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Abstract

The trees with the fourth, fifth, and sixth greatest Estrada index are determined among
all trees on n vertices, and the first six trees with the greatest Estrada index are exactly
the first six trees with the greatest eigenvalue.

Let A1, Aa, - -+, Ay be the eigenvalues of a graph G on n vertices. Then the Estrada
index EE(G) of G is the sum of the terms e, i.e.,

EE(G) = En:e/\f.
=1

This graph invariant appeared for the first time in year 2000, in a paper by Ernesto
Estrada [1], dealing with the folding of protein molecules. Since then a remarkable
variety of other chemical and non-chemical applications of FE were communicated.
The mathematical studies of the Estrada index started only a few years ago. Until
now a number of lower and upper bounds were obtained, and the problem of extremal

EE for trees solved [2]. The relevant results on the Estrada index are surveyed in [3].
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Recently, Zhao and Jia [4] obtained the following result and determined the first

three trees with the greatest Estrada index among all trees on n vertices.

Lemma 1([4]). For any two trees Ty and Ty on n > 6 vertices, if Ty ¢ {Si|i =
1,2,3,4,5,6}, Ty & {Si|i = 1,2,3}, then

EE(S!) > EE(S?) > EE(S?) > EE(S®) > EE(S%) > EE(T})

EE(S}) > EE(SZ) > EE(S?) > FE(Ty)
where S! is the tree on n vertices depicted in Figure 1, 1 <i < 6.

Note that S? is also the tree with the ith greatest eigenvalue among all trees on

n vertices [5].
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Fig. 1. Trees S! |, i =1,2,3,4,5,6.

From Lemma 1, we know that S}, S? and S2 are the first three trees with the

greatest Estrads index among trees on n vertices, respectively. In the following, we
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show that EE(S?) > EE(S?), and S¢ is the tree with the ith greatest Estrada index

among all trees on n vertices, i = 1,2, 3,4,5,6.

Lemma 2. Let P5 = vjvov3v405 be the path on 5 vertices. Then there is a non-
surjective injection & from Wag(ve) to Way(vs) for k > 2, where Wor(v;) is the sets of

self-returning walks of length 2k of v; in Ps .

Proof. Let
01000
10100
A=1]101 0 1 0
00101
00010

be the adjacent matrix of P5. Using induction on k, we can easily show that

3k*21+1 0 gk-1 0 |
0 ¥ L

A= | 310 2x3el 0 3k
o ELoo0 o
k—1_ _ ak—1

3 5 1 0 31€ 1 0 3 2+1

So, |Wak(vg)| = % < [Wai(v3)| = 2 x 3¥! for k > 2, and there is a non-surjective

injection & from Wy (va) to Wa(vs).

Lemma 3. Let u be a non-isolated vertex of a simple graph G. If G| and Gs
are the graphs obtained from G by identifying vy and vz of the path Ps; with wu,
respectively, depicted in Figure 2, then Msy(G1) < Mak(Gs) for k > 2, where M. (G)

denotes the kth spectral moment of the graph G.
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Fig. 2. The graphs G; and G,.
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Proof. Let Wy, (G) denote the set of self-returning walks of length 2k of G. Then
Wa(G;) = Wor(G) UWay(Ps) UW; is a partition, where W is the set of self-returning
walks of length 2k of G;, each of them contains both at least one edge in E(G) and
at least one edge in E(Ps), i = 1,2. So, My (G;) = |Wor(G)| + |[War(P5)| + |W;| =
Mop(G) + Moy, (Ps) + |W;]. Obviously, it is enough to show |[W;| < |[Wa|.

Let n: Wy — Wy, Vo € Wi, n(z) = (z — 2 N P5) U&(z N Bs), i.e., n(z) is the self-
returning walk of length 2k in W5 obtained from x by replacing its every self-returning
walk of v9 in P5 with its image under the map &.

By Lemma 2, ¢ is a non-surjective injection and so is 7. And |[W;| < |Ws,

]\/lgk(Gl) < ]\/fzk(GQ)

Theorem 4. If n > 6, then EE(S}) > EFE(S2), and S¢ is the tree with the i-th

greatest Estrada index among all trees on n vertices, i = 1,2,3,4,5,6.

Proof. Let G = S,_4 be the star on n — 4 vertices with its center u. G; = S2
and G = S2. By Lemma 3, My, (S3) < Moy (S2) for k > 2. And
My, (S?) Moy, (S4)
EE 5y — n n
(50 =2 o < 2~y

k>0

= EB(SY) .

k>0
From Lemma 1, we know that S7 is the tree with the i-th greatest Estrada index

among all trees on n vertices, i = 1,2,3,4,5,6.
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