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Abstract

The Balaban index (also called J index) of a connected graph G is defined as J = J(G) =
|E(G)|
μ+1

∑
uv∈E(G)

1√
σG(u)σG(v)

, where σG(u) =
∑

w∈V (G) dG(u,w) and μ is the cyclomatic number.

Balaban index has been used in various QSAR and QSPR studies. In this paper, we characterize

the graphs with both some parameters (such as the number of vertices, connectivity, diameter)

and extreme Balaban indices.

INTRODUCTION

Molecular topology can be expressed numerically in term of molecular descriptors, and among

these descriptors topological indices (TIs) occupy a special place because they are more complex

than counts of atoms, groups or bonds, but less complicated than quantum-chemical parameters.

Consequently, they can be computed in a very short time from various types of input data on

atom connectivities, and be used for quantitative structure-property relationship (QSPR) and

quantitative structure activity relationship (QSAR) [1] .
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The oldest TI, the Wiener index introduced by Wiener [2] in 1947, is defined as the sum of

distances between vertices in a graph G:

W (G) =
∑

{u,v}⊆V (G)

dG(u, v),

where V (G) is the vertex set of G and dG(u, v) is the distance between vertices u and v of G.

The molecular connectivity index χ was defined by Randić [3] in terms of vertex degree:

χ = χ(G) =
∑

uv∈E(G)

1√
dG(u)dG(v)

,

where dG(u) and dG(v) are the degree of vertices u and v in G, respectively.

Balaban index was proposed by Balaban [4, 5] which also is called J index. It was de-

fined analogously as Randić index but vertex degrees were replaced by distance sums, and each

distance sum multiplies the cyclomatic number plus one and divides the number of edges :

J = J(G) =
|E(G)|
μ+ 1

∑
uv∈E(G)

1√
σG(u)σG(v)

, (1)

where σG(u) =
∑

w∈V (G) dG(u,w) and μ = |E(G)|− |V (G)|+1 is the cyclomatic number. σG(u)

( resp. σG(v)) is also called the distance of vertex u (v) and is equal to the row sum of distance

matrix of G corresponding to u (v).

There are other indices constructed in similar manner, such as JJ index. Instead of using

the row sums of the adjacency matrix or distance matrix, it uses the row sums of the Wiener

matrix, which has a good discrimination [6].

In [7], Balaban et al compared the ordering of constitutional isomers of alkanes with 6

through 9 carbon atoms. It was shown that the ordering induced by Balaban index parallels the

ordering induced by Wiener index, but reduces the degeneracy of the latter index and provides

a much higher discriminating ability. Therefore Balaban index also is called ‘sharpened Wiener

index’ sometimes.

The behavior of Balaban index mimics the behavior of the melting temperatures and glass

transition temperatures for linear macromolecules, which possess an asymptotic limit for these

physical properties. The asymptotic value of Balaban index for an infinite path is the number

π = 3.14159 in [8] and the asymptotic properties for Fibonacci trees are analyzed in [9]. An

approximate hyperbolic dependence is presented in [10] between the asymptotic value of Balaban

index and normalized Wiener index of infinite polymers.
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Moreover, Balaban index was used subsequently in various QSAR and QSPR studies [11]–

[42].

In [38], QSAR study on benzensulphonamide carbonic anhydrase inhibitors has been made

by using Balaban index which was found better than the widely used Wiener index and Randić

connectivity index.

Balaban index has some applications in biology. In [39], Grassy et al applied Balaban

index to the optimization of a biologically active lead compound using 13 molecular descriptors.

Bermudez et al [40] showed that Balaban index is useful in establishing relationships among

RNAs. And Shu et al [41] indicated that the topological indices can characterize the details of

RNA structures and may have a protential role in identifying and classifying ncRNAs.

For chemical applications, it may be interesting to identify the graph with the maximum

and minimum TIs in given class of graphs, especially trees. Numerous related results on graphs

with extreme Tls, such as Wiener index [43]–[47] and Randić index [48], have been gotten and

some tight lower and upper bounds of Balaban indices of some graphs are also given [49].

