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Abstract

The nullity of a graph is the multiplicity of the eigenvalues zero in its spectrum. In
this papers, we obtain the nullity set of n—vertex bicyclic graphs, and characterize
the bicyclic graphs with maximal nullity.

1 Introduction

Let G be a simple undirected graph with vertex set V' and edge set £. The number
of vertices of G is denoted by v(G). For any veV, the degree and neighborhood of v are
denoted by d(v) and N (v), respectively. If W is a subset of V', the subgraph induced by
W is the subgraph of G' by tacking the vertices in W and joining those pairs of vertices
in W which are joined in G. We write G — {v1,v,...,v;} for the graph obtained from G
by removing the vertices v1,vs,...,v; and all edges incident to any of them. The disjoint

union of two graphs G and Gy is denoted by G1UG3. The null graph of order n is the
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graph with n vertices and no edges. As usual, the complete graph, cycle, path and star
of order n denoted by K,,C,, P, and S,, respectively. An isolated vertex is sometimes
denoted by K .

The adjacency matrix A(G) of a graph G with the vertex set V(G) = {v1,ve,...,vp}
is the nxn symmetric matrix [a;;], such that a;; = 1 if v; and v; are adjacent and 0,
otherwise. A graph is said to be singular(nonsingular) if its adjacency matrix A is a singu-
lar(nonsingular) matrix. The eigenvalues A, Ag, ..., A\, of A(G) are said to be the eigenval-
ues of the graph G, and to form the spectrum of this graph. The number of zero eigenvalues
in the spectrum of the graph G is called its nullity and is denoted by n(G). Let v(A(G))
be the rank of A(G). Clearly, n(G) = n — v(A(G)). The following result is obvious.
Proposition 1.1. Let G be a graph of order n. Then n(G) = n if and only if G is a null
graph.
Proposition 1.2. Let G = G1UGyU- - UGy, where G1, G, ...,G; are connected compo-
nents of G. Then n(G) = i n(G;).
Definition 1.1[13]. An lezllementary graph is a simple graph, each component of which
is regular has degree 1 or 2. In other words, each component is a single edge(K2) or a
cycle(C,). A spanning elementary subgraph of G is an elementary subgraph which contains
all vertices of G.

Proposition 1.3[13]. Let A be the adjacency matrix of a graph G. Then
detA = Y (—1)"(H)s(H)

where the summation is over all spanning elementary subgraphs H of G.

In [1], Collatz and Sinogowitz first posed the problem of characterizing all graphs which
satisfy n(G) > 0. This question is of great interest in both chemistry and mathematics.
For a bipartite graph G, which correspond to an alternant hydrocarbon in chemistry, if
n(G) > 0, it is indicated in [2] that the corresponding molecule is unstable. The nullity of a
graph is also meaningful in mathematics since it is related to the singularity of A(G). The
problem has not yet been solved completely. Some results on trees, bipartite graphs and
unicyclic graphs are known (see[2,3,4]). More recent results can be fond in [5-12].

For trees the following theorem gives a concise formula.

Theorem 1.1[3]. If T is a tree of order n and m is the size of its maximum matchings,
then n(T) =n — 2m.

If a tree contains a perfect matching, we call it a PM-tree for convenience. In fact,
Theorem 1.1 implies the following corollary.

Corollary 1.1. Let T be a tree of order n. The nullity n(T") of T is zero if and only if T'
is a PM-tree.
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A unicyclic graph is a simple connected graph with equal number of vertices and edges.
Denote by U, the set of all unicyclic graphs of order n.

Theorem 1.2[4]. For any U € Uy, (n > 5), n(U)<n — 4.

Let G, be the set of all graphs of order n, and let [0,n] = {0,1,2,...,n}. A subset N
of [0,n] is said to be the nullity set of G, provided that for any k€N, there exists at least
one graph G€G, such that n(G) = k.

Theorem 1.3[4]. The nullity set of Uy (n > 5) is [0,n — 4].
Theorem 1.4[4]. Let U € U, (n >5). Then n(U) =n — 4 if and only if U=U; or U=U3

or U22Uj3, where Uy, Us and U3 are shown in Fig.1.1.

