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Abstract: The Padmakar-Ivan (PI) index of a graph G is a Wiener-Szeged-like topological index 
which reflects certain structural features of organic molecules. In this paper, we present some 
bounds about  the index. 

1. Introduction 
   Wiener index (W) and Szeged index (Sz) are introduced to reflect certain structural 
features of organic molecules [1-6]. [7, 8] introduced another index called 
Padmaker-Ivan (PI) index. PI index is a very useful number in practice, as 
demonstrated in literature [9-12]. For the previous results about PI index, please see 
[13, 14]. 
   In this paper, we study simple connected graph. The PI index of a graph G is 
defined as follows: 

( ) [ ( | ) ( | )],eu evPI PI G n e G n e G

where for edge e = uv neu(e|G) is the number of edges of G lying closer to u than v, 
nev(e|G) is the number of edges of G lying closer to v than u and the summation goes 
over all edges of G. The edges which are equidistant from u and v are not considered 
for the calculation of PI index [14]. In the following  we write neu instead of neu(e|G)  
for short.  
   The organization of the paper is as follows: in section 2, we present some 
preliminaries, we present some bounds of PI index in section 3. Using one of our 
bounds, in section 4 we present an algorithm about the upper bound of PI index.  
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2. Preliminaries 

For further details, please see [15, 16]. 
Definition 2.1. Let S be a subset of E(G), where each element of S is contained by at 
least one even cycle of G. That is,  

S = { e| e E(G), if there exists an even cycle containing e }. 

Definition 2.2. Let x be a pendent vertex, ( , )l x e  is the minimum value of the 

distances from x to u and x to v, that is, 

( , ) min{ ( , ), ( , )},l x e d x u d x v

 where e = uv, d(x,u) and d(x,v) stand for the distances from x to u and x to v 
respectively. Define  

L(x) = { e|e E(G), l(x,e)  2}. 

Lemma 2.3[13]. Lh denotes polyacenes, we have 
2( ) 24 .hPI L h

Lemma 2.4[13].Fh denotes zig-zag polyacenes (Fibonacenes), we have 
2( ) 25 3 2.hPI F h h

Lemma 2.5[13]. Hh denotes helicenes, we have 
2( ) 25 3 2.hPI H h h

Lemma 2.6[13]. Ph denotes phynalenes, we have 
2( ) 60 44 8.hPI P h h

Lemma 2.7[13].POh denotes polyphenylenes, we have 
2( ) 49 27 2.hPI PO h h
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3. Bounds of PI index 

Theorem 3.1. 2

( ) ( ), 5
( ) 2 | ( ) | ( 3) | ( ) | ( )

e

e
v V G e E G n x P

d v E G n L x PI G

| ( ) | (| ( ) | 1) | |,E G E G S

where P is the set of pendent vertices of G, d(v) is the degree of vertex v. If the 
shortest cycle containing edge e were an odd cycle, ne would denote the length of the  
cycle. L(x) is defined in Definition 2.2, S is defined in Definition 2.1. 
Proof. For any edge e = uv, because e is equidistant from u and v, we have 

| ( ) | 1.eu evn n E G

By the definition of PI index we have 

( ) | ( ) | (| ( ) | 1).PI G E G E G

Let edge e = uv E(G) be contained in one of the shortest even cycles C = 
u0u1u2…unvnvn-1…v1v0u0, where u0 = u, v0 = v. Clearly, there exists an edge e1 = unvn

E(C) which is equidistant from u and v along cycle C, where e  e1.
Claim 1: If e1 is not equidistant from u and v, there exist edges e2,e3 E(C)  such that 
e and e3 are equidistant from a and b, where e1 = unvn, e2 = ab, e, e1, e2 and e3 are 
different edges of C.  

