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Abstract

Let e be an edge of a graph G with endpoints u and v. Define two sets G1(e)

and G2(e), G1(e) is the set of vertices closer to u than to v while G2(e) consists

of those vertices that are closer to v. Then the Szeged index of G is defined as

Sz(G) =
∑

e∈E(G)(|G1(e)||G2(e)|). The generalized hierarchical product of graphs

was defined by Barriére et. al. (L. Barrière, C. Dalfó, M. A. Fiol and M. Mitjana,

Discrete Math., 309 (2009) 3871-3881.) In this paper we compute the Szeged index

of hierarchical product of graphs. As a consequence of our results, these indices were

computed for some chemical structures such as regular dicentric dendrimers, linear

phenylenes, dimer fullerene C60, truncated cube and truncated cuboctahedron.

1. Introduction

A real number associated to a graph is called a topological index. It must not depend

on the labeling or the pictorial representation of a graph, i.e. it is structural invariant. The

first topological index was introduced by the chemist Harold Wiener [1] for investigating

boiling points of alkanes. This index is defined as the sum of distances between all
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vertices of the graph, and called the Wiener index. The Szeged index is a topological

index related to the Wiener index, introduced by Gutman [2], and is obtained as a bond

additive quantity where bond contributions are given as the product of the number of

atoms closer to each of the two end points of each bond. It is well known that the Wiener

and Szeged indices are identical for trees.

Let G be a connected graph with vertex and edge sets V (G) and E(G), respectively.

Recall that the distance between the vertices u and v of G is denoted by dG(u, v) (or

d(u, v), when there is no confusion) and it is defined as the number of edges on a shortest

path between the vertices u and v. For an edge e = uv of G, let G1(e) be the set of

vertices closer to u than to v and G1(e) be the set of vertices closer to v than to u. The

set of all vertices that are at equal distance from u and v is denoted by G3(e). That is

G1(e) = {x ∈ V (G) | dG(x, u) < dG(x, v)}
G2(e) = {x ∈ V (G) | dG(x, v) < dG(x, u)}
G3(e) = {x ∈ V (G) | dG(x, v) = dG(x, u)}.

If we write e as e = vu, the roles of G1(e) and G1(e) would be interchanged. But we always

consider these sets in pairs, so this imprecision in the definition will cause no problem.

The Szeged index of G is defined as

Sz(G) =
∑

e∈E(G)

(|G1(e)|.|G2(e)|).

This index has received considerable attention. For more information about the Szeged

index and its mathematical properties one should consult the articles [3]-[10].

A couple of methods for computing the Szeged index of molecular graphs have been

proposed (see for example in [11]-[14]). In this work we use the concept of generalized

hierarchical product of graph to compute the Szeged index of some chemical graphs. The

generalized hierarchical product introduced in [16] as follows: Let G and H be graphs,

U ⊆ V (H). The vertex set of the generalized hierarchical product of G and H with

respect to U , Γ = G�H(U), is V (Γ) = V (G)× V (H) and the adjacency in Γ is given by

(a, x) ∼ (a, y) ⇐⇒ xy ∈ E(H),

(a, x) ∼ (b, x) ⇐⇒ ab ∈ E(G) and x ∈ U.
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Now if

A = {(a, x)(b, x) | ab ∈ E(G), x ∈ U} and B = {(a, x)(a, y) | xy ∈ E(H), a ∈ V (G)},

then it is clear that E(Γ) is the disjoint union of A and B. This definition can be

extended to N graphs. Let Gi = (Vi, Ei), i = 1, 2, . . . , N , and non-empty subset Ui ⊆ Vi,

i = 1, 2, . . . , N − 1, the generalized hierarchical product HN = GN �GN−1(UN−1) � . . . �
G2(U2) � G1(U1) is the graph with vertex set

∏N
i=1 Vi and adjacency in HN is given by

(where we write u ∼ v if uv ∈ E(G))

(xN , . . . , x2, x1)∼

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

(xN , . . . , x3, x2, y1) if y1 ∼ x1 in G1

(xN , . . . , x3, y2, x1) if y2 ∼ x2 in G2 and x1 ∈ U1

(xN , . . . , y3, x2, x1) if y3 ∼ x3 in G3 and xi ∈ Ui, i = 1, 2
...

...

(yN , . . . , x3, x2, x1) if yN ∼ xN in GN and xi ∈ Ui, i = 1, . . . , N − 1.