A bicyclic graph is a simple connected graph in which the number of edges equals the
number of vertices plus one. Denoted by B,, the set of all bicyclic graphs of order n. Let Cj,
and C; be two vertex-disjoint cycles. Suppose that v; is a vertex of C}, and v, is a vertex
of C;. Joining v and v, by a path vivs...v, of length ¢ — 1, where ¢ > 1 and ¢ = 1 means
identifying v with vy, the resulting graph, denoted by B(k, g,1) shown in Fig.1.2, is called
an oo—graph; Let Py, P,y1 and P,y be three vertex-disjoint paths, where I,p,q > 1,
and at most one of them is 1. Identifying the three initial vertices and terminal vertices of
them, respectively, the resulting graph, denoted by P(l, p,q) shown in Fig.1.2, is called a
f—graph. Obviously, B,, consists of three types of graphs: first type denoted by B;! is the
set of those graphs each of which is an co—graph with trees attached when ¢ > 1; second
type denoted by BT is the set of those graphs each of which is an co—graph with trees
attached when ¢ = 1; third type denoted by 6,, is the set of those graphs each of which is
an f—graph with trees attached. Then B,=B,"UB, " 0,.

In section 2, we determine the nullity set of B,,. In section 3, we characterize the bicyclic

graphs with maximal nullity.

B
() wRL
P
g+l
Blk.q.) P p.q)
Fig.1.2
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2 The nullity set of B,

First, we introduce some lemmas.
Lemma 2.1[3]. A path with four vertices of degree 2 in a bipartite graph G can be replaced
by an edges without changing the value of n(G).
Lemma 2.2[3]. For a graph G containing a vertex of degree 1, if the induced subgraph H
of G is obtained by deleting this vertex together with the vertex adjacent to it, then the
relation n(H) = n(G) holds.
Lemma 2.3. Let G1, G2 and G3 be the graphs of order n shown in Fig.2.1, respectively.

2 n=0(mod2)
3 n=1(mod2) *

Fig.2.1

Then 1n(G1) =0, n(G2) = 1 and 7(Gs3) = {

Proof. We can easy calculate that v(A(G1)) = n, v(A(G2)) = n — 1. Then n(G1) = 0,
1n(G2) = 1. For the graph G, if p € [0, 3], it must be one of the following graphs shown in
Fig.2.2. If p > 4, since it is a bipartite graph, it can be transformed into one of the graphs
shown in Fig.2.2 by Lemma 2.1 without changing its nullity. It is not difficult to get that

2 n = 0(mod2
n(G3) = n(G3) = 2 and 1(G%) = n(G%) = 3. Therefore n(G3) = { 3 n= lgmod2§ .

O

-9

G
Fig.2.2

2 n =0(mod4)
0 otherwise '
Proof. When n = 0(mod2), by Lemma 2.1, since C), is a bipartite graph, we can get that

Lemma 2.4. n(C,) =

2 if n = 0(mod4)
n(Cn) = { 0 if n = 2(mod4)

When n = 1(mod2), the spanning elementary subgraph of C, is itself. Since r(C,) = 0,
s(Cp) =1, detA(C),) = 2 # 0 by Proposition 1.3. Thus n(C,,) = 0. O

Lemma 2.4 is equivalent to the following
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n—2 n=0(mod4)
n otherwise
Lemma 2.6. For any G €B;" (n>7), n(G)<n — 6.

Lemma 2.5. y(A(Cy)) =

Proof. Let Cy, () are two vertex-disjoint cycles in G, we distinguish the following two
cases:

Case 1. k,l € {3,4}. There must exists one of graphs shown in Fig.2.1 as a vertex-induced
subgraph of G since G €B;". By Lemma 2.3, for each G; (i = 1,2, 3), we have v(A(G;)) > 6.
Hence v(A(G)) > v(A(G;)) > 6. Thus n(G)<n — v(A(G;))<n — 6.

Case 2. k> 5 orl > 5. Without loss of generally, we assume that k& > 5. There must exists
H; shown in Fig.2.3 as a vertex-induced subgraph of G since G €B;". By Lemma 2.2, it is

easy to get that
[ 1 if k= 0(mod2)
n((Hy)) = { 0 if k= 1(mod2)

Hence
[k if n = 0(mod2)
V(A(Hy)) = { k+1 if n=1(mod2)
Since k > 5, we have y(A(H;)) > 6. Therefore v(A(G)) > v(A(H1)) > 6. Thus n(G)<n —
S(A(H))<n ~ 6. :

Theorem 2.1. The nullity set of B;f (n > 7) is [0,n — 6].
Proof. By Lemma 2.6, it suffices to show that for each k € [0, — 6], there exist a graph
G €B;} such that n(G) =n — 6.