For edge e = uv and cycle C, we have the following seven cases to prove Claim 1. 
At first, in order to prove Claim 1, from Case 2 to Case 3 we suppose there is a 

unique path connecting two vertices of C. Let P = x0x1 … xm be a path connecting two 
vertices of C, where m  1, all edges of P do not belong to E(C), {x0, xm }  V(C). 
If m  2, xi V(C), where i = 1, 2, …, m – 1. Obviously, |E(P)| = m. From Case 2 to 
Case 7 all paths connecting two vertices of C are defined in this way. 
Case 1. If P did not exist, from the proof above, edge unvn would be equidistant from u 
and v.  In addition, e is equidistant from un and vn. Claim 1 holds. 
Case 2. x0 = ui, xm = uj, where i < j. 
Let P1 = uiui+1 … uj. Obviously, |E(P1)| = j – i. 
Claim 2: m < j – i.  
Otherwise, m  j – i. Let e1 = unvn. e1 is equidistant from u and v along C. Because m 

 j – i, e1 is also equidistant from u and v in G. Claim 1 holds. Hence, in the following 
we assume m < j – i, Claim 2 follows. 
Claim 3: m j – i( mod 2). 
Otherwise, m  j – i ( mod 2). Let C1 = ( C – P1)  P, where P1 = uiui+1 … uj. By 
Claim 2 we have 

|E(C1)| < |E(C)|. 
Since C1 is an even cycle containing e, C is not the shortest even cycle containing e, 
which is a contradiction. Claim 3 holds.  
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Let t = (i + j + m – 1)/2 and e2 = utut+1.
Let P2 = u0u1u2 … uiui+1…ut and P3 = u0u1…uix1x2…xmuj-1uj-2…ut+1.
Obviously, we have 

|E(P2)| = t, 
|E(P3)| = i + m + ( j – t – 1) 

= t. 
Thus, uv is equidistant from ut and ut+1, and uv  vxvx+1, where x = n – t – 1. In the 
following we want to prove that vxvx+1 is equidistant from ut and ut+1 in G. Define  

*
2 2 0 0 1{ ... }.xP P u v v v

Obviously, we have 
*

2| ( ) | 1
.

E P t x
n

   There are four paths from ut to vxvx+1. By a simple calculation as above we see 
that P2

* is the shortest one from ut to vxvx+1.
   Define 

*
3 3 0 0 1
**

3 1 2 1 1

{ ... },

... ... .
x

t t n n n x

P P u v v v
P u u u v v v

Clearly, we have 
*

3

**
3

| ( ) | 1
.

| ( ) | 1 1 1
.

E P t x
n

E P n t n x
n

   There are four paths from ut+1 to vxvx+1. By a simple calculation as above we see 
that P3

* and P3
** are the  shortest paths from ut+1 to vxvx+1. Thus, u0v0 and vxvx+1 are 

equidistant from ut and ut+1 in G..
Hence,  for Case 2 Claim 1 follows. 
Case 3: x0 = ui, xm = vj.

  Without loss of generality, let i  j. Otherwise, we can discuss similarly. 
Claim 4: j + m < i. 
  Otherwise, we have 

( ) .j m n i n

   Hence, unvn  is equidistant from u and v as if path P had not existed. 

Claim 5: 0(mod 2).i m j

   Otherwise, i + m + j is odd. We have  
*

1 0 0 1{ ...... ...... } .j j iC v v v u u u P

   It is easy to see that C* is an even cycle containing uv. 
By Claim 4 we have  
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*| ( ) | 1
2 1
2 2
| ( ) |,

E C j i m
i
n

E C

which is a contradiction. 
  If i = j, unvn is equidistant from u and v, at the same time uv is equidistant from un

and vn. Claim 1 holds. 
  By Claim 4, in the following we assume i > j + m. 
  Similar to the proof of Case 2 we can find vtvt+1 and uxux+1 such that uv and uxux+1

are equidistant from vt and vt+1 in G, where 
1 (2 ),
2

1.

