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Abstract

The general Randi¢ index of a graph G is a graph invariant defined as R, =

R,(G)= Y (dd,)*, where d, denotes the degree of vertex u in G, E(G) denotes
weE(G)

the edge set of G, and « is a real number. In this note, we report some bounds for
R, especially when |a| > 1.

INTRODUCTION

We consider graphs without loops and multiple edges. Let G be a graph with
vertex set V(G) and edge set E(G). For u € V(G), the degree of u is denoted by d,,.
Denote by uv or vu the edge connecting the vertices v and v.

The general Randié¢ index (or connectivity index) of G is defined as [1]

Ra = RQ(G) = Z (dudv)a

weFE(GQ)
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where a is a real number. In particular, R_,/; is the ordinary Randi¢ index [2], while
Ry is the second Zagreb index [3]. Both of them have been continuously used in
QSPR and QSAR studies, see, e.g., [4].

There is a lot of research on the mathematical properties of the general Randié
index of a graph. On the basis of Bollobas and Erdés [5], Bollobés et al. [6] gave an
upper bound for R, when o > 0 and a lower bound for R, when o < 0 using the
number of edges. Lu et al. [7] gave an upper bound for R, when 0 < a < 1 and
a lower bound for R, when —1 < « < 0 using the number of vertices, the number
of edges and the maximum eigenvalue of the adjacency matrix of the graph. Li and
Yang [8] obtained some bounds for R, of a graph using the number of vertices. Hu
et al. [9] studied R, of a tree. Clark and Moon [10] found the expected value and
variance of R, for certain families of trees. Rodriguez and Sigarreta [11] derived
relations between R,, and R,, for different nonzero a; and a,. Recently, Liu and
Gutman [12] reported some lower bounds for R, when « > 1 and upper bounds for

R, when o < —1. Results on the relations between R, and Q, = > d2 (which is
ueV(G)
du>1

called the general zeroth-order Randi¢ index) can be found in [13, 14]. In this note,

we report bounds for R,, especially when |a] > 1.

RESULTS

First we give various lower bounds for R, when o > 1 and upper bounds for R,

when o < —1.
Theorem 1. Let G be a graph with n vertices and m > 1 edges. Then for o > 1,
R, > 4% 2y 2o (1)
with equality if and only if G is a reqular graph.
Proof. First suppose that v = 1. By the Cauchy—Schwarz inequality,
RypR_1/5 > m?

le 2 R%/Z

with either equality if and only if d,d, is a constant for every edge uv € E(G). Note
that R_,» < § with equality if and only if G has no isolated vertices and every

component of G is regular [1]. It is easy to see that

1 L m2\>_ 1 (m?\° 4am?
R >—R%,>— > = 2
L= 2=y (R,1/2> ~m ( d ) n?

3

wiz|
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This proves (1) for & = 1. Equality holds in (1) for @ = 1 if and only if all the
inequality above are equalities, i.e., GG is a regular graph.
Now suppose that o > 1. By Holder’s inequality (see [15, p. 24]) or by Theorem
4 of [11],
Ro= Y [(dudv)a . 11*”] > Ry -m!™®

weE(G)
with equality if and only if d,d, is a constant for every edge uwv € E(G). Now the

result follows from the conclusion in the case « = 1. O

Let G be a connected graph with n > 2 vertices, m edges, maximum vertex degree

A and minimum vertex degree 6 > 1. Then

n 1 1 1\’
R_ = ——= -
i 2 2 u'UEZE(G) ( \ d“ v dU)

2
n 1
<t T
2 2m (quE(G) )
_on_ 1 (1 1)’
- 2 2m\V5 VA
Thus, for o > 1, from the proof of Theorem 1, we may improve the lower bound in
(1) as

Lo
dy  Vd,

R > 4% (nmAs — A =5+ 2VAS) " Agemiie

with equality if and only if G is regular.
Let b(z) = 1 (:c + %) Obviously, b(z) is increasing for « > 1.

Theorem 2. Let G be a graph with n vertices, m edges, maximum vertex degree A

and minimum vertex degree 6 > 1. Then for a < —1,
Ra S 4an—2am1+2abz ((A/(S)a) (2)
with equality if and only if G is a regular graph.

Proof. It was shown in Lemma 2.4 of [12] by using the Pélya-Szegd inequality [16]
that
RoR_o <V ((A/0)™) m?

with equality if and only if G is a regular graph. Since a < —1, we have —a > 1. By
Theorem 1,
R_, >4 n%*m! 2
with equality if and only if G is a regular graph. Thus
b ((A/8))m? _ b ((A/6)*) m?

Ro‘ S R,u — 4ap2aml-2a

_ 4an72anll+2ab2 ((A/é)a) .
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This proves (2). Equality holds in (2) if and only if all the inequality above are

equalities, i.e., G is a regular graph. O
As noted above, for & < —1 and connected graph G, (2) can be improved as
R, < 4¢ (nmA(5 —A—-§+2V A(F) e A2o§ZemTep (A)8)%)
with equality if and only if G is regular.