When k = 0, let G = Gy shown in Fig.2.1, we have n(G1) = 0; When 1<k<n — 7, let
G = G4 shown in Fig.2.3. Using Lemma 2.2 repeatedly, if n#k(mod2), after "’TH steps,
we get PoJC3 kK. Hence n(G) = n(PUCsUkK:)= k. If n=k(mod2), after % steps,
we get PolUP2UKK . Hence n(G) = n(P.UP2UkK1)= k; When k = n—6, let G = G5 shown
in Fig.2.3. By Lemma 2.2, we get PolJCsUU(n—8) K. Hence n(G) = n(PUCsU(n—8)K1)=

n—8+2=n-—06. O
@. S, P
H, G,
Fig.2.3

Lemma 2.7. For any G €B," (n > 8), n(G)<n — 6.
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Proof. Let Cy, C) are two cycles in G, we distinguish the following two cases:

Case 1. k,l € {3,4}. There must exists one of the graphs shown in Fig.2.4 as a vertex-
induced subgraph of G since n > 8. It is easy to calculate that n(Gs) = n(G7) = n(G1o) =
0, n(Gs) = 1(Gy) = n(Gu1) = 1 and n(G12) = 1(G13) = 1(Gia) = 2. For each G;
(t=6,7,...,14), we have v(A(G;)) > 6. Hence v(A(G)) > v(A(G;)) > 6. Thus n(G)<n —
V(A(Gi))<n — 6.

Case 2. k > 5 or [ > 5. Without loss of generally, we assume that k£ > 5, There must exists
Hj shown in Fig.2.3 as a vertex-induced subgraph of G since G €B;f*. Similar to the proof
of Case 2 in Lemma 2.6, we have y(A(H;)) > 6. Hence v(A(G)) > v(A(Hy)) > 6. Thus

n(G)<n —y(A(Hy))<n — 6. O
NS NN NN AL

1 T Al
.TL'L. L

.1 Gy G

G,

Fig.2.4
Theorem 2.2. The nullity set of B, "(n > 8) is [0,n — 6].

Proof. By Lemma 2.7, it suffices to show that for each k € [0,n — 6], there exists a graph
G €B;'" such that n(G) =n — 6.

When k = 0, if n = 1(mod2), let G = G15 shown in Fig.2.5, Using Lemma 2.2 repeatedly,
after 252 steps, we get Hj shown in Fig.2.5. Hence n(G) = n(Hs) = 0. If n = 0(mod2),
let G = G16 shown in Fig.2.5, Using Lemma 2.2 repeatedly, after "T"l steps, we get Pol JP;.
Hence n(G) = n(P2UP2)= 0; When 1<k<n — 6, if n#k(mod2), let G = Gi7 shown in
Fig.2.5. Using Lemma 2.2 repeatedly, after "_’2“_5 steps, we get kK1|JHs. Hence n(G) =
n(kK1UH3)= k. If n=k(mod2), let G = G1g shown in F'ig.2.5. Using Lemma 2.2 repeatedly,

after "=k=1 steps, we get kK1UUP2UP2. Hence 1(G) = n(kKiUPUP2)= k. O

M... M,_. M
P P
Gls n-5 G n-6 H}

16

i j i‘ i Sk+ i i i i SA+2 g
G17 A Glx

P
n-6-k-2
n-5-k-2 '

Fig.2.5
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Lemma 2.8. For any G € 0, (n > 6), n(G)<n — 4.

Proof. Let Ci,C) are two elementary cycles in G, we distinguish the following two cases:
Case 1. k,l € {3,4}, There must exists one of the graphs shown in Fig.2.6 as a vertex-
induced subgraph of G since n > 6. It is easy to calculate that n(Gig) = n(Gas) = 0,
n(G2o) = n(G21) = 1 and 1(G2z) = 1(Gas) = n(G24) = 2. For each G; (i =19,20,...,25),
we have v(A(G;)) > 4. Hence v(A(G)) > v(A(G;)) > 4. Thus n(G)<n — v(A(G;))<n — 4.
Case 2. k > 5 or [l > 5. Without loss of generally, we assume that k > 5. Since C} is a
vertex-induced subgraph of G, by Lemma 2.5, v(A(G)) > v(A(Cy)) > 4. Hence n(G)<n—4.