t n m j i

x n t
Claim 1 follows. 
  At last, in order to prove Claim 1, from Case 4 to Case 7 we assume there are at 
least two paths connecting two vertices of C respectively. 
Case 4. Suppose all paths connecting two vertices of { u0, u1, u2, …, un }. 
Claim 6: There are no  paths P4 connecting ui and uj and P5 connecting ug and uh such 
that

, , ,j g i j g h

where 4 5( ) ( ) .V P V P

   Otherwise, we construct a new cycle C* as follows: 
*

0 1 4 1

5 1 1 1 0 0

{ ... } { ... }

{ ... ... }.
i j j g

h h n n n

C u u u P u u u
P u u u v v v v u

By Claim 2 we have  
*| ( ) | | ( ) | .E C E C

By Claim 3, if j – i and h – g are both even, we have |E(P4)| and |E(P5)| are both 
odd. Hence, |E(C*)| is even. That is, C* is an even cycle containing e, which is a 
contradiction. Similarly, if j – i is even and h – g is odd, we have |E(P4)| is odd, |E(P5)|
is even. Hence, |E(C*)| is even, which is a contradiction.  

If j – i and h – g are both odd, we have |E(P4)| and |E(P5)| are both even. Hence, 
|E(C*)| is even, which is a contradiction. By symmetry Claim 6 follows. 

  For each path P4 connecting two vertices of 0 1{ , ,..., }nu u u defined in Case 4, we can 

find utut+1 and vxvx+1 as we do in Case 2. Let  
                 s = min { t| utut+1 found above }. 
Claim 7: uv and vxvx+1 are equidistant from us and us+1 in G, where x = n – s – 1. 
   Let P4 be the path corresponding to s, where P4 connect ui and uj, i < j. From the 
proof of Case 2 we know that P2 and P3 are the shortest paths from us to uv and us+1 to 
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uv respectively, where P2 and P3 are defined in Case 2. Otherwise, suppose there is a 
path  

3 1 2 5 1 2 0... ...s s h g gQ u u u Pu u u

such that  

3 3| ( ) | | ( ) |,E Q E P

where P5 is a path connecting ug and uh, g < h, |E(P5)| = k. That is,  

1 .h s k g s

Hence, we have 
1 .

2
h g k s

Let 1,
2

h g kt  we have 

,t s
which is a contradiction.  Hence, uv is equidistant from us and us+1 in G.  
  Define 

P2
* = usus-1 ...u0v0v1…vx,

P3
* = us+1us+2 … unvnvn-1 … vx+1. 

It is eay to see that 
|E(P2

*)| = |E(P3
*)| = n. 

Since s is the minimum number, we know that P2
* is the shortest path from us to

vxvx+1.
   In fact,if there were a path P3

** connect us+1 and vx such that |E(P3
**)| < n, P3

**

might pass through  edge uv to vx. Hence, P3
** must pass through a new path P4

*

( other than P4 ) to vx. For P4
* we can find utut+1 ( as we do in Case 2 ) such that uv 

and vyvy+1 are equidistant from ut and ut+1 in G, where y = n – t – 1. Since t  s, we 
have y  x. If y = x, t = s. Claim 7 follows. If y > x, since d(ut, vy) = n, we have  

|E(P3
**)|  n, 

which is a contradiction. 
Case 5. Suppose there are exactly two kinds of paths connecting two vertices of C: 
one kind of path connect two vertices of { u0, u1, …, un }, the other kind of path 
connect two vertices of { v0, v1, …, vn }. 
Subcase 5.1. Suppose there exist a path P4 connecting ui and uj and a path P5

connecting vg and vh such that 

4 5( ) ( ) .V P V P

   Let 

           
*

0 1 4 1

1 5 0 1

{ ... } { ... }
{ } { ... } { ... } { }.

