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Abstract

A maximum matching of a graph G is an edge set with the most independent
edges of G. A fixed single (double) bond of G is an edge belongs to no (each)
maximum matching of G; a fixed bond is either a fixed single bond or a fixed
double bond. Let G be a polyhex with bipartition (W, B) satisfying |W| = |B|. In
this paper, we give sufficient and necessary conditions which enable us to determine
the size of a maximum matching of G and to recognize the fixed bonds of G.
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1 Introduction

A benzenoid[1], also called benzenoid system, is a finite 2-connected plane graph in
which every interior region is bounded by a regular hexagon. Let G be a benzenoid
system and let P be a nonempty set of pairwise disjoint cycles in G which satisfies (i)
each cycle in P contains no vertex on the boundary of G, (ii) no cycle in P contains
another cycle in P in its interior, and (iii) the length of each cycle in P is greater than
six. By deleting all the vertices and the edges of G in the interior of each cycle in P,
a coronoid system is obtained. Let P = C; U CyU --- UC,, (m > 1). These cycles are
called the inner boundaries of G. If G has exactly one inner boundary, G is called a single
coronoid system; otherwise, a multiple coronoid system. A benzenoid B and a coronoid
C obtained from B are given in Fig.1.

B C
Fig.1 A bezenoid B and a coronoid C' obtained from B

The term “polyhex” is used to denote benzenoid and coronoid together. Researches
on polyhexes are of great relevance in chemistry [1,2] and have been attracting constant
attention of both chemists and mathematicians. Each polyhex is bipartite and 2-colorable.
In the following, we make the convention that all the vertices of a polyhex G in question
have been colored black and white so that the end vertices of any edge have different colors,
and denote G = (W, B), where W and B are the sets of white vertices and black vertices,
respectively. A matching of a graph G is a set of independent edges of G. A maximum
matching of a graph G is a matching containing the most edges among the matchings
of G, and by m(G) we denote the number of edges in a maximum matching of a graph
G. A perfect matching of a graph G is a matching whose edges cover all the vertices of
G. Tt is known that m(G) is determined by the maximum cardinality differences between
subsets of X and their neighbor sets among all the subsets of X (see the theorem of
Konig and Ore [3]). For polyhexes perfect matchings correspond to the notion of Kekulé
structure, which plays a distinguished role in the theory of both benzenoid hydrocarbons
and coronoid hydrocarbons. A Kekuléan polyhex is a polyhex with Kekulé structures. It
is evident that each Kekuléan polyhex has the same number of black and white vertices.
However, this is not a sufficient condition for a polyhex to be Kekuléan. A polyhex is
called concealed non-Kekuléan if the numbers of black and white vertices are the same
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but it has no perfect matching. In the following we consider the polyhexes which are
Kekuléan or concealed non-Kekuléan.

In this paper we give a uniform criterion which enables us to determine the size of a
maximum matching of a polyhex G. And we find some properties on the set, denoted by
G , which contains the subgraphs induced by some vertices with the same color together
with their neighbors. In G, the union and intersection of a couple of elements of G are
in G as well. The same is true for the subset A of G , of which each element has the
maximum cardinality difference between the vertex subsets and their neighbor sets. For
any element in A, the edges incident to the element but not in the element make an edge
cut, and this edge cut is called a maximum matching-edge cut (MM-edge cut). For a
graph G an edge e of G is a fixed single bond if it belongs to no maximum matching of G;
while e is a fixed double bond if it belongs to each maximum matching of G either a fixed
single bond or a fixed double bond is called a fixed bond. These concepts are generalized
from the usual concepts which are defined only for Kekuléan polyhexes [4]. In this paper,
we prove that the MM-edge cuts of a polyhex G with |WW| = |B| determine the size of a
maximum matching and the fixed single bonds of G.

2 Definitions and notations

Let H be a graph, H' a subgraph of H. We denote by H— H' the subgraph obtained by
deleting from H the vertices of H' and their corresponding edges. Let G be a polyhex with
perimeters Cy, C1, ..., C,,, where Cj is the outer perimeter, and C; is an inner perimeter
(if any) for i = 1,2,...,m. Let E be a subset of the edge set of G. E is said to be an
edge-cut of G if G — E is disconnected. Denote by V(G) the vertex set of G. Let S be a
subset of V(G), the neighbor set N(S) of S is the set of vertices which are not in .S but
adjacent to at least one vertex in S. Denote by |G| the cardinality of the vertex set of
G. Denote by < .S U N(S) > the induced subgraph of G, i.e., the subgraph of G whose
vertex set is S U N(S) and whose edge set is the set of those edges of G that have both
end vertices in <S U N(S)>.