In this paper, we study extreme Balaban indices of graphs with various paraments, and prove

that among all the graphs with n vertices, path Pn has the minimum Balaban index, complete

graph Kn has the maximum Balaban index, and star Sn is the tree with the maximum Balaban

index. In addition, we characterize the k-connected (k-edge-connected) graphs with n vertices

and the maximum Balaban indices, and prove that cycle Cn is the only 2-connected graph with

n vertices and the minimum Balaban index. Finally, we characterize the graph (resp. tree) with

n vertices, diameter d, and the maximum Balaban index.

PRELIMINARIES

In this article we consider only finite, undirected graphs without loops or multiple edges.

Throughout the paper, if S is a set, |S| will denote its cardinality. For convenience, we denote the
weight of an edge uv in a graph G about Balaban index as: JG(uv) =

1√
σG(u)σG(v)

, and denote

the weight of a subgraph G′ of G about Balaban index as JG(G
′) =

∑
uv∈E(G′)

1√
σG(u)σG(v)

. Thus

the Balaban index of G can be expressed as: J(G) = |E(G)|
μ+1

∑
e∈E(G)

JG(e) = |E(G)|
μ+1

p∑
i=1

JG(Gi),

where Gi, i = 1, 2, · · · , p, are edge disjoint subgraphs of G and ∪p
i=1E(Gi) = E(G).

Now we give some useful inequalities.
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Lemma 1 If a, a′, b, b′, w, x, y, z ∈ R+ such that b
x ≥ a

w ,
b′
y ≥ a′

z , w ≥ x and z ≥ y, then

1√
(w+a)(z+a′)

+ 1√
xy ≥ 1√

wz
+ 1√

(x+b)(y+b′)
. And the equation holds if and only if b = a, b′ = a′,

w = x and z = y.

Proof. Let w
x = c1 and z

y = c2, then c1 ≥ 1 and c2 ≥ 1 .

1√
xy

− 1√
(x+ b)(y + b′)

≥ 1√
c1c2

(
1√
xy

− 1√
(x+ b)(y + b′)

)

that is,
1√
xy

+
1√
c1c2

1√
(x+ b)(y + b′)

≥ 1√
c1c2

1√
xy

+
1√

(x+ b)(y + b′)
.

Hence

1√
xy

+
1√

(w + a)(z + a)
≥ 1√

xy
+

1√
(c1x+ c1b)(c2y + c2b′)

≥ 1√
c1c2

1√
xy

+
1√

(x+ b)(y + b′)
=

1√
wz

+
1√

(x+ b)(y + b′)
.

�

The proof of two lemmas in the following are easy and are omitted.

Lemma 2 If x, y, a ∈ R+ such that x ≥ y + a , then 1√
(x−a)(y+a)

≤ 1√
xy . And the equation

holds if and only if x = y + a.

Lemma 3 Let G be a graph. Then J(G− e) < J(G) for any e ∈ E(G).

In [50], a maximal subtree containing a vertex v of a tree T as an end vertex is called a

branch of T at v, the weight of a branch B of T , denoted by bw(B), is the number of edges in B.

The centroid of a tree T , denoted by C(T ), is the set of vertices v of T for which the maximum

branch weight at v is minimized.

Theorem 4 [50] If C = C(T ) be the centroid of a tree T of order n, then one of the following

holds:

(1) C := {c} and bw(c) ≤ (n− 1)/2;

(2) C := {c1, c2} and bw(c1) = bw(c2) = n/2.

In both cases, if v ∈ V (T ) \ C then bw(v) ≥ n/2.
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Theorem 5 [51] If p0p1 · · · pk is a path in a tree T , p0 ∈ C(T ) and p1 /∈ C(T ), then σ
T
(p0) <

σ
T
(p1) < · · · < σ

T
(pk).

Lemma 6 Let P = p1 · · · pl be a path in a graph G0, and let Gj (1 ≤ j ≤ l) be the component of

G0−E(P ) containing pj. Let H1, H2, H
′
1, H

′
2 be trees such that |V (H1)|+ |V (H2)| = |V (H ′

1)|+
|V (H ′

2)| and |V (H ′
1)| < |V (H1)| ≤ |V (H2)| < |V (H ′

2)|. Construct the graph G (resp. G′) by

identifying p1 to a vertex in H1 (H ′
1) and pl to a vertex in H2 (H ′

2). If |V (Gi)| ≤ |V (Gl+1−i)|
(1 ≤ i ≤ 
 l

2� − 1), then JG(P ) < JG′(P ).

