€E(Q)
This index has received considerable attention. For more information about the Szeged
index and its mathematical properties one should consult the articles [3]-[10].

A couple of methods for computing the Szeged index of molecular graphs have been
proposed (see for example in [11]-[14]). In this work we use the concept of generalized
hierarchical product of graph to compute the Szeged index of some chemical graphs. The
generalized hierarchical product introduced in [16] as follows: Let G and H be graphs,
U C V(H). The vertex set of the generalized hierarchical product of G and H with
respect to U, I' = GNH(U), is V(I') = V(G) x V(H) and the adjacency in T is given by

(av‘r) ~ ((L7y) Ty € E(H)
(a,2) ~ (b,z) <= ab € E(G) and z € U.
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Now if

A={(a,z)(b,x) |abe E(Q), x €U} and B={(a,z)(a,y)|zy € E(H), a € V(G)},
then it is clear that E(T") is the disjoint union of A and B. This definition can be
extended to N graphs. Let G; = (V;, E;), i = 1,2,..., N, and non-empty subset U; C V;,
i =1,2,...,N — 1, the generalized hierarchical product Hy = Gy M Gn_1(Uy_1) M ...T1
Go(Uz) M G1(Uh) is the graph with vertex set Hfil V; and adjacency in Hy is given by

(where we write u ~ v if uv € E(Q))

(&N, ws,@0,01) iy~ rin Gy
(TNy- -y 23, Y2, 1) i Yo ~ 29 in Gy and 21 € Uy
(xN7_4_7x2,1'1)~ (]}N,...7y3,.7,'27.7}1) ify3~1:3 in Gg and JZ,L'EUZ',’[::LQ
(yn, ... x3,29,21) fyy~ayin Gyand x; € Uyyi=1,..., N —1.

If all the subsets U; = {u;} are singletons (u; is called a root vertex), then the resulting
graph is the (standard) hierarchical product Hy = Gy M Gy_1 M ... Gy MGy (see [17])
and if U; =V forall 1 <i < N —1, then Hy = Gy ® Gy_1 ® ... ® Gy ® Gy, is the
Cartesian product of G;. It is easy to see that

N-1 N N-1 i1 N

\BHN)| =By [T 10+ 1B [T Vil + > (B Tl TT i (1)

i=1 i=2 i=2 j=1 k=i+1

By Corollary 2.2 in [16] the generalized hierarchical product is associative, that is
GyM---MGUy) = (GyM---MNGo(Uz)) NG1(Uy)
= GNM(Gnoy MM G(Us) MG (UL))(Un—q X -+ x Uy).

Thus for some of its properties, it suffices to study the two factors case.

Let G = (V,E) be a graph and U be a non empty subset of V. A path between
vertices u,v € V through U is a u — v path in G containing some vertex z € U (vertex z
could be the vertex u or v). The distance between u and v through U, which is denoted
by dew)(u,v), is the length of a shortest path between u and v through U. Note that, if
one of the vertices u and v belong to U, then dg)(u,v) = dg(u,v). Note also that for
x,y € V(H) we have dy(x,y) < dyw)(z,y).

Now for two vertices X = (a,z) and Y = (b,y) in the hierarchical product I' =
GNH(U), by page 3874 of [16], we have

de(a,b) +duw)(v,y) ifa#b

di(,y) ifa=b. (2)

dr(X,Y) = {
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For every e = wv € E(H), let H(U)1(e) be the set of vertices x € V(H) which are
H(U)-closer to u than to v, that is dy (2, u) < dgwy(z,v), and H(U)s(e) be the set of
vertices H (U)-closer to v than to u. The set of all vertices that are at equal H (U )-distance

from u and v is denoted by H(U)s(e). That is

H(U)i(e) = {z € V(H) | duw)(w,u) < duw)(z,v)},

H(U)z(e) = {z € V(H) | duw)(@,v) < du)(z,u)},

H(U)s(e) = {z € V(H) | duw)(w,u) = duw)(z, v)}-
2. Main Results

The following key lemma is needed for computing the Szeged index of generalized

hierarchical product of graphs.

Lemma 2.1 Let G and H be two simple connected graphs U C V(H), T' = G H(U)
and e = (a,z)(b,y) € E(T'). Then, for i = 1,2, we have

{ |V (H)||Gi(ab)| ifec A

ITie)| = :
|Hi(zy)| + (V(G) = DIHU)i(zy)| ifeeB.