Definition 2.1 Let G = (W, B) be a polyhex. An edge-cut E is called a basic edge-cut if
the components of G — E can be divided into two parts so that the end vertices of the edges
of E have the same color when they lie in the same part of G — E. Denote by E*(G),
or briefly, by E* if no confusion is caused, the set of basic edge-cuts of G. Denote by
E**(G), or briefly, by E** if no confusion is caused, the set of basic edge-cuts of G each
edge-cut E of which satisfies: G — E has exactly two components.

In Fig.2, a basic edge-cut E (the edges of E are indicated by double lines) and the
two parts of G — E : G1(E) and G2(E) are given. Note that both G1(E) and G5(FE) are
not necessary to be connected by our definition.
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Fig.2 A polyhex G with a basic edge cut E

By the definition, we can see that the two parts of G — E can be expressed as:
G1(E) =< S1 UN(Sy) > and Go(F) =< Sy U N(S2) >, where S; C W while Sy C B,
or S; C B while S5 C W. Without loss of generality, in the following we may assume
that S; € W and Sy C B. Denote by Vg the cardinality of the vertex set of G1(F), i.e.,
Ve = |V(G1(F))|. Denote by d(E) the difference between the number of white vertices
and the number of black ones of G1(E), i.e., d(E) = |Si| — |N(S1)|. If |[W| = |B|, then
we define A(G) = |[W| —m(G) = |B| —m(G). A basic edge cut E with d(E) = A(G) is
called an MM-edge cut.

Let G be a polyhex, E a basic edge-cut containing a boundary edge (a boundary edge
of G is an edge lying on some boundary of G). We use a closed non-self-intersected curve
in the plane, say a generalized Jordan curve, denoted by Jg, to separate G(F) from
Go(E). We make the convention that Jg intersects each edge in E at the midpoint of the
edge; and if Jg passes a hexagon of G, it passes the center of the hexagon.

Definition 2.2 (see [6]) A straight line segment Py Py is called a cut segment from C;
to C]' Zf

1. Py is the center of an edge e; on C; and P is the center of an edge e on Cj;

2. PP, is orthogonal to both ey and ey;

3. any point of P1 P, is either an interior or a boundary point of some hexagon of G.

Definition 2.3 (see [6]) A broken line segment PiQP, is called a generalized cut (g-
cut) segment from C; to C; if

1. Py is the center of an edge e; on C; and P is the center of an edge es on Cj;

2. PiQ and P,Q are orthogonal to ey and ey, respectively;

3. Q is the center of a hexagon of G. PiQ and PoQ from an angle of w/3 or 57 /3;

4. Any point of PLQP;, is either an interior or a boundary point of some hexagon of G.

A special cut segment is either a cut segment or a g-cut segment. A special edge-cut
E;; form C; to Cj is the set of edges of G intersected by a special cut segment from Cj
to Cj. A special edge-cut E;; from C; to C; is said to be of type I, a special edge-cut E;
from C; to C; with i # j is said to be of type I1.
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Definition 2.4 (see [3]) Let E = E;;, U Ey, U--- U E;y,, where Eyiy, Eigigy ..., Eiiy
are r disjoint special edge-cuts of type 11, E; ;, corresponds to a special cut segment from
Ci, to Gy, and iy # i if s #t. E is said to be a standard combination of type I1 if the
end vertices of the edges of E have the same color when they lie in the same component

of G- E.

Fig.3 An illustration for definitions 2.2, 2.3 and 2.4

In Fig.3, Cy,C},Cs, and Cj are four perimeters, where Cy is the outer perimeter;
P14 Pog, PicPoc, PicPse, and Py Poy are cut segments, while PQyPo, and PgQqPsg are
g-cut segments. Let Ep; be the special edge-cut corresponding to P,QpFPap, E12 be the
one corresponding to P Ps., and Fyy be the one corresponding to P1gQyPsy. Then E =
E1p U E1p U By is a standard combination of type /7. While the two special edge-cuts
corresponding to Pi.P5. and Py Psy, respectively; and the special edge-cut corresponding
to P1gQqP2q do not constitute a standard combination of type 1.