i j j n

n n h h n g

C u u u P u u u
u v v v v P v v v uv

  By Claim 2 and Claim 3 we can find an even cycle C* connecting e and |E(C*)| < 
|E(C)|, which is a contradiction. 
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By Subcase 5.1 we have 
Subcase 5.2: Any two  paths in defferent kinds  share at least one common vertex. 
  Without loss of generality, let path P4 connecting ui and uj, and  path P5 connecting 
vg and vh, we have 

4 5( ) ( ) .V P V P

   Let 

4 5( ) ( ).z V P V P

   We have 
*

4 4 5
*

5 5 4

( , ) ( , ),

( , ) ( , ).
i h

g j

P P u z P z v
P P v z P z u

   Obviously, P4
* connects ui and vh, P5

* connects uj and vg, which is the same as 
Case 6, we will discuss further. 
Case 6. Suppose all paths  connect C with x0 { u0, u1, …, un } and xm { v0,
v1, …, vn }. 
Claim 8: There are no two paths P6 and P7 such that  

6 7( ) ( ) ,V P V P

where P6 is a (ui,vj)—path, P7 is a (ug, vh)—path, g < i, j < h.  
   Otherwise, we have 

*
0 1 7 1 1

6 1 0 0

{ ... } { ... ... }

{ ... }.
g h h n n n i

j j

C u u u P v v v u u u
P v v v u

Clearly, we have 
*| ( ) | 1

1,
E C g l n h n i
m j

where 7 6| ( ) |, | ( ) | .l E P m E P

By Claim 4 we have 
*| ( ) | | ( ) | .E C E C

By Claim 5 we know that C* is an even cycle containing uv, which is a contradiction. 
  By Claim 8 we can define P6(us, vr) being a path such that  

s = max { i| P(ui, vj) is a path defined in Case 6 }, 
at the same time  

r = max { j| P(ui, vj) is a path defined in Case 6 }. 
Note that P6(us,vr) may be obtained from some parts of paths defined in Case 6. 

Without loss of generality, let s  r. From Case 3, when we consider P6(us, vr) only, we 
know that uv and uxux+1 are equidistant from vt and vt+1, where t and x are defined in 
Case 3. 
Claim 9: uv and uxux+1 are equidistant from vt and vt+1 in G. 
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   In fact, in the process from vt to uv, if the process contained a new path P8, so did 
the process from vt+1 to uv. Hence, uv is equidistant from vt and vt+1 in G. 
   Similarly, we can prove uxux+1 is equidistant from vt and vt+1 in G. Claim 9 
follows.  
Case 7. Suppose there are two kinds of paths connecting cycle C: 
  F = { P(ui,uj)| P(ui,uj) is defined in Case 2 }, 
  H = { P(uk,vl)| P(uk,vl) is defined in Case 3 }, 

where , , .F H i j

    
Subcase 7.1. Suppose there are two paths P7 and P8 such that i < k < j,where 

P7 = P(ui, uj) F, 
P8 = P(uk, vl) H.

By Claim 4 we have the following subcases to discuss. Without loss of generality, let 
P8 be the path on condition that P7  is as short as possible among F and i < k < j. At 
last, let min{ k + |E(P8)|, l + |E(P8)| } be as little as possible.  

Subcase 7.1.1. 7 8( ) ( ) .V P V P

Subcase 7.1.1.1. Suppose l + |E(P8)| < k. 
  We construct a new cycle C2 as follows: 

2 0 1 2 7 1 8 0 1{ ... } { ... } { ... } { }.i k k j lC u u u u P u u u P v v v uv

  In the following we want to prove that |E(C2)| is even.  
  Using Claim 3 and Claim 5 for P7 and P8 respectively, we have 

|E(P7)| + |E(P8)| 
|E(P(ui, uk))| + |E(P(uk,uj))| + |E(P(uk, uj))| + |E(P9)| (mod 2), 

where 
P9 = ujuj+1 …unvnvn-1 … vl,

P(ui, uk) = uiui+1 … uk,
P(uk, uj) = ukuk+1 … uj.