If all the subsets Ui = {ui} are singletons (ui is called a root vertex), then the resulting

graph is the (standard) hierarchical product HN = GN �GN−1 � . . . �G2 �G1 (see [17])

and if Ui = Vi for all 1 ≤ i ≤ N − 1, then HN = GN ⊗ GN−1 ⊗ . . . ⊗ G2 ⊗ G1, is the

Cartesian product of Gi. It is easy to see that

|E(HN)| = |EN |
N−1∏
i=1

|Ui|+ |E1|
N∏
i=2

|Vi|+
N−1∑
i=2

(|Ei|
i−1∏
j=1

|Uj|
N∏

k=i+1

|Vk|). (1)

By Corollary 2.2 in [16] the generalized hierarchical product is associative, that is

GN � · · · �G1(U1) = (GN � · · · �G2(U2)) �G1(U1)

= GN � (GN−1 � · · · �G2(U2) �G1(U1))(UN−1 × · · · × U1).

Thus for some of its properties, it suffices to study the two factors case.

Let G = (V,E) be a graph and U be a non empty subset of V . A path between

vertices u, v ∈ V through U is a u− v path in G containing some vertex z ∈ U (vertex z

could be the vertex u or v). The distance between u and v through U , which is denoted

by dG(U)(u, v), is the length of a shortest path between u and v through U . Note that, if

one of the vertices u and v belong to U , then dG(U)(u, v) = dG(u, v). Note also that for

x, y ∈ V (H) we have dH(x, y) ≤ dH(U)(x, y).

Now for two vertices X = (a, x) and Y = (b, y) in the hierarchical product Γ =

G �H(U), by page 3874 of [16], we have

dΓ(X, Y ) =

{
dG(a, b) + dH(U)(x, y) if a �= b

dH(x, y) if a = b.
(2)
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For every e = uv ∈ E(H), let H(U)1(e) be the set of vertices x ∈ V (H) which are

H(U)-closer to u than to v, that is dH(U)(x, u) < dH(U)(x, v), and H(U)2(e) be the set of

vertices H(U)-closer to v than to u. The set of all vertices that are at equal H(U)-distance

from u and v is denoted by H(U)3(e). That is

H(U)1(e) = {x ∈ V (H) | dH(U)(x, u) < dH(U)(x, v)},
H(U)2(e) = {x ∈ V (H) | dH(U)(x, v) < dH(U)(x, u)},
H(U)3(e) = {x ∈ V (H) | dH(U)(x, u) = dH(U)(x, v)}.

2. Main Results

The following key lemma is needed for computing the Szeged index of generalized

hierarchical product of graphs.

Lemma 2.1 Let G and H be two simple connected graphs U ⊆ V (H), Γ = G � H(U)

and e = (a, x)(b, y) ∈ E(Γ). Then, for i = 1, 2, we have

|Γi(e)| =
{

|V (H)||Gi(ab)| if e ∈ A

|Hi(xy)|+ (|V (G)| − 1)|H(U)i(xy)| if e ∈ B.

Proof. First we prove that if e ∈ A, then |Γ1(e)| = |V (H)||G1(ab)|. Note that since

e ∈ A we have x = y and so e = (a, x)(b, x). Since dΓ((a, x), (a, h)) < dΓ((b, x), (a, h))

if and only if dH(x, h) < dG(b, a) + dH(U)(x, h), and the later always holds, we have

ah ∈ Γ1(e), for all h ∈ V (H). Note that since dΓ((a, x), (b, h)) < dΓ((b, x), (b, h)) if and

only if dG(a, g)+dH(U)(x, h) < dH(x, h), which is impossible. Now suppose that v = (g, h)

is an arbitrary element of Γ1(e). By above observations g �= b and if g = a, then h could

be an arbitrary element of V (H). So suppose that g �= a, b. Then dΓ((a, x), (g, h)) <

dΓ((b, x), (g, h)) if and only if dG(a, g) + dH(U)(x, h) < dG(b, g) + dH(U)(x, h) if and only if

dG(a, g) < dG(b, g) if and only if g ∈ G1(ab). Thus in all cases (g, h) ∈ Γ1(e) if and only

if g ∈ G1(ab). Therefore |Γ1(e)| = |V (H)||G1(ab)|.
Similarly we can see that if e ∈ A, then |Γ2(e)| = |V (H)||G2(ab)|.

Now we prove that if e ∈ B, then |Γ1(e)| = |H1(xy)| + (|V (G)| − 1)|H(U)1(xy)|.
Note that since e ∈ B we have a = b and so e = (a, x)(a, y). Since dΓ((a, x), (a, h)) <

dΓ((a, y), (a, h)) if and only if dH(x, h) < dH(y, h) if and only if h ∈ H1(xy); we have

X1 := {(a, h) | h ∈ H1(xy)} ⊆ Γ1(e). Now if g �= a, then since dΓ((a, x), (g, h)) <

dΓ((a, y), (g, h)) if and only if dG(a, g) + dH(U)(x, h) < dG(a, g) + dH(U)(y, h) if and only
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if dH(U)(x, h) < dH(U)(y, h). Therefore X2 := {(g, h) | g �= a, h ∈ H(U)1(xy)} ⊆ Γ1(e).