Definition 2.5 Let Fy and Es be two basic edge-cuts. Ey and Es is said to be independent
if G1(E1) NG1(Fy) = 0.

Evidently, if F; and E, are independent, then E1NE; = @, i.e., E; and Fj are disjoint.
Remark 2.1 Under the definitions, any special edge cut of type I or standard combi-

nation of type 11 is a member of E**, i.e., a basic edge-cut of which the two parts are
connected.
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Definition 2.6 Let u and v be two vertices in a bipartite graph H, M a maximum match-
ing of H. If uv € M, then v is said to be the M-matched vertex of u or v is said to be
M-matched to u, and is denoted by v = M(u). An M-alternating path P is said to be
closed if the M-matched vertices of the vertices on P are on P, i.e., M(v) € P for any
v € P; and each vertex on P is said to be M-connected to the ends of P. We make the
convention that each vertex is M-connected to itself.

By the above definition, evidently, if M (u) = v, then M (v) = u.

Fig.4 An illustration for definition 2.6

In Fig.4, a bipartite graph G = (W, B) and a maximum matching of G are given (the
edges of M are indicated by double lines). One can check that Py = wsbswrbrwyy is an
M-alternating path. However, P; is not closed, for M (wy) = bs ¢ Pr; Po = bswabswsbrwg
is a closed M-alternating path , and the vertices on Py, b5, wy, ..., wyg, are M-connected
to both b5 and wy. By <u>)s we denote the subgraph induced by the vertices which are
M-connected to v, i.e., <u>y=<{v € H : v is M-connected to u}>. <ws> s is showed
in Fig.4. If P is a closed M-alternating path, then at most one of the end vertices of P is
an unmatched vertex. Otherwise, both of the two end vertices of P are unmatched, then
the symmetric difference M AP is a matching with larger size than M’s, contradicting
that M is a maximum matching. This property proves to be useful in the proof of the
following lemmas.

3 Main results

Lemma 3.1 Let G = (W, B) be a bipartite graph. Each interior vertex of G has the same
degree which is not lower than the degrees of the boundary vertices of G. Then for any
S C W satisfying |S| — |[N(S)| > 0, S contains a boundary vertez of G.
Proof. Denote by k (k > 1) the same degree of the interior vertices of G. Denote by n;
the number of the vertices in <SUN(S)> with degree i in N(S), i=1, 2, ..., k. Assume
that the lemma is false, i.e., S contains only interior vertices of G. Then we have:

S| S|

kS| = ini, Y ni=|N(S)
i=1 =1

By the formulas above, we have:
k

k
k(S| — [N (S)|) = k|S| — an = "(in; — kn;) <0,

i=1
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which contradicts that |S| — |N(S)| > 0 and k& > 1. Consequently, the lemma holds. O

Remark 3.1 A boundary vertex (edge) of G is a (n) vertex (edge) lying on some bound-
ary of G, an interior vertex (edge) of G is a (n) vertex (edge) not lying on any boundary
of G. Since polyhexes are bipartite graphs such that each interior vertex is of degree 3 and
each boundary vertez is of degree 2 or 3, the lemma holds for polyhexes.

Lemma 3.2 (D.Ko6nig and O.Ore [3]) IfG is a bipartite graph with bipartition (X,Y),
the number of edges in a mazimum matching of G is | X| — Iglca)%({|3| — IN(9)|}.

By our notations the above lemma can be restated as:

Lemma 3.3 If G = (W, B) is a bipartite graph with |W| = |B|, then m(G) = |W| —
max d(E). If G is a polyhex with |W| = |B|, then d(E) < A(G), for any E € E*, i.e.,

S| = IN(9)] < A(G) for any S CW .

In the following we need some more notations.
Let A={FeE* :d(F)=A(G)}, E={E € E*(G) : d(E) = AG)}
a=min{|E|: Ec A}, A, ={E € A: |E|=a},
B=max{Vp:E € A,},Aus ={E € Ay : Vg = 0}

Lemma 3.4 Let G be a polyhex, E an arbitrary element of Az and Jg the generalized
Jordan curve corresponding to E. Then the two properties hold:

Property 1. At each turning point of Jg, the vertices and the edges within the angle of
/3 belong to G1(E);

Property 2. Jg has no consecutive turning points.