Theorem 3. Let G be a graph with n > 3 vertices, m edges, maximum vertex degree

A and minimum vertex degree § > 1. Then for a > 1,
Ra Z c:vnll—u (3)

and for a < —1,
R < cm=1? ((A/6)7) ()

with equality in (3) orin (4) if and only if G is a regular graph, where ¢ = c(n,m, A, d) =

2m? — (n — 1)mA + 272 [A2+52+W} .

Proof. Note that [12]

1

2

A—-1

ueV(G) weE(G)

Q2

with equality if and only G is a regular graph. It was shown in Theorem 2.3 of [17]

that
(2m — A —9)?

n—2
with equality if and only if except a vertex of degree A and a vertex of degree 9, all

Q2> A+ 5%+

other vertices have equal degrees. It follows that Ry > ¢ with equality if and only if
G is a regular graph.

By similar arguments as in Theorems 1 and 2, the result follows. O
Let G be a graph with n vertices and m edges. Note that [17, 18]

o am o2 1) - 2] o+ (2]

with equality if and only if the difference of the degrees of any two vertices of G is at

most one. Similarly, we have

Theorem 4. Let G be a graph with n vertices, m edges, maximum vertex degree A

and minimum vertex degree 6 > 1. Then for a > 1,

Ra > daml—a (5)
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and for a < —1,

Ry < d*m' b ((A)8)%) (6)
with equality in (5) orin (6) if and only if G is a regular graph, where d = d(n,m, A, ) =
2m? — (n — 1)mA + 232 [2m (2 {%J + 1) — {%J (1 + L%J) n]

Remark 1. Let GG be a graph with n vertices, m edges, maximum vertex degree A
and minimum vertex degree § > 1. Then by Theorem 2.1 of [12] (note a printing
error: b2 ((A/§)?) should be b2 ((A/5)%)),

R, > 4°n~2emit2ep= (A /4) if a>1,
R < 4°072m 92282 ((A/6)™) b= (A/6) if a < —1.

Since b=*(A/d) < 1if a > 1 and b~*(A/§) > 1 if a < —1, the lower bound in (1)

and upper bound in (2) improve the ones above, respectively.

Remark 2. Let GG be a graph with n > 3 vertices, m edges, maximum vertex degree
A and minimum vertex degree § > 1. Then by Theorem 2.2 of [12] (note a printing
error again),

R, > hom!'~« if a>1,
R, < hom!=2p? ((A/8)*) if a< —1,

where b = h(n,m, A, 8) = 2m?*—(n—1)mA+451 [Zm(A +06) —nAd — %(n - 2)]
Obviously, the lower bound in (3) and upper bound in (4) are improvement of the
ones above respectively if and only if ¢ > h, or equivalently,

2m — A —§)? (A —6)?
n—2

A2+52+( > 2m(A +6) — nAd — 1 (n—2)

(A —0)

(n —1)(A +6)% +4m? + Ad(n — 2)? + (n —2)% > 2nm(A +6)

which is transformed into the obvious inequality

2
{M _ Qm} >0.
2
Now we discuss upper bounds for R, when 0 < a < 1 and lower bounds for R,
when o < 0. Let G be a graph with m > 1 edges. If 0 < o < 1, then as in [5],
R, < R¢m!'~® with equality if and only if d,d, is a constant for any wv € E(G).

Thus from an upper bound B for R, we have

R, < B*m'™ if 0<a<l1,
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and by similar arguments as in the proof of Theorem 9 in [6],
R, > B°m!™® if a <0,

and either bound for R, is attained if and only if R; = B and d,d, is a constant for
any uv € E(G). We note that upper bounds for R; of various classes of graphs can
be found in, e.g., [19-21]. Recall that a semiregular bipartite graph of degrees r and
s is a bipartite graph, for which each vertex in one part of a bipartition has degree r

and each vertex in the other part has degree s.

Example 1. Let G be a graph with n vertices, m > 1 edges and clique number (the
number of vertices in a largest complete subgraph) w. Suppose that G has no isolated
vertices. Then [14] R < @mz with equality if and only if G is either a complete
bipartite graph for w = 2 or a regular complete w-partite graphs for w > 3. Thus

Ry <2%w —1)w ™ m!™™ if 0<a <1,
Ry > 2%w — Dow™m!t™ if a <0,

and either bound for R, is attained if and only if G is either a complete bipartite

graph for w = 2 or a regular complete w-partite graphs for w > 3.

Example 2. Let G be a graph with n vertices and m > 1 edges, and let p be the
maximum eigenvalue of the adjacency matrix of G. Note that p? > % with equality if
and only if every component of G is either a regular graph of degree p or a semiregular
bipartite graph the product of whose degrees (of any two adjacent vertices) is equal
to p? [22, 23], and by the Rayleigh-Ritz theorem, see, e.g., [24, p. 176], p > %. It
follows that Ry < "7"3 [7] with equality if and only if p = 2 = 2mp? _ 2m

Q2 np? n

regular graph. So a result in [7] concerning lower (resp. upper) bound for 0 < a < 1

ie,Gisa
(resp. —1 < a < 0) may be extended a little as:

R, <27nm!=%p3* if 0<a <1,
Ry > 27nm!=p? if a <0,

and either bound for R, is attained if and only if G is regular graph.
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