Since Γ1(e) is a disjoint union of X1 and X2 we have |Γ1(e)| = |X1| + |X2| = Γ1(e) =

|H1(xy)|+ (|V (G)| − 1)|H(U)1(xy)|.
Similarly if e ∈ B, then |Γ2(e)| = |H2(xy)|+ (|V (G)| − 1)|H(U)2(xy)|. �

Now we are ready to prove the main result of this section.

Theorem 1 Let G and H be two simple connected graphs, n = |V (G)|, m = |V (H)|,
U ⊆ V (H), and Γ = G �H(U). Then

Sz(Γ) = n(n− 1)
( ∑

e∈E(H)

[
|H1(e)||H(U)2(e)|+ |H2(e)||H(U)1(e)|+

(n− 1)|H(U)1(e)||H(U)2(e)|
])

+m2|U |Sz(G) + nSz(H).

Proof. We have

Sz(Γ) =
∑

e∈E(Γ)

|Γ1(e)||Γ2(e)| =
∑
e∈A

|Γ1(e)||Γ2(e)|+
∑
e∈B

|Γ1(e)||Γ2(e)|

= m2|U |
∑

e∈E(G)

|G1(e)||G2(e)|+

n
∑

e∈E(H)

[(
|H1(e)|+ (n− 1)|H(U)1(e)|

)(
|H2(e)|+ (n− 1)|H(U)2(e)|

)]

= m2|U |
∑

e∈E(G)

|G1(e)||G2(e)|+ n
∑

e∈E(H)

|H1(e)||H2(e)|+

n(n− 1)
( ∑

e∈E(H)

[
|H1(e)||H(U)2(e)|+ |H2(e)||H(U)1(e)|+

(n− 1)(|H(U)1(e)||H(U)2(e)|)
])

= n(n− 1)
( ∑

e∈E(H)

[
|H1(e)||H(U)2(e)|+ |H2(e)||H(U)1(e)|+

(n− 1)(|H(U)1(e)||H(U)2(e)|)
])

+m|2|U |Sz(G) + nSz(H)

as desired. �

Corollary 2.2 (See [18]) Let G⊗H be the Cartesian product of simple connected graphs

G and H with n = |V (G)| and m = |V (H)|. Then

Sz(G⊗H) = n3Sz(H) +m3Sz(G).
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Proof. Put U = V (H). Then G �H(U) = G⊗H and H(U)i(e) = Hi(e), i = 1, 2. So

Sz(G⊗H) = n(n− 1)
( ∑

e∈E(H)

[
|H1(e)||H2(e)|+ |H2(e)||H1(e)|+

(n− 1)(|H1(e)||H2(e)|)
])

+m3Sz(G) + nSz(H)

= n(n− 1)(n+ 1)
∑

e∈E(H)

|H1(e)||H2(e)|+m3Sz(G) + nSz(H)

= n(n2 − 1)Sz(H) +m3Sz(G) + nSz(H)

= n3Sz(H) +m3Sz(G).

This completes the proof. �

Corollary 2.3 Let ⊗n
i=1Gi be Cartesian product of n simple connected graphs Gi. Then

Sz(⊗n
i=1Gi) =

n∑
i=1

[ n∏
j=1,j �=i

|V (Gj)|3Sz(Gi)
]
.

Proof. The case n = 2 is proved in Corollary 2.2. We prove the assertion by induction.

Suppose the result is valid for n graphs. Then we have

Sz(⊗n+1
i=1 Gi) = Sz(Gn+1 ⊗ (⊗n

i=1Gi))

= |V (Gn+1)|3Sz(⊗n
i=1Gi) + |V (⊗n

i=1Gi)|3Sz(Gn+1)

= |V (Gn+1)|3
n∑

i=1

[ n∏
j=1,j �=i

|V (Gj)|3Sz(Gi)
]
+

n∏
i=1

| V (Gi)|3Sz(Gn+1)

=
n+1∑
i=1

[ n+1∏
j=1,j �=i

|V (Gj)|3Sz(Gi)
]
.

This completes the proof. �

Corollary 2.4 Let Γ = G�H with root vertex z ∈ V (H), n = |V (G)| and m = |V (H)|.
Then

Sz(Γ) = nm(n− 1)
( ∑

{e∈E(H)|z∈H2(e)}
|H1(e)|+

∑
{e∈E(H)|z∈H1(e)}

|H2(e)|
)
+

m2Sz(G) + nSz(H).

