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Abstract

For a graph G with vertex set V' (G) and edge set E(G), the general Randi¢ index

and the general zeroth-order Randi¢ index are defined respectively as R (G) = z (d d‘)”

uy
weE(G)

u
uel (G)
d,21

and Q,(G)= Z d?, where « is a real number and d, denotes the degree of vertex u in

G. We report some relations between them.
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INTRODUCTION

Let G be a simple graph with vertex set V/(G) and edge set £(G). For u eV (G),
I'(u) denotes the set of its (first) neighbors in G and the degree of v is d, =|T'(u)|. Denote
by uv or vu the edge of G connecting vertices » and v.

The general Randi¢ index and the general zeroth-order Randi¢ index of the graph G

are defined respectively as

R,=R,(G)= Y (dd,)"

weE(G)

0,=0,G)= ) dy
uel (G)
d,>1
where « is a real number. The theory of Randi¢-type structure-descriptors is outlined in the
book [1].
Evidently, R ,,, and Q,, are respectively the ordinary Randi¢ index and the
ordinary zeroth-order Randi¢ index of the graph [2, 3, 4]. R, is one of the most popular
descriptors and have found countless QSPR and QSAR applications, see, e.g., [5]. O, is

also used to develop structure-based correlations for physical properties, see, e.g., [6].

For the graph G, O,(G) is known as the first Zagreb index of G, denoted by
M, (G), while R (G) is known as the second Zagreb index of G, denoted by M,(G). See

[7, 8] for their origin as measures of the branching of the molecular skeleton, and [9, 10] for
main properties.

For the connected graph G with n vertices and m edges, the AutoGraphiX [11]
proposed a conjecture: % < % Hansen and Vukicevi¢ [12] showed that though it does

not hold for all graphs, it is true for chemical graphs. Vukicevi¢ and Graovac [13] showed

Qo and & Liu and
m

that it is true for trees. Vukicevi¢ [14] investigated the comparing of

Gutman [15] presented some estimates of the general Randi¢ and the general zeroth-order
Randi¢ indices. Some estimates involving the eigenvalues of the Laplacian matrix may be

found in [16].
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In this article, we report some relations between the general Randi¢ index and the

general zeroth-order Randi¢ index.
RESULTS

The clique number of a graph G is the number of vertices in a largest complete

subgraph of G, denoted by @(G). We will use a theorem of Motzkin and Straus [17].

Theorem MS. [17] Let G be a graph and let x, >0 for u €V (G) with z x,=1. Then

uel (G)

o(G)-1
XX, S————
wek(G) 20(G)

with equality if and only if the subgraph induced by the vertices u € V(G) with x, >0 is a

complete &(G)-partite graph such that the sum of the x,'s in each part is the same.

Denote by K

amaymoan, the graph K, where n, appears a; times,

S MY Ty T

i=1,...,k. First we give a relation between R, and Q, .

Theorem 1. Let G be a graph with clique number @. Then
R,<——0; M

with equality for graph G with no isolated vertices if and only if one of the following
conditions holds:

(i) a=1 and G is either a complete bipartite graph for =2 or a regular complete @ -
partite graph for @ >3.

(ify a <1 and G is regular complete w -partite graph.

(itiy a>1 and G is either a regular complete @ -partite graph or G =K where n, # n,,

an by

a+b=w and n, I:(a—l)n1+bn2]a =n, [anl+(b—1)n2]a.



-192 -

Proof. The result is trivial if @=1. Suppose that @>2. For ueV(G), let x, _dr if

a

d,>0 and x, =0 if d, =0. Then x, >0 for u € V'(G) with z x, =1. By Theorem MS,

uel (G)

d; d; <o~

wero) 9, 0, - 2w
from which (1) follows.

Suppose that G has no isolated vertices and that equality holds in (1). Note that
x, >0 for any u € V(G). By Theorem MS, G is a complete @ -partite graph, say G =K, .

Qoz

and the sum of the x,'s in each part is the same. Then n, (n—n, )a ==*=n, (n—nj )a for any
PR

)
My

Case 1. a=1. We have (n,.—nj.)(n—n,.—nj)zo for any 1<i< j <, implying n=n, +n,
or if n>n,+n, then n,=n,. Thus, n=m+n, and G is a complete bipartite graph for

=2, or ny=---=n, and so G is a regular complete @ -partite graph for @ > 3.