(1) (2)

Fig.5 Illustrations for the proof of lemma 3.4

Proof of property 1. If property 1 is false, then there is an angle of /3 such that the
vertices and edges within it belong to G»(E) (cf. Fig.5(1)). If u does not belong to G, we
have N(S1U{v}) = N(S1), and |S1U{v}| = |N(S1U{v})| = |Si|+1—=|N(S1)| = A(G)+1,
a contradiction to lemma 3.3. If u belongs to G, then we have N(S;U{v}) = N(S;)U{u}
and [Sy U {o}] — [N(S: U{u})| = Si] = [N($0)] = A(G). Let B = Ef{er,e2} U {fu. fo}.
It is not difficult to see that £’ € A,, and Vg = Vg + 2 > 3, a contradiction to the
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definition of 3. Hence no matter the vertex u belongs to G or not, there is a contradiction.
Consequently, property 1 is true.

Proof of property 2. Suppose that Jg has two consecutive turning points. By property
1, at each turning point the angle is 7/3 (cf. Fig.5(2)). Let S" = S1/{wi,wo, ..., wi_1}.
Then N(S’) = N(S1)/{b1,ba,...,b:}. And the new vertex set S’ satisfies S’ C W and
191 = IN(S)| = (ISi] = (¢ = 1)) = (IN(S)| = t) = (|51 = [IN(S)]) + 1 = A(G) + 1, a
contradiction to lemma 3.3. Consequently, property 2 is true. O

Lemma 3.5 Let G be a polyhex. Each element of Ang consists of several special edge-cuts
of type I or standard combinations of type I1.

Proof. Let E € A,s. Denote the components of G1(F) by Gi,Ga,...,Gi. Denote
E; = (G;,G—Gy),i =1,2,..., k. It is not difficult to see that £ = Ey U By U--- U Ej,
and Fy, Es, ..., Ey are pair-wise independent. Since F is a basic edge-cut of G, the end
vertices of the edges of F; have the same color when they lie in the same component
of G — E;. Furthermore, G; = G1(F;),i = 1,2,...,k, where E; C F and G1(E;) is a
connected component of G1(F). By lemma 3.1 and lemma 3.4, at each turning point of
Jg, the vertices and the edges within the angle of 7/3 belong to G1(E) and Jg has no
consecutive turning points. So does Jg,,i = 1,2,...,k. On the other hand, G — E; has
exactly two connected components. Therefore, we conclude that E; is a special edge-cut
of type I or a standard combinations of type I1,¢=1,2,..., k. Consequently, the lemma

follows. U

Theorem 3.6 Let G = (W, B) be a polyhex. Then m(G) = |W| — e (E), where

d
€g(E*)
g(E*) C E* and each member of g(E*) consists of several independent special edge-cut of
type I or standard combinations of type I1.

Proof. By lemma 3.2, we have m(G) = |W| — max d(E). And by the definition of A,g,
B

for any E' € Ang, we have max d(E) = d(E’). On the other hand, d(E’) < max d(E)

EeE* Eeg(E")

since Anp C ¢g(£*) (lemma 3.5), and d(E') > mz(tx)d(E) by the definition of A,g. So
Eecg(E*

we have d(E') = max d(F). Therefore, max d(F) = max d(E). Consequently, the

Eecg(E*) EeE~ Eecg(E*)

theorem holds. O
The known uniform criterion to recognize Kekuléan polyhexes [7] is a direct conse-
quence of the above theorem:

Corollary 3.7 Let G be a polyhex. Then G is Kekuléan if and only if G satisfies:

1. |W|=1B];

2. d(E) <0, for every special edge-cut E of type I, and for every standard combination

E of type II (if any).

Proof. A polyhex G = (W, B) is Kekuléan if and only if [W| = |B| and m(G) = |W]|.

By theorem 3.6, m(G) = |W]| if and only if Emz(%()d(E) = 0. Furthermore, for any
€g(E™

E € g(E*), d(E) < 0 if and only if d(E) < 0 for every special edge-cut of type I or
standard combination of type I1. Therefore, the corollary follows. O
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Theorem 3.8 Let G = (W, B) be a polyhex with |W| = |B|. Then the following properties

hold:

P1. fOT’ any Gl.,GQ S g, G1 ﬂGz S g7G1 @] GQ (S Q;

P2. fOT (J/ﬂthHg E.A, HlﬂHQGA,HluHZ G.A.