O
Gy G, Gy, G, G, G,, G

Fig.2.6

Theorem 2.3. The nullity set of 6,,(n > 6) is [0,n —4].

Proof. By Lemma 2.8, it suffices to show that for each k € [0,n — 4], there exists a graph
G € 0,, such that n(G) =n —4.
When k£ = 0, if n = 1(mod2)

repeatedly, after "T*S steps, we get C3. Hence n(G) = n(C3) = 0. If n = 0(mod2), let

, let G = Ggg shown in Fig.2.7. Using Lemma 2.2
G = Go7 shown in Fig.2.7. Using Lemma 2.2 repeatedly, after an steps, we get P». Hence
n(G) = n(P2)= 0; When 1<k<n — 6, let G = Gag shown in Fig.2.7. Using Lemma 2.2
repeatedly, if n#k(mod2), after "*’2“*3 steps, we get kK1JC3. Hence n(G) = n(kK1UCs)=
k. If n=k(mod2), after =E=2 steps, we get kK1UP,. Hence n(G) = n(kK1UP2)= k; When
k=n—2>5, let G = Gy shown in Fig.2.7. By Lemma 2.2, we get (n — 6)K;1|JH,, where
Hy is shown in Fig.2.7. Hence n(G) = n((n — 6)K1UH4)= n — 6+ 1 = n — 5; When
k =n—06, let G = Gy shown in Fig.2.7. By Lemma 2.2, we get (n — 5)K;|JP3. Hence
n(G) =n((n—6)K1UPs)=n—5+1=n—4. m]

Sk‘l Su-4 Sn—§
Gz«; Gsn H4

Fig.2.7
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3 The bicyclic graph with maximal nullity

Theorem 3.1. Let G €B;f (n > 10). Then n(G) = n — 6 if and only if GG} or G=G or
G=G3, where G7, G5 and G3 are shown in Fig.3.1.

Fig.3.1

Proof. If G=G} (i = 1,2,3), it is easy to check that n(G) = n—6. So it is suffices to prove

the converse side of the theorem.

Let Ci, C; be two vertex-disjoint cycles in G, we first prove the following two claims.
Claim 1. If G €B;" (n > 10), n(G) = n — 6, then k,l € {3,4}.

Otherwise, without loss of generality, we assume that k£ > 5. We can find Hs shown in
Fig.3.2 as a vertex-induced subgraph of G. By Lemma 2.2 and 2.4, we easy get

() = { o

Then
JA(H))) = { e

Since k > 5, we have v(A((Hz2))) > 7. Hence n(G)<n — 7 < n — 6, a contradiction. So

Claim 1 holds.

H2
Fig.3.2

Claim 2. If n(G) =n—6 (n > 9) and k,l € {3,4}, then there exists at least one pendent

vertex in G.
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Otherwise, G must be the one of graphs shown in Fig.2.1 since G €B;" and n > 9. By
Lemma 2.3, for each G; (i = 1,2,3), we have n(G;) < n — 6, a contradiction. So Claim 2
holds.

Let x be a pendant vertex in G and y the adjacent vertex of x. Let G1 = G11UG12U. - .UG1¢
be the graph obtained by deleting z, y from G, where G11, G2, ..., G4 are connected com-
ponents of Gi. At least one of Gy; (i = 1,2,...,t) is nontrivial. Otherwise, G would be a
star.

In fact, there are at most two nontrivial components in G;. Otherwise, we assume
that G11,G12,G13 are three nontrivial components in Gy. Let v(G11) = n1,v(G12) = n2
and v(G13) = n3. At least one of Gi1,G12,G13 contains pendant vertices since G €B;.
On the other hand, at least two of G11, G12, G13 contains pendant vertices, without loss of
generality, we assume that G1; and G2 contain pendent vertices. Let v be a pendent vertex
of G11 and u the adjacent vertex of v. Let G21 be the graph obtained by deleting u, v from
G11. Let w be a pendent vertex of G153 and p the adjacent vertex of w. Let G31 be the graph
obtained by deleting w, p from G12. Denote the graph Go1JG31UG13U- - UG1: by Ga, and
obviously, v(G2) = n — 6. By Lemma 2.2, we have n(G) = n — 6 = n(G1) = n(Gz2). By
proposition 1.1, Gy is the null graph. Therefore, G5 is trivial, a contradiction. So only one
of G11,G12,G13 contains pendant vertices. We assume that G contains a pendent vertex
v and u is the adjacent vertex of v. Let Gb; be the graph obtained by deleting u,v from
G11. Denote the graph G5 UG12UG13U. . .UG1t by G, and v(G5) = n — 4. Since G12,G13
no contain pendent vertices, and G €B;", G12, G13 must be Cp,, Cp,, respectively, where