Proof. Since |V (H ′
1)| < |V (H1)| ≤ |V (H2)| < |V (H ′

2)| and |V (Gi)| ≤ |V (Gl+1−i)| (1 ≤ i ≤

 l
2� − 1), σG(pi) > σG′(pl+1−i). For 1 ≤ i ≤ 
 l

2� − 1, we have σG′(pi) − σG(pi) = σG(pl+1−i) −
σG′(pl+1−i) > 0. Let x = σG′(pl+1−i), y = σG′(pl−i), w = σG(pi), z = σG(pi+1), a = σG′(pi) −
σG(pi), a

′ = σG′(pi+1) − σG(pi+1), b = σG(pl+1−i) − σG′(pl+1−i) and b′ = σG(pl−i) − σG′(pl−i),

then b
x ≥ a

w ,
b′
y ≥ a′

z , w > x and z ≥ y. So, by Lemma 1,

JG(pipi+1) + JG(pl+1−ipl−i) < JG′(pipi+1) + JG′(pl+1−ipl−i), 1 ≤ i ≤ 
 l
2
� − 1.

If l is odd, JG(P ) < JG′(P ). If l is even, then JG(p l
2
p l

2
+1) < JG′(p l

2
p l

2
+1) by Lemma 2, and so

JG(P ) < JG′(P ). �

Lemma 7 Let P = p1 · · · pl be a path in a graph G, and B the union of some branches at p1 not

containing p2. Let Gi be the component of G−E(P )−E(B) containing pi for 1 ≤ i ≤ l. Define

the graph G′ := G− {p1x|x ∈ NG(p1)∩ V (B)}+ {plx|x ∈ NG(p1)∩ V (B)} (see Fig.1). Suppose

|V (Gi)| ≤ |V (Gl+1−i)| and there is an injection φi from E(Gi) to E(Gl+1−i) for 2 ≤ i ≤ 
 l
2�− 1

(resp. φ1 from E(G1) to E(Gl∪B)) such that, for any edge ab ∈ E(Gi) and φi(ab) = a′b′, either

σG(a) ≥ σG′(a′) and σG(b) ≥ σG′(b′) or σG(a) ≥ σG′(b′) and σG(b) ≥ σG′(a′). Furthermore if

φ1(E(G1))∩B = ∅, assume |V (Gl)| ≥ |V (G1)|+ |V (B)|. Then J(G) ≤ J(G′) and J(G) < J(G′)

if one of the above inequations is strict.

Proof. Let tj be any vertex in Gj (1 ≤ j ≤ l). For 1 ≤ i ≤ � l
2�, σG′(ti) − σG(ti) = (l + 1 −

2i)|V (B)| = σG(tl+1−i)−σG′(tl+1−i) > 0. Hence, for any edge e ∈ E(Gi) (1 ≤ i ≤ � l
2�), if φi(e) ∈

E(Gl+1−i), then we have JG(e) + JG(φi(e)) ≤ JG′(e) + JG′(φi(e)) by Lemma 1. If e ∈ E(G1)

and φ1(e) ∈ E(B), for any end vertex t1 of e and any end vertex b of φ1(e), σG(b)−σG′(b) = (l−
1)(|V (Gl)|−|V (G1)|)+(l−3)(|V (Gl−1)|−|V (G2)|)+ · · ·+(
 l

2�−� l
2�)(|V (G� l

2
�|−|V (G� l

2
	)|) ≥ 0.

-803-



G 'G

1
G

1
G

2
G

2
G

l
G

l
G

B B

l
p

l
p

1
p 1

p

Figure 1: G and G′ in Lemma 7.

Combining that |V (Gl)| ≥ |V (G1)|+ |V (B)|, so σG(b)−σG′(b) ≥ σG′(t1)−σG(t1). Then we also

have JG(e) + JG(φ1(e)) ≤ JG′(e) + JG′(φ1(e)) by Lemma 1.