Where G ={H CG:H=G1((H,G—-H)),(H,G—H) € E*(G)} Uu{0},
A={HCG:H=G((H,G—-H)),(H,G—-H) e A}

Proof of P1. For a graph H, we denote by V(H) the vertex set of H, E(H) the edge
set of H. Gy, Gy can be expressed as G7 =< 51 U N(S1) >, Gy =< S> U N(Ss) >, where
51,8 C W. By the definition of basic edge cuts, it suffices to prove that:

<Sl UN(51)> N <SQUN(SZ)>:< (Sl ﬁSz) UN(Sl ﬂ52)>, (1)
<51UN(81)> @] <S‘2UN(SQ)>:<(51 USQ) UN(SIUS2)> . (2)

Proof of (1) Let Lq :<S1 U N(Sl) >N <Sz @] N(Sz) >, R =< (S1 n SQ) @] N(Sl n Sz) >.
Clcarly, Sl, SQ Q W, N(Sl), N(Sz) Q Band WNB = @ So (SluN(Sl))ﬂ(SQUN(Sg)) =
(S1 N Sy) U (N(S1) N N(S2)), ie., V(L) = V(R;). Besides, for any wb € E(G), where
w €W and b € B, we have: wb € E(L1) & w € S1,b € N(S1) and w € Sa,b € N(S;) &
w € S NSyand b € N(S;) N N(Sy) & wb € E(Ry), hence E(Ly) = E(R;). Therefore,
L, = Ry.

Proof of (2) Let Lo :<S1 U N(Sl) > U <Sz @] N(Sz) >, Ry =< (S1 U SQ) @] N(Sl @] Sz) >.
Clcarly (Sl @] N(Sl)) U (SQ U N(Sg)) = (Sl @] Sz) @] (N(Sl) U N(Sg)), 1.0.7 V(Lz) = V(RQ)
Besides, for any wb € E(G),w € W,b € B, we have: wb € E(Ly) & w € S1,b €
N(Sy) or w € So,b € N(S3) & w € S; or w € Sy (for any wb € E(G),w € S implies
be N(S))e we S1USy < wb e E(Ry). Hence E(Ls) = E(Ry). Therefore, Ly = R.

From the results above and the definition of basic edge cut, for i = 1,2, (R;,G — R;)

is a basic edge cut if only R; is nonempty. Consequently, property P1 holds.
Proof of P2. Clearly, P2 holds if A = . Now we consider A # . Note that A =0
if and only if G is Kekuléan, and G is Kekuléan if and only if A = @. So if A # @, then
A # @. Tt is evident that A C G since A = {F € E*(G) : d(E) = A(G)} is a subset of
E*(G). The results of P1 are suitable for the elements in A. Let Hy, Hy € A. Then both
Ey=(<H NHy> G— <H NHy>) and Ey = (< HyUHy>,G— < Hy N Hy>) are basic
edge cuts. So property P2 holds if d(Ey) = d(E1) = A(G).

By lemma 3.3, d(E) < A(G), for any E € E*(G). So d(E;) < A(G) for i =0, 1.

We express Hy and Hy as: Hy =< S1UN(S7) >, Hy =< SoUN(Sy) >, where S7, So C W.
Lﬁt VVO = Sl n Sz,BO = N(Sl N SQ) = N(Wo), Wl = Sl/Wo,Bl = N(Sl)/BO WZ =
Sa/Wo, By = N(Ss3)/By. Then Wy, Wy, Wa, By, By, By are pairwise disjoin and W, C
Si, By € N(S;),i = 1,2. And by the definition of A, we have |S;| — |N(S1)| = |Ss| —
IN(S2)] = A(G). Suppose that d(Eg) < A(G) — 1. Then |[Wa| — |By| = |So/Wo| —
IN(S2)/ Bol = 155] — IN(S2)l — (IWal = [Bol) = (1S5] = [N(S2)]) — (Wl — [N(Wo)]) =
(|S2] = [N (S2)]) —d(Ep) > A(G) — (A(G)—1) = 1. Therefore, d(E) = |S1USs| — |N(S1U
SQ)| = |51USZ‘*|N(51)UN(SQ)| = |Sl|7‘N(Sl)‘+(‘W2‘7‘BQ|) > A(G)+1, Contradicting
d(Ey) < A(G). So d(Eyp) > A(G), which combined with d(Ey) < A(G) yields d(Ep) =
A(G). Bear in mind that Wy, Wi, Wsy, By, By, By are pairwise disjoin and Wy C S;, By C
N(S;),i =1,2. Since d(Ep) = A(G), i.e., |[Wo|—|Bo| = A(G), and |S1|—|N(S1)| = A(G)
we have [Wa| — [Bs| = [Sa/Wo| = [N(S2)/Bo| = (2| — [Wal) — (IN(S2)| = [Bol) = 0
So, d(Ey) = [S1 U S = [N(S1) UN(S2)| = (|Si] + [Wal) = (IN(S1)] + [Ba) = A(G).
Consequently, property P2 holds. O
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Since polyhexes are finite, both G and A are finite sets. The above theorem can be
generalized into the following theorem:

Theorem 3.9 Let G = (W, B) be a polyhex with |W| = |B|. Then the union and the

intersection of the elements of any subset of G are in G. The same is true for A. That is:

P1. NG €G,UG €g, forany G C G;

P2. NA e AJA €A, for any A C A.

Where G ={H CG:H=G,(H,G—-H)),(H,G—H) € E*(G)} u{0},
A={HCG:H=G((H,G—-H)),(H,G—H) € A}.

By above theorem, for a concealed non-Kekuléan polyhex G = (W, B), in A there
is a “minimum” member (minA) and a “maximum” member (maz.A): minA = (A is
contained by everyone in A; mazA = |JA contains everyone in A. And one can check
that G and A" = {X — minA : X € A} are two topology spaces under usual intersect
operation and union operation (cf. the Appendix [8]).

For any element in A, the edges incident to the element but not in the element make
an edge cut, and this edge cut is called an maximum matching-edge cut (MM-edge cut).

Corollary 3.10 Let G = (W, B) be a concealed non-Kekuléan polyhex, E an MM-edge cut
of G. Then we have: minA C G1(E); G1(E) C mazA. In particular, if m(G) = [W|—1,
then minA is connected.

Proof. Since G = (W, B) has no Kekulé structure and |W| = |B|, A # @ ( theorem
3.2). For any MM-edge cut F of G, G1(F) € A. So we have: minA = (A C G1(E);
G1(E) CUA=mazA.

Let m(G) = |W| — 1. Assume that minA is disconnected and has two connected
components, say G, and Gy. Let E, = (G,,G — G,). Clearly, d(E,) < 1. If d(E,) =1,
then G, € A and has less size than min.A, contradicting the definition of min.A. Hence
d(E,) < 0, and we have d(E'/E,) = d(E') — d(E,) > 1. Note that E'/E, is a basic
edge cut. So d(E'/E,) < 1 (lemma 3.3). So d(E'/E,) = 1, and minA — G, is in A.
But minA € minA — G,, contradicting the definition of min.A. Both contradictions
are caused by our assumption that min.A is disconnected. Consequently, the corollary
follows. O

Lemma 3.11 Let H = (W, B) be a bipartite graph with perfect matchings, e an edge of
H. Then e is a fized single bond of H if and only if e belongs to some edge cut E such
that the components of G — E can be divided into two parts satisfying:

1. the end vertices of the edges of E have the same color when they lie in the same part
of G — E;

2. in either part of G— E, the number of black vertices equals the number of white vertices.

Proof. Sufficiency. Let the two parts of G — E be Gy, Gy. Note that the end vertices
of the edges of E have the same color when they lie in the same part of G — E. Without
loss of generality, we may assume that the end vertices of the edges of E are black (white)
when they lie in G; (G2). Then the black vertices of Gy are exactly the neighbors of the
white vertices of G; . Furthermore, in G; the black vertices are as many as the white
vertices. So for any perfect matching of G, the black vertices of G; can only be matched
by the white vertices of G;. Thus all the edges in (G1, G —G;) = E are fixed single bonds.
Note that e belongs to E. Consequently, e is a fixed single bond of H.
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Necessity. Let e = wb be a fixed single bond, where w € W and b € B, M a perfect
matching of H. Then we have b ¢< w >);. Otherwise, there is a closed M-alternating
path P from w to b, and P U {e} is an M-alternating cycle (cf. Fig.6(1)), contradicting
that e is a fixed single bond. So F = (< w >y, G— < w >)) is an edge cut. In the
following we prove that E satisfies the two conditions in the lemma.