ng,ng € {3,4}. By Lemma 2.4, we have

0((Cug)) = { 2 =i

0 no=3
2 ng3=4
1(Ca) :{ o My

Hence n(G) = n(G1) = n(Gh) <n1 —2+n(C2) +n(C3)+(n—2—n1—ng2—n3)<n—8 < n—6,
a contradiction.
We distinguish the following two cases:

Case 1. There is a unique nontrivial component in G;. Without loss of generality, we
assume that Gpp is nontrivial. Let v(G11) = n1. Then Gi = G1iU(n —2 — n) K. Tt is
easy to see that deleting x,y destroy at most one cycle since G €B;". Hence G1; contains
cycles. By Lemma 2.2, we have n(G) = n — 6 = n(G1) = n(Gn1) + (n —2 — ng). Thus
n(G11) = n1 — 4. If Gi1 €B;F, by Lemma 2.6, we have n(G11) <n; — 6 < n1 — 4, a con-

n1’

tradiction. Thus Gi1 € Uy,. By Theorem 1.4, n(G11) = ny — 4 if and only if G1;=U7 or
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G11=2Us or G112U3, where Uy, U and Uy are shown in Fig.1.1. If G11=UY or G11=2U5, we
can’t get two vertex-disjoint cycles by recovering z,y to G;. This is impossible. Therefore,
Gn=U4, and G1 = UsU(n — 2 — n1) K. Now recover z,y to G, we need to insert edges
from y to each n — 2 — n, isolated vertices of G;. This gives a star S,,_y,. In order to
produce two vertex-disjoint cycles in G, two edges must be added from the center of S, _p,
to G1. If we select the center and a pendant vertex in U3 as two ends of these two edges,
then G=GTF; If both ends chosen in U5 are pendant vertices, then G=G3.

Case 2. There are two nontrivial components in G;. Without loss of generality, we
assume that Gi; and Gpz are nontrivial. Let v(G11) = n1 and v(Gi12) = ng. Then
G1 = G11UG12U(n — 2 — ny — n2) K. Now we consider the following three subcases:
Subcase 2.1. Both G1; and G5 contain pendent vertex. Let v be a pendent vertex of G1;
and u the adjacent vertex of v. Let G2 be the graph obtained by deleting u, v from G.
Let w be a pendent vertex of Gz and p the adjacent vertex of w. Let Gs; be the graph
obtained by deleting w, p from Gi2. Denote the graph GoiUGsiU(n — 2 — ny — n2) K by
G9 and obviously v(G2) = n — 6. By Lemma 2.2, we have n(G) = n — 6 = n(G1) = n(G2).
By proposition 1.1, Go is the null graph, Hence G2 = (n1 — 2)K1, G31 = (n2 — 2)K;. In
order to recover G11, Gi2, respectively, return w,v to Gaj, G11 must be a star Sy,, return
w,p to G31, G12 must be a star S,,, and G = Sy, USn,U(n — 2 —ny — na)Kq. We can’t
get two vertex-disjoint cycles by adding x,y to G, a contradiction.

Subcase 2.2. Only one of G171, G2 contains pendent vertices. Without loss of generality,
we assume that (G1; contains pendent vertices. Let v be a pendent vertex of Gi; and u
the adjacent vertex of v. Let Ga; be the graph obtained by deleting u, v from G1;. Denote
the graph Ga1UG12U(n — 2 — ny — na) K1 by G and obviously v(G2) = n — 4. By Lemma
2.2, we have n(G) = n — 6 = n(G1) = n(G2)<n1 — 2+ n(G12) + (n — 2 — ny — nz). Then
1n(G12) >n2 — 2. Since G2 no contain pendent vertices, if G2 EB,‘E, By Lemma 2.6, we
have 7(G12) <ngs — 6 < ng — 2, a contradiction; If Gi2 € Uy,,, Gi2 must be Cy,, where
ng € {3,4}. It is easy to check that n(G12) >ng — 2 holds only if ng = 4. Then G2 = Cj.
Since n — 6 =n(G2)<ny — 242+ (n —2—ny —4) = n — 6, then Go; = (n1 — 2) K7, return
u,v to Go1, G11 must be a star S,,,, and G = S, UCsU(n — 2 — n1 — 4)K;. Now recover
z,y to G, we get G=GT or G=G5.