Proof. If we put U = {z}, then G �H(U) = G �H, |H(U)1(e)| = |V (H)|χH1(e)(z) and

|H(U)2(e)| = |V (H)|χH2(e)(z), where χU is the characteristic function on the set U and

it has value 1 on U and 0 outside U . Now by Theorem 1, we have

Sz(Γ) = n(n− 1)
( ∑

e∈E(H)

[
|H1(e)||V (H)|χH2(e)(z) + |H2(e)||V (H)|χH1(e)(z) +

(n− 1)m2χH1(e)(z)χH2(e)(z)
])

+m2Sz(G)|V (G)|Sz(H).
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Since H1(e) ∩H2(e) = ∅, χH1(e)(z)χH2(e)(z) = 0 and so

Sz(Γ) = nm(n− 1)
( ∑

{e∈E(H)|z∈H2(e)}
|H1(e)|+

∑
{e∈E(H)|z∈H1(e)}

|H2(e)|
)
+

m2Sz(G) + nSz(H)

as desired. �

Let Pn and Cn be the path on n vertices and an n-cycle, respectively. One can see

that Sz(Pn) =
n(n2−1)

6
. Also Sz(Cn) =

n3

4
when n is even, and n(n−1)2

4
otherwise. So if we

put G = Pn or G = Cn, then we have

Corollary 2.5 Let H be a simple connected graph and U ⊆ V (H). Then

Sz(Pn �H(U)) = n(n− 1)
( ∑

e∈E(H)

[
|H1(e)||H(U)2(e)|+ |H2(e)||H(U)1(e)|+

(n− 1)(|H(U)1(e)||H(U)2(e)|)
])

+ |V (H)|2|U |n(n2−1)
6

+ nSz(H) .

Also Sz(Cn �H(U)) is equal to⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

n(n− 1)
(∑

e∈E(H)

[
|H1(e)||H(U)2(e)|+ |H2(e)||H(U)1(e)|+

(n− 1)(|H(U)1(e)||H(U)2(e)|)
])

+ |V (H)|2|U |n3

4
+ nSz(H) n is even

n(n− 1)
(∑

e∈E(H)

[
|H1(e)||H(U)2(e)|+ |H2(e)||H(U)1(e)|+

(n− 1)(|H(U)1(e)||H(U)2(e)|)
])

+ |V (H)|2|U |n(n−1)2

4
+ nSz(H) n is odd

3. Chemical structures as generalized hierarchical product of graphs

There are several chemical structures that can be realized as generalized hierarchical

products of graphs. In this section we introduce many of them and compute the Szeged

index of these chemical structures.

Example 3.1 Let DDp,r be the graph of the regular dicentric dendrimer. Then DDp,r =

P2 �H, where H is a dendron (tree) of progressive degree p and generation r (see Figure

1). So by Corollary 2.4

Sz(DDp,r) = 2|V (H)|
( ∑

{e∈E(H)|z∈H2(e)}
|H1(e)|+

∑
{e∈E(H)|z∈H1(e)}

|H2(e)|
)
+ |V (H)|2 + 2Sz(H).

One can see that |V (H)| = 1 + p + p2 + · · · + pr = pr+1−1
p−1

and |E(H)| = |V (H)| − 1.

Moreover {e ∈ E(H) | z ∈ H2(e)} = ∅ and {e ∈ E(H) | z ∈ H1(e)} = E(H). One

-597-



Figure 1: Regular dicentric (DD2.4) dendrimer. (See [4])

can see that if e ∈ E(H) be an edge in level i, then |H2(ei)| = 1 + p + p2 + · · · +
pr−i. So

∑
e∈E(H) |H2(e)| =

∑r
i=1[p

i
∑r−i

j=0 p
j] = p(1+pr+1−pr(r+1))

(p−1)2
. But H is bipartite, so

|H1(ei)| = |V (H)| − |H2(ei)| =
∑r

i=0 p
i − ∑r−i

j=0 p
j =

∑i−1
j=0 p

r−j and therefore Sz(H) =

pr+1(r(pr+2−1)+p(r+2)(1−pr))
(p−1)3

. Consequently

Sz(DDp,r) =
4pr+1 + 4pr+2 + (1 + 4r)p2r+3 − (4r + 7)p2r+2 − p− 1

(p− 1)3
.