(1) ()

Fig.6 Illustrations for the proof of lemma 3.11

Firstly, we assert that in < w >, the vertices incident to the edges of E are white.
Assume that our assertion is false, i.e., there exists an edge ¢y = bywy € E such that
by €<w >y and wy €<w>y;. Let by, be the vertex M-matched to wy, i.e., woby, € M.
Since by is black and by €< w >, there is a closed M-alternating path from w to by,
say wx1e - - by (cf. Fig.6(2)). So waqixs - - xsbowoby, is a closed M-alternating path
as well. Hence wyg is M-connected to w, contradicting that wy ¢< w >). Therefore,
the assumption is false and E satisfies the first condition. Secondly, by the definitions of
< w >y and closed M-alternating paths, one can check that the M-matched vertex of
each vertex in < w >, is in <w >,;. Therefore, <w >); NM is a perfect matching of
<w >y, ie., E satisfies the second condition in the lemma. Consequently, the necessity
holds. O

Lemma 3.12 Let G = (W, B) be a concealed non-Kekuléan polyhex, M a mazimum
matching of G. Then there is no fized bond in < w >y for any w € Wy, where
Won = {w € W : w is unmatched by M}.

Proof. Note that for any edge e of G, if there is a maximum matching such that one
of the end vertices of e is unmatched, then e is not fixed. Thus each edge incident to
w is not fixed. Bear in mind that each edge of <w >, is incident to a white vertex of
<w >p. So it suffices to prove that for each white vertex w' €< w >, there exits a
maximum matching of G such that w’ is unmatched. In fact, since w’ €<w>); and w' is
white, there is a closed M-alternating path from w to w’, say wbjwibsws - - - bywb'w’,
where bjwy, baws, ..., byawy, b'w’ € M. Then M' = (M/{bjwy,byws,..., baw, dw'}) U
{wby, wibs, ..., wb'} is another maximum matching of G such that w’ is unmatched.
Therefore, the lemma holds. O

Lemma 3.13 Let G = (W, B) be a concealed non-Kekuléan polyhex. Then for any MM-
edge cut E, all the edges in E are fized single bonds.

Proof. By contradiction. Evidently, the MM-edge cuts of G are exactly the members of
E={FE € F*(G) : d(E) = A(G)}. Assume that the lemma is false, i.e., there exists £ € £
and there is an edge e € F such that e is not fixed. So there is a maximum matching M of
G such that e € M. Since E is a basic edge cut of G, the vertices of G1(E) incident to E
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are black; and in G1(E) the white vertices can only be M-matched by the black vertices of
Gi1(E). Note that [W(G1(E))| — |B(G1(E))| = d(E) = |[W|—m(G). Since e € M, a black
vertex of G1(E) is M-matched by a white vertex which is not in Gy(E). So the number of
the white unmatched vertices in G1(E) is not less than |W(G1(E))| — (|1B(G1(E))|—1) =
|[W|—=m(G)+1. Hence, |M| < [W|—(|W|-m(G)+1) = m(G)—1 < m(G), contradicting
that M is a maximum matching of G. Therefore, the lemma holds. O

Lemma 3.14 Let G = (W, B) be a concealed non-Kekuléan polyhex, M be a mazimum
matching of G. Then we have:
1. Gw =minA; 2. G—Gp=mazA;
where Gy = U{<w>py:w € Wyn}Wyn = {w € W w is unmatched by M},
Gp=U{<b>m: b€ Wy}, Wynr = {b € B : b is unmatched by M}.

Proof. By the nature of min.A, it suffices to prove that Gy belongs to A and Gy is a
subgraph of each member in A.