For the weight of P in G and G′, JG(P ) ≤ JG′(P ) by Lemma 6.

For any edge e not considered above, JG(e) ≤ JG′(e) obviously.

So, J(G) ≤ J(G′), and J(G) < J(G′) if one of the above inequations is strict. �

By Lemma 7, we can easily get two corollaries in the following.

1
G 1

G
2

G 2
G

1
u

1
u

n
u

n
u

G 'G

Figure 2: The path-lifting transformation from graph G to G′.

Corollary 8 Let P = u1u2 · · ·un be a path in a graph G with d(u2) = d(u3) = · · · = d(un−1) = 2

and d(u1), d(un) ≥ 2, let G1 be the component of G − u2 containing u1, and let G2 be the

component of G−un−1 containing un. Construct G
′ = G−{unv|v ∈ V (G2)∩NG(un)}+{u1v|v ∈

V (G2) ∩NG(un)} (See Fig. 2), then J(G′) > J(G).

Definition 9 The transformation from G to G′ in Corollary 8 is called the path-lifting trans-

formation (on path P ) of G .

Corollary 10 Let G0 be a graph, and P = v0v1 · · · vt a path of length t. Let G (resp. G′) be the

graph obtained from G0 and P by identifying a vertex vk+1 (vk), k < �t/2�, to the same vertex

of G0 (See Fig. 3). Then J(G) > J(G′).
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Figure 3: the path-moving transformation from G to G′.

Definition 11 We call the transformation in Corollary 10 from G to G′ the path-moving trans-

formation (on path P ) of G.

GRAPHS (TREES) WITH EXTREME BALABAN INDEX

AMONG GRAPHS (TREES) WITH n VERTICES

For any tree T with n vertices but star Sn or path Pn, T can be transformed into Sn

by carrying out path-lifting transformation repeatedly and Pn by carrying out via path-lifting

transformation repeatedly. So we can make the following conclusion by Corollary 8:

Theorem 12 If T is a tree with n vertices, n > 1, then J(Sn) ≥ J(T ) ≥ J(Pn). The lower

bound is realized if and only if T ∼= Pn and the upper bound is realized if and only if T ∼= Sn.

Theorem 13 If G is a connected graph with n vertices, then J(Kn) ≥ J(G) ≥ J(Pn). The

lower bound is realized if and only if G ∼= Pn and the upper bound is realized if and only if

G ∼= Kn.

Proof. In the set of connected graphs with n vertices, Kn is the only graph with the maximum

edge number and then it has the maximum Balaban index by Lemma 3. Note that trees have

the minimum edge number in the set of connected graphs with n vertices and Lemma 12 tells

us that among all the trees with n vertices, the tree with the minimum Balaban index is Pn.

Hence Pn has the minimum Balaban index of connected graphs with n vertices. �

GRAPHS WITH EXTREME BALABAN INDEX AMONG

k-CONNECTED (k-EDGE-CONNECTED) GRAPHS WITH n VERTICES

Let G and H be two graphs with V (G)∩V (H) = ∅. Denote the disjoint union of G and H by

G∪H. The join ofG andH, denotedG+H, is the graph with vertex set V (G+H) = V (G)∪V (H)

and edge set E(G+H) = E(G) ∪ E(H) ∪ {uv|u ∈ V (G), v ∈ V (H)}.
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Theorem 14 If G is a k-connected (k-edge-connected) graph with n vertices, then J(G) ≤
J(Kk + (K1 ∪Kn−k−1)). The bound is realized if and only if G ∼= Kk + (K1 ∪Kn−k−1).

Proof. Let graph H have the maximum Balaban index among all k-connected graphs with

n vertices and X be a vertex cut of H with |X| = k. Denote the components of H − X

by H1, H2, · · · , Hω. In fact, each of the subgraphs H[X], H1, H2, · · · , Hω must be complete.

Otherwise, by adding an edge between two nonadjacent vertices in a subgraph not complete, we

would arrive at a graph with the same number of vertices and the same connectivity, but larger

Balaban index. It is a contradiction.