subcase 2.3. G117 and Gi2 no contain pendent vertices. Since G €B;", Gi1,G12 must be
Chy, Chny, respectively, where ni,ne € {3,4}. G1 = Cp,,UCh,U(n — 2 — ny — n2) Ky, By
Lemma 2.2, we have n(G) =n — 6 = n(G1) = n(Cy,) +n(Cp,) + (n —2 —nq1 — ny). Then
ny —n(Chp,) +n2 —n(Ch,) = 4. It is easy to check that ny —n(Cyp,) +ng —n(Cp,) = 4 holds
only if ny = ng = 4. Then G1 = C4UCsU(n — 2 — 8)K;. Now recover z,y to Gp, we get
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GG, D

Theorem 3.2. Let G €B;' (n > 8). Then n(G) = n — 6 if and only if GG} or G=G}
or G=G3 or G=GY or G=GE or G=G or G=Gy or G=GY, where GF, G, G3, G}, G, G§,

7 and G§ are shown in Fig.3.3.

Fig.3.3
Proof. If G=G} (i =1,2,...,8), It is easy to check that n(G) = n — 6. So it is suffices to
prove the converse side of the theorem.

Let Ci, C; be two cycles in G, we first prove the following two claims.
Claim 1. If G €B;'" (n > 8), n(G) = n — 6, then k, 1 € {3,4}.

Otherwise, without loss of generality, we assume that & > 5. We distinguish the following
two cases:
Case 1. | > 4. We can find Hs shown in F'ig.3.2 as a vertex-induced subgraph of G. Similar
to the proof of Claim 1 in Theorem 3.1, we have y(A(H>2))> 7, Hence n(G)<n —7 <n —6,
a contradiction.
Case 2. [ =3. If k > 7, we can find H; shown in Fig.2.3 as a vertex-induced subgraph of G,
Similar to the proof of Case 2 in Lemma 2.6, we have v(A(H;))> 8. Hence n(G)<n — 8 <
n — 6, a contradiction; If k = 5,6, these must exists one of the following graphs shown
in Fig.3.4 as a vertex-induced subgraph of G since n > 8. It is easy to calculate that
1(Gs1) = n(Gs2) = n(Gs3) = n(Gsa) = n(Gs5) = 0. For each G; (i = 31,...,35), we have
~v(A(G;)) = 8 > 6. Hence n(G)<n — v(A(G;))<n — 8 < n — 6, a contradiction.

Thus in each case we get contradiction, so Claim 1 holds.

iR

Fig.3.4
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Claim 2. If G €B;}", n(G) =n—6 (n > 8), and k,l € {3,4}, then there exists at least
one pendent vertex in G.

Otherwise, since n > 8, G €B;" ", and k,l € {3,4}, this is impossible. So Claim 2 holds.

Let x be a pendant vertex in G and y the adjacent vertex of . Let G1 = G11UG12U.- - .UG1¢
be the graph obtained by deleting z,y from G, where G171, G12, ..., Gy are connected com-
ponents of Gi. At least one of Gy; (i = 1,2,...,t) is nontrivial. Otherwise, G would be a
star.

In fact, there are at most two nontrivial components in G;. Otherwise, we assume that
G11,G12,G13 are three nontrivial components in G;. Let v(G11) = n1,v(G12) = ne and
v(G13) = n3. At most one of G11, G2, G13 contains cycle since G €B;7F. Then at least two
of G11,G12,G13 contain pendent vertices. Without loss of generality, we assume that G
and Gi2 contain pendent vertices. Let v be a pendent vertex of Gj; and u the adjacent
vertex of v. Let Ga1 be the graph obtained by deleting u,v from G1;. Let w be a pendent
vertex of G192 and p the adjacent vertex of w. Let GG31 be the graph obtained by deleting w, p
from Gi2. Denote the graph Go1lUG31UG13U. . .UG1: by G2, and obviously v(G2) = n — 6.
By Lemma 2.2, we have n(G) = n — 6 = n(G1) = n(G2). By proposition 1.1, G is the null
graph. Therefore, G153 is trivial, a contradiction.