For any vertex w € Wy, one can check that the vertex set of <w >); consists of w
and several couples of vertices, where w is the only unmatched vertex and each couple of
vertices are ends of some edge in M. So | J{<w >y: w € Wyn} = Gw consists of the
vertices in W, and several couples of vertices, where the vertices in W, are exactly
the unmatched vertices in Gy and each couple of vertices are ends of some edge in M.
Hence, [W(Gw)|—|B(Gw)| = [Wuwn| = A(G). And one can check that Gy =<V (Gw) >.
Consequently, Gy € A. By corollary 3.10, minA C Gy . Assume that minAd # G,
then minA C Gw. Hence Ey = (minA,G — minA) contains some edges of Gw, i.e.,
EoNGw # @. Note that Ey € £, i.e., Ey is an MM-edge cut. The edges in Ej are fixed
single bonds by lemma 3.13. So the edges in EyNGy are fixed single bonds, contradicting
that <w > has no fixed single bond for any w € W5, by lemma 3.12. So the assumption
is false and we have minA = Gw. Therefore, the first result of the lemma holds. By
symmetry, the second result of the lemma holds immediately. O

In the following, we give a uniform sufficient and necessary condition which enables
us to determine the fixed single bonds in a Kekuléan or conceal non-Kekuléan polyhex.

Theorem 3.15 Let G = (W, B) be a polyhex with |W| = |B|, e an edge of G. Then e is
a fived single bond if and only if e is contained by an MM-edge cut E,.

Proof. If G is Kekuléan, by lemma 3.11 the theorem holds. Now we consider the case
when G is concealed non-Kekuléan. The sufficiency of the theorem is obvious by lemma
3.13. Thus our remaining work is to prove that if G is concealed non-Kekuéan and e is a
fixed single bond, then e belongs to an MM-edge cut F..

We divide the edges in G into three parts: 1. the edges in Gy and Gp; 2. the edges
in BEw(G) = (Gw,G — Gw) and Eg(G) = (Gp,G — Gp) (Gw and Gy are defined as in
lemma 3.14); 3. the other edges.

By lemma 3.12 and lemma 3.14, there is no fixed bond in Gy ; by symmetry, there
is no fixed bond in Gg. Thus e can not belong to Gy or Gg. Bear in mind that the
MM-edge cuts of G are exactly the members of £ = {E € E*(G) : d(E) = A(G)}. By
lemma 3.11, all the edges in a basic edge cut E with d(E) = A(G) are fixed single bonds.
Thus if e belongs to Eyw (G) (Ep(G)), then we let E, = Ew(G) (Ep(G)). Hence the edges
in Ew(G) and Ep(G) are fixed single bonds. Now we focus on the 3rd part of edges:
the edges in G — Gy — G = G.. By the proof for lemma 3.14, we know that for any
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maximum matching, Gy consists of all the unmatched white vertices and several couples
of vertices, and each couple of vertices are the end vertices of some matched edge. By
symmetry, for any maximum matching, G g consists of all the unmatched black vertices
and several couples of vertices, and each couple of vertices are the ends of some matching
edge. Furthermore, the edges in Ew (G) and Eg(G) are fixed single bonds. Hence an
edge set M of G is a maximum matching if and only if (Gw U Gp) (M is a maximum
matching of Gy U Gp and G. N M is a perfect matching of G.N M. So e € G, is a fixed
single bond of G if and only if e belongs to no perfect matching of G.. By lemma 3.11, e
belongs to an edge cut E} of G, and the components of G. — F; can be divided into two
parts such that: 1. the end vertices of the edges of E; have the same color when they lie
in the same part of G, — Fy; 2. in either part of G. — E1, the number of black vertices
equals the number of white ones. Let G.; be the part whose vertices incident to the ends
of E) are black. Let E; be the edges between Gy and G,y (cf. Fig.7).

< components of G, — 5
\ 1
) edges of E,

\7/ \

unmatched

unmatched , »
vertices

. 4 .
vertices I G,

Fig.7 An illustration for the proof of theorem 3.15

Let E! = (Ew/FE2) U E;. We claim that E’ is a basic edge cut with d(E’) = A(G).
In fact, one can check that the vertices of Gy U G U Ey incident to E. are black and
d(El) = A(G). So E! is a basic edge cut with d(E!) = A(G). Thus, each edge of E! is a
fixed single bond. Note that e € E.. Consequently, the theorem holds. d

Note that our proof of the above theorem is by construction method. Thus a simple
way is actually given to find out the fixed single bonds.

4  Appendix: Definition of a topology space

A topology on a set X is a collection 7 of subsets of X having the following properties:
(1) © and X arein .
(2) The union of the elements of any subcollection of 7 is in 7.
(3) The intersection of the elements of any finite subcollection of .7 is in 7.

A set X for which a topology 7 has been specified is called a topological space.
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