If ω > 2, by adding an edge between a vertex in H1 and a vertex in Hω the resulting graph

would still have connectivity k, but its Balaban index would increase, a contradiction. So, H−X

has exactly two components H1 and H2 . By a similar argument, we conclude that any vertex

in H1 and H2 is adjacent to any vertex in X .

Denote the number of vertices of H1 by n1 and that of H2 by n2. Without loss of generality,

suppose n1 ≤ n2. If n1 = 1, H ∼= Kk + (K1 ∪Kn−k−1). Hence suppose n1 > 1. Let v ∈ V (H1)

and H ′ = H − {vu|u ∈ V (H1 − v)} + {uw|u ∈ V (H1 − v), w ∈ V (H2)}. Then for any vertex

u ∈ V (H1)∪ V (H2)− v and w ∈ X, σH′(u) < σH(u) and σH′(w) = σH(w). Let v′ ∈ V (H1)− v.

Clearly JH′(H ′ − ∪
w∈X

{vw} − ∪
w∈X

{v′w}) > JH(H − ∪
w∈X

{vw} − ∪
w∈X

{v′w}), σH′(v) > σH(v′)

and σH(v) − σH′(v) ≤ σH′(v′) − σH(v′) < 0. By Lemma 1, JH′(e) + JH′(e′) > JH(e) + JH(e′)

for any edge e ∈ ∪
w∈X

{vw} and e′ ∈ ∪
w∈X

{v′w}. So J(H ′) > J(H) but H ′ is also k-connected, a

contradiction. It follows n1 = 1, that is, H ∼= Kk + (K1 ∪Kn−k−1).

Let Q be a graph with the maximum Balaban index among k-edge-connected graphs with

n-vertices. Now we show that Q ∼= Kk + (K1 ∪ Kn−k−1). If Q is also k-vertex-connected,

the conclusion is true; otherwise, the connectivity of Q is less than k. By adding some edges,

Q can be transformed into a new k-connected graph Q′. By Lemma 3, J(Q) < J(Q′). Since

J(Q′) ≤ J(Kk+(K1∪Kn−k−1)), J(Q) < J(Kk+(K1∪Kn−k−1)). Note that Kk+(K1∪Kn−k−1)

is also k-edge-connected. This contradicts the assumption. �

The natural question is to ask for the graph having the minimum Balaban index of k-

connected (k-edge-connected) graphs with n vertices. This problem seems to be much more

difficult and, at this moment, we cannot offer any solution except the graph having the minimum

Balaban index of 2-connected graphs with n vertices.
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Lemma 15 [46] Let G be a 2-connected graph with n vertices. Then for any vertex v ∈ V (G)

we have σ(v) ≤ �14n2�. Moreover, this bound is achieved for every vertex v ∈ V (G) iff G is a

cycle.

Since Cn is a minimally 2-connected graph and the distance of each vertex reaches the upper

bound given in Lemma 15, the following theorem is clear. By simply calculating, we get that

J(Cn) depends on the parity of n. Moreover, for even n, all Balaban indices are equal to 2.

Theorem 16 If G is a 2-connected graph with n vertices, then J(G) ≥ J(Cn). The bound is

realized if and only if G ∼= Cn.

THE GRAPH WITH THE MAXIMUM BALABAN INDEX

AMONG GRAPHS WITH n VERTICES AND DIAMETER d

The diameter of a graph G, denoted by diam(G), is the maximum distance between any two

vertices of G. A graph G is said to be maximal with respect to its diameter if diam(G + e) <

diam(G) for every edge e in the complement of G. The following Lemma characterizes such

graphs.

Lemma 17 [52, 53] A graph G of diameter d is maximal with respect to the diameter if and

only if there exists a vertex v0 such that the distance layers Vi, where Vi = {x|dG(v0, x) = i}
(i = 0, 1, · · · , d), fulfills the condition that the induced subgraphs Gi = G(Vi−1 ∪Vi) are complete

whenever 1 ≤ i ≤ d and E(G) = E(G1) ∪ · · · ∪ E(Gd). Further, if d ≥ 2 then |Vd| = 1.