We distinguish the following two cases:

Case 1. There is a unique nontrivial component in G;. Without loss of generality, we assume
that G1 is nontrivial. Let v(G11) = ni. Then G1 = G11J(n—2—n1)K;. G11 must contains
cycles since G €B;7*. By Lemma 2.2, we have n(G) = n—6 = n(G1) = n(G11)+(n—2—nq).
Hence n(G11) = n1 — 4. Now, we consider the following two subcases:

Subcase 1.1. G131 EB,:rl*. If G711 contains pendent vertices, there must exists one of graphs
shown in Fig.2.4 as a vertex-induced subgraph of Gij. Similar to the proof of Lemma
2.7, we have v(A(G;)) > 6 (i = 6,...,14). Hence v(A(G11)) > v(A(G;)) > 6. Thus
N(G11)<n1 —v(A(G;))<ni — 6 < n; — 4, a contradiction; If G11 no contain pendent vertex,
there must one of graphs shown in Fig.3.5. It is easy to check that only graph which satis-
fies n(G11) = n1 — 4 is Ggs. Then G1 = G3sU(n — 2 — n1)K1. Now recover z,y to Gy , we
get G=GY or G=G5 or G=Gj.

Subcase 1.2. G11 € Uy,. By lemma 1.4, n(G11) = n1 — 4 if and only if G1;=U; or G11=Us
or G11=2U3, where U{, Uy and Uj are shown in Fig.1.1. If G11=UY, recover z,y to Gy, we
get G=GY or G=G5; if G =Uy, recover x,y to Gy, we get G=G35 or G=GY; if G =U3,

recover x,y to G, we get G=G3 or G=GE.
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Case 2. There are two nontrivial components in G;. Without loss of generality, we
assume that Gi; and Gpo are nontrivial. Let v(G11) = n1 and v(Gi2) = ng. Then
G1 = G11UG12U(n—2—n1—n9)K;. At least one of G11, G2 contains pendent vertices since
G €B;rT. Otherwise G11, G12 must be Cy,,Ch,, respectively. We get two vertex-disjoint
cycles in G by recovering z,y to G, a contradiction. Now, we consider the following two
subcases:

Subcase 2.1. Only one of G11, G12 contains pendent vertices. Without loss of generality,
we assume that G111 contains pendent vertices. Let v be a pendent vertex of G1; and u
the adjacent vertex of v. Let G21 be the graph obtained by deleting u, v from G1;. Denote
the graph G21UG12U(n — 2 — ny — n2) K7 by G2 and obviously v(G2) = n — 4. By Lemma
2.2, we have n(G) = n—6 = n(G1) = n(G2)<ni — 2+ n(Gi2) + (n — 2 — ny — ng). Thus
1n(G12) >n2 — 2. Since G2 no contain pendent vertices, when Gi2 EBI;, G2 must be one
of graphs shown in Fig.3.5. It is easy to check that each G;(i = 36,37, 38) does not satisfy
1n(G12) >n2 — 2, a contradiction. When Gi2 €Uy, similar to the proof of Subcase 2.2 in
Theorem 3.1, G1 = S, UCsU(n — 2 — ny — 4) K. Since there is no edges jointing a vertex
in C4 to that of Sy, recover z,y to G1, only one edge be inserted from y to Cy, we can’t

get two only one common vertex cycles in G, a contradiction.

GSé G37 GJX
Fig.3.5
Subcase 2.2. Both GG1; and G153 contain pendent vertices. Similar to the proof of Subcase
2.1 in Theorem 3.1. G1 = Sp,USn,U(n —2 —ny —na)K;. Recover z,y to Gy, we get G=GT
or G=G3 or G=G]. DO

Theorem 3.3. Let G € 0, (n > 6). Then n(G) = n — 4 if and only if G=G; or G=G5
or G=G3 or G=G) or G=GE or G=Gy, where GF, G, G5, G, G and G§ are shown in
Fig.3.6.




Proof. If G=G} (i =1,2,...,6), it is easy to check that n(G) = n — 4. So it is suffices to
prove the converse side of the theorem.

Let Ci, C; be two elementary cycles in G, we first prove the following two claims.
Claim 1. If G € 6,, (n > 6) and n(G) =n — 4, then k,l € {3,4}.