Proof.  First we prove that if e € A, then |['y(e)| = |V (H)||G1(ab)|. Note that since
e € A we have z = y and so e = (a,z)(b,x). Since dr((a,z),(a,h)) < dr((b, ), (a,h))
if and only if dy(x,h) < da(b,a) + duw)(z,h), and the later always holds, we have
ah € T'y(e), for all h € V(H). Note that since dr((a, ), (b,h)) < dr((b,z), (b, h)) if and
only if da(a, g) +dpw)(z, h) < dg(x, h), which is impossible. Now suppose that v = (g, h)
is an arbitrary element of I';(e). By above observations g # b and if g = a, then h could
be an arbitrary element of V(H). So suppose that g # a,b. Then dr((a,x),(g,h)) <
dr((b, ), (g,h)) if and only if de(a, g) + duw)(x, h) < da(b, g) + duw)(z, h) if and only if
dg(a,g) < dg(b,g) if and only if g € G1(ab). Thus in all cases (g,h) € T'1(e) if and only
if g € Gi(ab). Therefore [Ty (e)| = |V(H)||G1(ab)|.
Similarly we can see that if e € A, then |Iy(e)| = |V (H)||Ga(ab)].

Now we prove that if e € B, then |I'y(e)] = |Hi(zy)| + ([V(G)| — 1)|H(U)1(zy)].
Note that since e € B we have a = b and so e = (a,z)(a,y). Since dr((a,z), (a,h)) <
dr((a,y), (a,h)) if and only if dy(x,h) < dg(y,h) if and only if h € Hy(zy); we have
X1 = {(a,h) | h € Hi(zy)} C I'i(e). Now if g # a, then since dr((a,z), (g, h)) <

dr((a,y), (g, h)) if and only if dg(a, g) + duw)(z, h) < dg(a, g) + duw)(y, h) if and only
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if dywy(x, h) < dyw)(y,h). Therefore Xy :={(g9,h) | g # a, h € H{U)1(xy)} € Ti(e).
Since I'i(e) is a disjoint union of X; and X, we have |I'i(e)| = |X;| + |Xo| = T'i(e) =
|Hi(zy)| + (IV(G)] = DIH (U (zy)]-

Similarly if e € B, then |Ty(e)| = |Ha(zy)| + ([V(G)| — D|H(U)2(xy)]. |

Now we are ready to prove the main result of this section.

Theorem 1 Let G and H be two simple connected graphs, n = |V(G)|, m = |V(H)|,
UCV(H),andI'=GM H(U). Then

s:0) = nn=1( Y [HEIHO)E] + H()H W) ()] +
ecE(H)
(n = DIH@(H@)s(e)]] ) +m?|U|S2(G) + nS=(H),
Proof. We have

Sz(l) = Z [T1(e)|[T2(e |—Z|F1 )[Ta(e \+Z|F1 )ITa(e)|
ecE(T)
= m’|U] Y [Gi(e)]|Gale)
ecB(G)
n Y [(1H)+ = DIHE)E)) (|Ha(e) |+ (0 = DIHW)Ae))) ]
ecE(H)
= w0 Y 1GGa(e) +n Y [H(e)|[Hale)| +
e€E(G) e€E(H)
=10 > [[H(IHW)A)] + [Ha(e) [ HU)(e)] +
ecE(H)
(n = DIHOLEHU):()])
— =1 D [[HIH@):(e)] + [Ha(e) [ H)(e)| +
ecE(H)
(n = DUHO L OIHU ()] ) + mP|U1S(G) + nS=(H)
as desired. |

Corollary 2.2 (See [18]) Let G® H be the Cartesian product of simple connected graphs
G and H with n = |V(G)| and m = |V(H)|. Then

S2(G® H) = n*Sz(H) +m>S2(G).
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Proof. Put U = V(H). Then GMH(U) =G® H and H(U);(e) = H;(e), i =1,2. So
s:Get) = nw-1)( ¥ [IHElHae)] + a0l ()] +
ecE(H)
(n = D(H()| Ha(e))]) + m*S2(G) + nS=(H)
= n(n—1)(n+1) Z |Hy(e)||Ha(e)| +mPS2(G) + nSz(H)
ecE(H)

n(n® — 1)Sz(H) + m3Sz(G) + nSz(H)

n*Sz(H) +m*Sz(G).
This completes the proof. ||

Corollary 2.3 Let ®}_,G; be Cartesian product of n simple connected graphs G;. Then

n n

Sa@imG) =Y | TT V(G)PS=(G].