In [46], Plesnik has shown that among graphs with n vertices and diameter d the minimum

Wiener index is achieved by a maximal graph of diameter d each of all layers of which, except

middle layer, has exactly one vertex, where the middle layer refers to 1
2d layer if d is even, and

�12d� layer and 
12d� layer if d is odd. We will show, whatever d is odd or even, the graph having

the maximum Balaban index among graphs with n vertices and diameter d is also isomorphic

to a maximal graph of diameter d, denoted by Gd, where each of all layers, except exactly one

of �12d� layer and 
12d� layer, has exactly one vertex.

Theorem 18 Let G be a graph with n vertices and diameter d, then J(G) ≤ J(Gd) and the

bound is achieved iff G ∼= Gd.
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Proof. First we suppose that G is a graph with the maximum Balaban index among graphs

with n vertices and diameter d. Clearly, G is a maximal graph of diameter d and thus it has the

form given in Lemma 17. Suppose that |V� 1
2
d�| > 1 and there exists a layer Vk (k = 
12d�) with

|Vk| > 1. There are two cases to be considered.

Case 1. k < 
12d�. We can assume that k is the least number with |Vk| > 1. Choose a vertex

x ∈ Vk and form a new maximal graph G∗ of diameter d with layers V0, · · · , Vk−1, {x}, (Vk −
{x}) ∪ Vk+1, Vk+2, · · · , Vd. One can easily count that:

σG∗(v)− σG(v) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
|Vk| − 1, v ∈ V0 ∪ · · · ∪ Vk−1;

1− |Vk|, v ∈ Vk+2 ∪ · · · ∪ Vd;

0, v ∈ Vk+1 ∪ {x};∑k−1
i=0 |Vi| −

∑d
i=k+2 |Vi| v ∈ Vk − {x}

For any vertices u ∈ Vi and v ∈ V2k+1−i (0 ≤ i ≤ k−1), σG(u)−σG(v) = (2k−2i)(|V2k+1−i|+
· · ·+ |Vd| − |Vi| − · · · − |V1|) +

∑� k−i−1
2

	
j=1 (2k + 1− 2i− 2j)(|V2k+1−i−j | − |Vi+j |) ≥ 0. By Lemma

7, we can easily show J(G∗) > J(G), a contradiction.

Case 2. k > 
12d�. We can assume that k is the maximal possible number with |Vk| > 1 and

prove similarly as Case 1, again a contradiction.

Thus, we get the result. �

Now we have charactered the graph with the maximum Balaban index among graphs with

n vertices and diameter d. Furthermore, we will show that the tree with the maximum Balaban

index among trees with n vertices and diameter d is constructed by coinciding a centroid of path

Pd+1 with the nonpendent vertex of star Sn−d, denoted by PS(n, d).

Recall a tree is called a caterpillar if the deletion of its endvertices produces a path.

Theorem 19 Let T be a tree with n vertices and diameter d, then J(T ) ≤ J(PS(n, d)), and

the bound is achieved iff T ∼= PS(n, d).

Proof. Suppose T is the tree with the maximum Balaban index among trees with n vertices

and diameter d. Let path P = p1p2 · · · pd+1. If there is a nonpendent edge e not in P , we

do a path-lifting transformation on e to obtain a new tree T ′. Then T ′ also is a tree with n

vertices and diameter d but J(T ′) > J(T ) by Corollary 8, a contradiction. So T is a caterpillar.

Denote i = min{k|d(pk) > 2, 1 ≤ k ≤ d + 1} and j = max{k|d(pk) > 2, 1 ≤ k ≤ d + 1}.
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If i = j, suppose, without loss of generality, i ≤ (d + 1)/2 and construct a tree T ′′ such that

V (T ) = V (T ′′) and

E(T ′′) = E(T )−
⋃

w∈N(pi)−pi−1−pi+1

piw +
⋃

w∈N(pi)−pi−1−pi+1

pi+1w .

Then J(T ′′) > J(T ) by Lemma 7, a contradiction. So i = j. And if i = �d/2� or 
d/2�, then do

a path-moving transformation on P and get a contradiction by Corollary 10. Then we get the

result. �
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