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Abstract

The incidence energy of a graph is defined as the sum of the singular values of the
incidence matrix. We obtain upper bounds for the incidence energy using the first

Zagreb index.

1. INTRODUCTION

Let G be a simple graph with n vertices. The eigenvalues of G are the eigenvalues
of its adjacency matrix A(G) [1]. These eigenvalues, arranged in a non-increasing
order, will be denoted as A\(G), \2(G), ..., A\ (G). Then the energy of the graph G
is defined as [2]
E(G) = IMG)] -
i=1
Various properties of graph energy may be found in [3-5].

The singular values of a real matrix M are the square roots of the eigenvalues

of the matrix M M* | where M' denotes the transpose of M. The energy F(M) of
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the matrix M is defined [6] as the sum of its singular values. Then for a graph G,
E(G) = E(A(G)).

Let I(G) be the (vertex—edge) incidence matrix of the graph G'. For a graph G
with vertex set {vy, v, ..., v,} and edge set {e1, €q,...,en}, the (i, 7)-entry of I(G) is
0 if v; is not incident with e; and 1 if v; is incident with e; . Jooyandeh et al. [7] began
the study of the energy of the matrix I(G), which was called the incidence energy of
the graph G and was denoted by TE(G) (if G is an empty graph, then IE(G) = 0).
Some basic properties of this quantity were established in [7-9].

Let D(G) be the diagonal matrix of order n whose (¢,7)-entry is the degree (=
number of first neighbors) of the vertex v; of the graph G. The matrix L*(G) =
D(G) + A(G) is the signless Laplacian matrix, for details see [10]. As well known in
graph theory, we have Lt (G) = I(G)I(G)" . Denote by pi1, i, . . . , jin the eigenvalues

of the signless Laplacian matrix L* (@), arranged in a non-increasing order. Then

1B(G) = Y. Vi,

i=1
which was noted in [8].

We obtain upper bounds for /E using a method invented by Koolen and Moulton
[11, 12].

2. UPPER BOUNDS FOR INCIDENCE ENERGY

Let K, be the complete graph with n vertices. Let K, , be the complete bipartite
graph with r and s vertices in its two partite sets respectively.

If G is a connected non-bipartite graph, then p; > 0fori =1,2,...,n [10]. Recall
that the matrix L(G) = D(G) — A(G) is the Laplacian matrix of the graph G, for
details see [13, 14]. If G is bipartite, then pq, pio,. .., u, are also the eigenvalues of
L(G), and in particular g, =0 [10].

The first Zagreb index Zg(G) of a graph G is defined as Zg(G) = > d?, where
ueV(G)
d,, denotes the degree of vertex u in G [15, 16].

Let £(G) be the line graph of the graph G'. Note that for a graph G with n vertices
and m > 1 edges, we have L*(G) = I(G) I(G)" and I(G)' I(G) = 21,, + A(L(G)),
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where 1,, stands for the unit matrix of order m. From the two identities it follows
that

Note also that for a graph G, A\;(G) > a(G) with equality if and only if G is regular,

where a(G) is the average degree of G [1].

Proposition 1. Let G be a graph with n > 2 wvertices, m > 1 edges, and the first
Zagreb index Zg . Then

1E(@) < \/§+\/(n—1) (Qm—%) (1)

with equality if and only if G = K,,, orm >3 and m = 1.

Proof. By the Cauchy—Schwarz inequality,

Zﬂ < (Tl—l)Z/Li: (n—1)(2m — 1)

with equality if and only if pyo = --- = p,, . Thus,

TE(G) < f(m)

with f(z) = /o + /(n —1)(2m — x) . It is easily seen that f(z) is decreasing for

x > 22 Note that the number of edges of £(G) is equal to Y (d?“) =1(Zg—2m)
uweV (@)

and then a(L(G)) = % — 2. Thus \(L(G)) > a(L(G)) = % — 2 with equality if

and only if £(G) is regular. By Cauchy—Schwarz inequality again, Zg > %. Thus,

= M(LG))+2> % > 22 Tt follows that

TE(G) < f (%) —\/?Jr\/(nl) <2m7%)

with equality if and only if £(G) is regular and pg = -+ = 1, .

Suppose that £(G) is regular and pg = - -+ = p,, . If G is connected, then G = K, .
This is because the number of distinct signless Laplacian eigenvalues of a connected
graph with diameter d is at least d + 1 [10]. Suppose that G is not connected with
n > 3. Then every component of GG is a complete graph. Note that a complete graph

with at least two vertices has exactly two distinct signless Laplacian eigenvalues and
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m > 1. Then gy > po and thus one component of G is a complete graph on two
vertices and every other component is trivial.
Conversely, it is easily seen that £(G) is regular, 1o = -+ - = p, and then (1) is an

equality if G =2 K,,,oorn>3andm=1. N

In [9], an upper bound for the incidence energy using the first Zagreb index was

given: If G is graph with n vertices, m edges, and the first Zagreb index Zg, then

1/2
IE(G)§<2 Zf) + Z(n—l)(m— fo’) )

with equality if and only if G = K,, (empty graph) or G = K,, . For a graph G with

at least one edge, (1) is better than (2) because the upper bound in (2) is equal to
f<21/%) and py > %22 % >27m.

Note that for the complete bipartite graph K, ; with s > r > 1, we have p; = r+s,
fo == [ty =S, flpy1 =+ = flp+s—1 = 7 and p,4s = 0. For a bipartite graph, we
have:

Proposition 2. Let G be a bipartite graph with n > 2 vertices, m > 1 edges, and the
first Zagreb index Zg . Then

Q) < \/§+\/(n—2) (Zm—%) 3)

with equality if and only if G = Ky ,_1, orn is even and G = K, j2.n/2 with n >4, or

n>3andm=1.

Proof. The case for n = 2 is trivial. Suppose that n > 3. Note that u, = 0. By the

Cauchy—Schwarz inequality,

> Vi (n=2)> s = V=20 — )

with equality if and only if po = - -+ = p,—1 . Thus,
TE(G) < h(p)

with A(x) = vz + /(n —2)(2m — ) . It is easily seen that h(z) is decreasing for

x> 2 As above, we have p1 = A\ (£(G)) +2 > zg(c.) > 21 Thus,

1E(G) <h(Z" \/> \/(nz) 2,”77)
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with equality if and only if £(G) is regular and pg =« -+ = 1 .

Suppose that £(G) is regular and ps = -+ = p,—1. If G is connected, then G
is a complete bipartite graph and thus G = Ky,_1, or n is even and G = K, 2,2
with n > 4. This is because the number of distinct signless Laplacian eigenvalues
of a connected graph with diameter d is at least d + 1 [10] and the diameter of G is
at least two. Suppose that G is not connected. Then ps = -+ = p,_1 = 0. Since
m > 1, G has exactly n — 1 components, and thus m = 1.

Conversely, it is easily seen that (3) is an equality if G = K ,_1, or n is even and

G=Kyonpwithn>4,orn>3andm=1. N

Let G be a bipartite graph with n > 2 vertices, m > 1 edges, and the first Zagreb
index Zg. Note that p; > % > 2\/%. As above, we have

1/2
IE(G)<<2\/?) + (n—z)(zm—2ﬁ> (4)

with equality if and only if n is even and G = K5,/ . Note that in [17], this upper

bound was obtained for connected bipartite graph as a particular case in a inequality
involving the sum of powers of the Laplacian eigenvalues. For a bipartite graph G

with at least one edge, (3) is better than (4).
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