=1 j=1j#i
Proof. The case n = 2 is proved in Corollary 2.2. We prove the assertion by induction.

Suppose the result is valid for n graphs. Then we have
S2(@HG) = S2(Grn @ (91L1GY))
= [V(Gu1)I’S2(®FL 1G ) + V(L1 Gi)PS2(Gorr)

= M\Z{ H G)PPS=(G ]+H|v DPS2(Grs)

i=1  g=1j#i
n+1 n+1
= X[ I wepsse).
i=1  gj=1,j#i
This completes the proof. |

Corollary 2.4 Let I' = GMH with root vertex z € V(H), n = |V(G)| and m = |V (H)].
Then

Sz(I') = nm(n— 1)( Z [Hi(e) + Z ‘Hz(e)o +

{e€ B(H)|z€Ha(e)} {e€ B(H)|z€H1(e)}
m2Sz(G) +nSz(H).
Proof. If we put U = {z}, then GMH(U) =GN H, |[H({U):(e)| = |V(H)|xH,@(z) and
|H(U)z(e)| = [V(H)|XHy(e)(2), where xp is the characteristic function on the set U and
it has value 1 on U and 0 outside U. Now by Theorem 1, we have
SoT) = nn=1)( D [HIV ) e (2) + (V) o (2) +
cE€E(H)

(1= Dmim o (D (2)] ) + m2SAGIVI(G)|S=(H).
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Since Hy(e) N Ha(e) =0, Xa,(e)(2)Xa(e)(2) = 0 and so

Sar) = am-1)( > HE@I+ > |He)l) +

{ecE(H)|zeH2(e)} {ecE(H)|zeH1(e)}

m?Sz(G) +nSz(H)
as desired. [ |
Let P, and C,, be the path on n vertices and an n-cycle, respectively. One can see

that Sz(P,) = "(" =1 Also §2(C,) = "f when n is even, and "(”fl otherwise. So if we

put G = P, or G = C,,, then we have

Corollary 2.5 Let H be a simple connected graph and U C V(H). Then

SR HW) =n(n— 1) X [[H(@IH©)a(e)] + | Hx( HO)(e)]+

ecE(H)
(n= DIHO)IHU ()] ) + VPV + nS(H) .
Also Sz(C,, M H(U)) is equal to

n(n =) Zoenn [ HiOIH@)s(e)| + [Ha(e)] HU):(0)|+
(n = DIHOLEIHU ()] ) + [VH)PUZ +nS=(H) s even

n(n =) ecpan [[FHOIHD)0)] + ()| HT) )+
(n = DIHW)IHU)A)] ) + VPV 4+ nS2(H) nis odd

3. Chemical structures as generalized hierarchical product of graphs
There are several chemical structures that can be realized as generalized hierarchical
products of graphs. In this section we introduce many of them and compute the Szeged

index of these chemical structures.

Example 3.1 Let DD,, be the graph of the regular dicentric dendrimer. Then DD, =
P, H, where H is a dendron (tree) of progressive degree p and generation r (see Figure
1). So by Corollary 2.4

SO ) =2Vl > @I+ Y [Ha(e)]) + [VH)? +25:(H),

{ecE(H)|z€H2(e)} {ecE(H)|z€H(e)}

One can see that |[V(H)| = 14+p+p*+---+p" = p;:;l and |E(H)| = |V(H)| — 1.
Moreover {¢ € E(H) | z € Ha(e)} = 0 and {e¢ € E(H) | 2 € Hi(e)} = E(H). One
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Figure 1: Regular dicentric (DD2.4) dendrimer. (See [4])

can see that if e € E(H) be an edge in level 4, then [Ha(e;)] = 1 +p +p> + -+ +

P S0 Y epan [Ha(e)| = 2000 Y0 o] = W. But H is bipartite, so

[Hi(e))| = |V(H)| = |Ha(es)] = Xi_op' = X200 = SjZop" 7 and therefore Sz(H) =

P (1) 4p(r+2) (1=pT)
(p—1)3

Consequently
At A2 4 (14 4r)p¥ 3 — (dr + T)p¥ 2 —p—1
(-1 '

Now we consider some chemical structures of the form P, M H(U). By Corollary 2.5
Sz(P, M H(U)) is equal to