Now we consider some chemical structures of the form P2 � H(U). By Corollary 2.5

Sz(P2 �H(U)) is equal to

2
∑

e∈E(H)

[
|H1(e)||H(U)2(e)|+ |H2(e)||H(U)1(e)|+ |H(U)1(e)||H(U)2(e)|

]
+ |V (H)|2|U |+ 2Sz(H).

Figure 2: A linear phenylene

Example 3.2 Let Fn be the molecular graph of the linear phenylene including n benzene

ring (see Figure 2). It is clear that |V (Fn)| = 6n and |E(Fn)| = 8n − 2. We have

Fn = P2 � P3n(U), where V (P3n) = {1, 2, . . . , 3n} and U = {1 + 3k | 0 ≤ k ≤ n −
1} ∪ {3k | 1 ≤ k ≤ n}. Note that for every edge e = uv ∈ E(P3n), at least one

of the endpoints of the edge belongs to U . So P3n(U)i(e) = (P3n)i(e) and therefore∑
e∈E(P3n)

[
|(P3n)1(e)||P3n(U)2(e)|+ |(P3n)2(e)||P3n(U)1(e)|+ |P3n(U)1(e)||P3n(U)2(e)|

]
=

3Sz(P3n) and Sz(Fn) = 2 · 3 · Sz(P3n) + (3n)2 · (2n) + 2Sz(P3n) = 8Sz(P3n) + 18n3 =

8 · 3n(9n2−1)
6

+ 18n3 = 54n3 − 4n.

Example 3.3 Let Γ be the molecular graph of dimer fullerene C60 i.e C120 − (hh) (see

Figure 3). Then Γ = P2 � H(U) where H is the graph of fullerene C60 with V (H) =

-598-



{1, . . . , 60} and U = {5, 6}. We have
∑

e∈E(H)

[
|H1(e)||H(U)2(e)| + |H2(e)||H(U)1(e)| +

|H(U)1(e)||H(U)2(e)|
]
= 105408, and Sz(C60) = 51840. Thus Sz(Γ) = 2 · 105408 + 602 ·

2 + 2 · 51840 = 321696.

Figure 3: Dimer fullerene C60

Example 3.4 Let Γ be the graph of truncated cube. Then Γ = P2 � (P2 � (P2 �
K3(U1))(U2))(U3), where U1 = {1}, U2 = {2, 5} and U3 = {3, 6, 9, 12}, as shown in

Figure 4. It is easy to see that Sz(Kn) =
n(n−1)

2
, where Kn is the complete graph on n

Figure 4: The molecular graph of truncated cube

vertices. By Corollary 2.5, Sz(P2 �K3(U1)) = 2 · 3 · (2− 1) · 2 + 32 · 1 + 2 · 3 = 27. By a

simple calculation we get that Sz(P2 � (P2 �K3(U1))(U2)) = 2 · 83 + 62 · 2 + 2 · 27 = 292.

Therefore Sz(Γ) = 2 · 1052 + 122 · 4 + 2 · 292 = 3264.
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Example 3.5 Let Γ be the graph of truncated cuboctahedron (see Figure 5). Then

Γ = P2 � (P2 � (P2 � P6(U1))(U2))(U3), where U1 = {1, 2, 5, 6}, U2 = {7, 9, 10, 12} and

U3 = {1, 3, 4, 6, 19, 21, 22, 24}. One can see that Sz(P2�P6(U1)) = 2 ·113+62 ·4+2 ·35 =

440. Also Sz(P2 � (P2 � P6(U1))(U2)) = 2 · 1304 + 122 · 4 + 2 · 440 = 4064. Thus

Sz(Γ) = 2 · 14368 + 242 · 8 + 2 · 4064 = 39168.

Figure 5: Molecular graph of truncated cuboctahedron

Finally we give an example of a chemical structure of the form C4 �H(U). By Corollary

2.5, we have

Sz(C4 �H(U)) = 12
∑

e∈E(H)

[
|H1(e)||H(U)2(e)|+ |H2(e)||H(U)1(e)|+

3|H(U)1(e)||H(U)2(e)|
]
+ 16|V (H)|2|U |+ 4|Sz(H).

Example 3.6 Let Γ be the graph of octanitrocubane (see Figure 6). Then one can see

that Γ = C4 � (P2 � S4(U1))(U2), where S4 is the star graph on 4 vertices, U1 = {1}
and U2 = {1, 5}. We have Sz(S4) = 9, and so by Corollary 2.5, Sz(P2 � S4(U1)) =

2 · 4 · (2− 1) · 5 + 42 · 1 + 2 · 9 = 74. Hence Sz(Γ) = 12 · 160 + 16 · 82 · 2 + 4 · 74 = 4264.
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Figure 6: Molecular graph of octanitrocubane
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