Otherwise, without loss of generality, we assume that £ > 5. Then C}, is a vertex-induced
subgraph of G. By Lemma 2.5, we have v(A(Cy)) > 5. Then v(A(G))>v(A(Ck)) > 5.
Hence 1(G)<n — 5< n — 4, a contradiction. So Claim 1 holds.

Claim 2. If G € 0,, n(G) = n—4 (n > 6), and k,l € {3,4}, then there must exists a
pendent vertex in G.

Otherwise, since n > 6, k,1 € {3,4}, G must be Gas shown in Fig.2.6. Hence n(Gas) =
0 # 6 — 4, a contradiction. So Claim 2 holds.

Let z be a pendant vertex in G and y the adjacent vertex of z. Let G; = G1:UG12U. - UG1¢
be the graph obtained by deleting z,y from G, where G131, G2, ..., G4 are connected com-
ponents of Gi. At least one of Gy; (i = 1,2,...,t) is nontrivial. Otherwise, G would be a
star.

In fact, there is a unique nontrivial components in G;. Otherwise , we assume that
G11,G12 are two nontrivial components in G1. Let v(G11) = n1 and v(G12) = n2. At least
one of G11, G2 contains pendent vertices since G € 6,,. Without loss of generality, Let v
be a pendent vertex of GG1; and u the adjacent vertex of v. Let G2; be the graph obtained
by deleting u, v from G11. Denoted G21|UG12UJ. . UG1: by G2 and obviously v(G2) =n — 4.
By Lemma 2.2, we have n(G) = n(G1) = n(G2) = n — 4. By proposition 1.1, Go is the null
graph. Then Gig is trivial, a contradiction.

We assume that Gy; is nontrivial. Let v(G11) = n1. Then G = G11U(n — 2 — n1) K;.
We distinguish the following two cases.

Case 1. The minimum degree of Gy is 1.

Let v be a pendent vertex of G11 and u the adjacent vertex of v. Let G21 be the graph
obtained by deleting u,v from Gi;. Denoted Ga1J(n — 2 — n1)K; by G2 and obviously
v(G2) = n — 4. By Lemma 2.2, we have n(G) = n —4 = n(G1) = n(G2). By proposition
1.1, Go is the null graph. Hence Ga1 = (n1 — 2)K7, In order to recover Gy, return u, v to
Go1, G11 must be a Sy, and G = Sp,U(n — 2 —n1) K. Now we add z,y to G, we need
to insert edges from y to each of n — 2 — ny isolated vertices of G;. This gives another star
Sn—n,. In order to assure that there are two edge-joint cycles in G, three edges must be
added from the center of Sy, to Sy,. If we select the center and two pendant vertices in

Sp, as three ends of these three edges, then G=GT; If three ends chosen in S, are pendent
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vertices, then G=G3.
Case 2. The minimum degree of G is equal or greater than 2.

Since the minimum degree of G is equal or greater than 2, Gj; contains cycles. If
G11 € Uy,, G11 must be C,,, where ny € {3,4}. Hence G1 = C,,,UU(n — 2 — n1)K;. By
Lemma 2.2, we have n(G) = n—4 = n(G1) = n(Cp,)+(n—2—n1). Then n(Cy,) =n1—2. It
is easy to check that n(Chp,) = ny —2 holds only if ny = 4. Thus G = CslJ(n—6)K;. To add
z,y to G1, we need to insert edges from y to each of n — 6 isolated vertices of G;. This gives
a star S;,—4. In order to assure that there are two edge-joint cycles in G, two edges must be
added from the center of S,,_4 to C4. If we select two adjacent vertices in Cy as two ends
of these two edges, then G=G3. If both ends chosen in Cy are nonadjacent vertices, then
G=G3; If Giy € 0y, G11 must be one of the following graphs shown in Fig.3.7 since G € 6,
and k,l € {3,4}. By Lemma 2.2, we have n(G) =n —4 =n(G1) = n(Gn) + (n — 2 — nq).
Then 7n(G11) = n1 — 2. It is easy to check that n(Gi1) = n1 — 2 holds only if G11 = G4 -

Thus G1 = GuU(n — 7) K. Now recover z,y to G1, we get G=GE or G=G§. O
L
P -
Gw Gy G4| G4Z
Fig.3.7
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