Sz(DD,,) =

23 [ @IHW) ()| + [Ha(e) [HW)1(0)] + [HUNIHW)a(e)l] + IV (H)PIU| +282(H).
ecE(H)

Figure 2: A linear phenylene

Example 3.2 Let F), be the molecular graph of the linear phenylene including n benzene
ring (see Figure 2). It is clear that |V(F,)| = 6n and |E(F,)] = 8 — 2. We have
F, = P, P, (U), where V(Ps,) = {1,2,...,3n} and U = {143k | 0 < k < n-—
1} U{3k | 1 < k < n}. Note that for every edge e = uv € E(Ps,), at least one
of the endpoints of the edge belongs to U. So Ps,(U);(e) = (Ps,)i(e) and therefore
et [P (@11 Pau0)2(0)] + [(Ban)al@) [ Baa (D)1 (€)] + [Pon (V)s (0] P (0)e(e)]
3Sz(Ps,) and Sz(F,) = 23+ Sz(Ps,) + (3n)? - (2n) + 252(Ps,) = 852(Psy) + 18n°
8- %Ll) + 18n3 = 54n3 — 4n.

Example 3.3 Let I' be the molecular graph of dimer fullerene Cyy i.e Cha9 — (hh) (see
Figure 3). Then I' = P, M H(U) where H is the graph of fullerene Cgo with V(H) =
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{1,...,60} and U = {5,6}. We have > [|H1(6)HH(U)2(6)\ + [Hy(e)||H(U)1(e)| +
|H(U)1(e)|\H(U)2(e)\] = 105408, and Sz(Cgp) = 51840. Thus Sz(T") = 2 - 105408 + 60? -
2+ 2- 51840 = 321696.

Figure 3: Dimer fullerene Cgq

Example 3.4 Let T’ be the graph of truncated cube. Then I' = P, M (P, M (P2 11
K3(U1))(U))(Us), where Uy = {1}, Uy = {2,5} and Us = {3,6,9,12}, as shown in
Figure 4. Tt is easy to see that Sz(K,) = @, where K, is the complete graph on n

2 z
2
1 1
== 4
3
[ g
2 g q
3 2 2
1 1 7
M 4 A= 4 10
] 3 2
5 i 12
H o q

Figure 4: The molecular graph of truncated cube

vertices. By Corollary 2.5, Sz(P, M K3(Uy)) =2-3-(2—1)-2+32-1+2-3=27. By a
simple calculation we get that Sz(Py M (P M K3(Up))(Uz)) =283+ 6%-2+2-27 = 292,
Therefore Sz(T') = 2 - 1052 + 122 - 4 + 2 - 292 = 3264.
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Example 3.5 Let I' be the graph of truncated cuboctahedron (see Figure 5). Then
I'= PN (PN (PN Ps(UL))Us))(Us), where Uy = {1,2,5,6}, Uy = {7,9,10,12} and
Us ={1,3,4,6,19,21,22,24}. One can see that Sz(PMPs(U;)) = 2-113+62-4+2-35 =
440. Also Sz(Py M (P, 1 Ps(Uy))(Us)) = 2 - 1304 + 122 - 4 + 2 - 440 = 4064. Thus
Sz(T) = 214368 + 242 - 8 + 2 - 4064 = 39168.

Figure 5: Molecular graph of truncated cuboctahedron

Finally we give an example of a chemical structure of the form Cy M H(U). By Corollary
2.5, we have
SACMHU)) = 12 ) [IHl(c)HH(U)Q(c)\ + [Ha(e)[[H(U)(e)] +
ecE(H)

BIHU(IH (U)a(e)l| + 16V (H)*|U| + 4Sz(H).

Example 3.6 Let I' be the graph of octanitrocubane (see Figure 6). Then one can see
that I' = Cy M (P, M S4(Uh))(Uz), where Sy is the star graph on 4 vertices, U; = {1}
and Uy = {1,5}. We have Sz(Sy) = 9, and so by Corollary 2.5, Sz(P, 1 S,(U;)) =
2:4-(2-1)-5+42-1+2-9="74. Hence Sz(I') = 12-160 + 16 - 8% - 2 + 4 - 74 = 4264.
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3
8
2 [ 2
—TE 3 = —_—
4 4
7
HO2
g . P NO2
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4
: ¢
NO2 HO2
Ho2 no2

Figure 6: Molecular graph of octanitrocubane
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