@

n._n-n
Case 2. a<l. Ifn <n,, then Syl n’>[

n, n—n.

a
n. o
’] , a contradiction. Thus, n, =---=n
! J

J
and so G is a regular complete @ -partite graph.

Case 3. o >1. Let n be a cardinality of one part of G. Then cardinality of every other part

has to be a solution of the following equation:

x(n-x)"=n(n-n)".

@)
Let f: (0,n) > R be the function given by f(x)=x(n—x)"—n (n—n)". Since, f'(x)=
(n —x)!H (n—x-ax), it follows that f is monotonously increasing in the segment

(0, Lj and monotonously decreasing in the segment (L, nj, hence (2) has at most
I+a I+a

two solutions one of which is ». If » is the only solution or the second solution is not an

integer, then G 1is a regular complete bipartite graph. If there are two solutions #, and n, and
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if n can be rewritten as n = an, +bn, for some positive integers a and b, then G may be a
graph K, with n, I:(a 1) + bnz:'a =n, I:an, +(b —l)nz:llZ .

Conversely, it is easy to see that (1) is an equality if G is a graph given by (i), (ii) and
(iii). O

w—1

Remark. For every graph K, ., m <n,, there is a>1 such that R, _TQ It is
®

any,

sufficient to take « such that 7, [(a —1)n +bn, ]a =n, [an1 +(b —1)n2]a , i.e., to take:

log&
"

B 1og(arfl)nl+bn2 '
an +(b-1)n,

Corollary 2. Let G be a graph with m edges and clique number ®. Then

2o
M,(G)s—— -

with equality for graph G with no isolated vertices if and only if G is either a complete

bipartite graph for @ =2 or a regular complete @ -partite graph for >3 .

Let G be a graph with n vertices, m edges and clique number @. By Turan’s

-1
theorem, m < a;— n*. Tt follows that
®

M,(G) s ————= Ho- 1) m2 +wnzm
10} a) 1)

which was reported in [18].
Let p be the largest eigenvalue of (the adjacency matrix of) the graph G. It is

pointed out in [16] that R, S%szH. For the case of Zagreb indices, i.e., o =1, this may

also be found in [19].

Now we give a relation between R, and O, for f=2a+1, 2a, a.
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Theorem 3. Let G be a graph with n vertices and at least one edge. Then
1 >
R, 22 (0s0 =10s +0;) 3

with equality if and only if a =0 and G has no isolated vertices, or every pair of non-

adjacent vertices of G have the same degree.

Proof. It is easy to see that

2R,= > > (dd,)

uel (G) vel ()
1 2a 2a 1 a a)?

=2 2 2 (dredr)-— 3 3 (dr-d))
2,476y vérn) uel (G) vel ()

1 v a2
0, -L Y T (a-ar).

uel (G) vel (u)

On the other hand,
a a 2 a a 2
> X (d-dfs Y S ()
ueV (G) vel (u) ueV (G) veV (G)
d,>1 " d>1
=2 Y (drwdr)-2 ) dr Y dr
uel (G) veV (G) uel (G)  vel(G)
d,>1 " d>1 d,>1 d,>1

<2nQ,, -20;

with equalities if and only if =0 and G has no isolated vertices, or every pair of non-

adjacent vertices of G have the same degree. Now the result follows easily. [

Note that (3) has been reported in [16] where it was deduced by using the estimate
of the largest eigenvalue of the Laplacian matrix of the graph and pointed out that equality
holds for the star. By Theorem 3, there are a lot of graphs such that equality holds in (3), e.g.,

the complete (7+1)-partite graph K with#=2, ..., n—2, and the graph consisting of

- Ln—t
some copies of a complete graph with exactly one common vertex.

Let G be a graph with n, >2 non-isolated vertices. Then from the arguments above,

we have
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R(6)2 (010, + )

with equality if and only if @ =0 or every pair of non-adjacent vertices of degree at least one
in G have the same degree.
Let G be a graph. Then

O —2R, = Z (dx:l _dva)z

wek(G)

and so [15, 16]
1
Ra SEQZaH'

Equality holds if and only if @ =0 or every component of G is regular.
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