Thus, we have 
|E(P7)| + |E(P8)| 

|E(P(ui, uk))| + |E(P9)| (mod 2). 
  It is easy to see that 

2 7 8| ( ) | | ( ) | ( ) | ( ) | 1,E C i E P j k E P l  …

9| ( ) | ( ) ( ) | ( ) | 1.E C i k i j k E P l

Hence, we have 
|E(C2)|  |E(C)|  (mod 2). 

That is, C2 is an even cycle containing uv. 
   Since l + |E(P8)| < k we have 
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|E(P8)| < k – l. 
 By Claim 2 we have  

|E(P7)| < j – i. 
From  we have  

|E(C2)| < |E(C)|, 
which is a contradiction. 
Subcase 7.1.1.2. Suppose k + |E(P8)| < l and  

7 82 | ( ) | | ( ) | .l n i j E P E P k

   In fact, similar to Subcase 7.1.1.1, we can prove that 
|E(C2)| < |E(C)|, 

which is a contradiction. 
Subcase 7.1.1.3. Suppose k + |E(P8)| < l and  

7 82 | ( ) | | ( ) | 1 .n i j E P E P k l n

  This  subcase  is the same as Case 4. In fact, it is easy to see that e is equidistant 
from ut and ut+1, the distance from ut+1 to vxvx+1 is n, where t and x are defined in Case 
2.  Define 

**
2 1 8 1 2{ ... } { ... }.k k t x x lP u u u P v v v

Clearly, we have 
**

2| ( ) | .E P n

  Hence, the distance from ut to vxvx+1 is n. Claim 1 follows. 
Subcase 7.1.2. V(P7) V(P8) contains vertices z and w, where z V(P7) V(P8) is the 
first vertex from ui to uj along P7, w V(P7) V(P8) is the last vertex from ui to uj

along P7. It is possible z = w. 
     We obtain two new paths from P7 and P8 as follows: 

P10 = P7(ui, z) P8(z, uk),
P11 = P7(w, uj) P8(w, vl).

  In this way we can reduce Subcase 7.1.2 to Subcase 7.2 which we will discuss 
further. 
  By Subcase 7.1.1 we have the following subcase to discuss. 
Subcase 7.2. Let 

1

2

1

2

min{ | ( , ) },

max{ | ( , ) },

min{ | ( , ) },
max{ | ( , ) },

i j

i j

k l

k l

P i P u u F
P j P u u F
q k P u v H
q k P u v H

we have 
q2  p1

or we have 
p2  q1.

Subcase 7.2.1. p2  q1.
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   In fact, this subcase is the same as Case 4. 
Subcase 7.2.2. q2  p1

  In fact, this subcase is the same as Case 6. 
By the definition of PI index and Claim 1 we have 

( ) | ( ) | (| ( ) | 1) | | .PI G E G E G S

In the following we want to prove the lower bound of Theorem 3.1.  
For e = uv, there are d(u) – 1 edges which are incident with u are closer to u than v 
and d(v) – 1 edges which are incident with v are closer to v than u. By the definition 
of PI index we have 

neu + nev  d(u) + d(v) – 2, ……
where d(u) and d(v) denote the degrees of u and v respectively. 

By the definition of PI index we have 

2

( )

( ) ( )

[ ( ) ( ) 2]

( ) 2 | ( ) | .

eu ev

v V G

PI G n n

d u d v

d v E G

Hence, we have 
2

( )
( ) 2 | ( ) | ( ).

v V G
d v E G PI G

Let C3 = y1y2...y2m+1y1 be the shortest  cycle containing e = uv, the length of C3 is ne,
where ne = 2m + 1, ne  5, y1 = u, y2m+1 = v. Let P12 be one of the shortest path 
connecting two vertices of C3, and  

12 3 ,( ) ( ) { },j kV P V C y y

where j < k. 
Claim 10: Every edge of C3 except e is not equidistant from u and v in G. 

In fact,suppose e3 E(C3) – {e} is equidistant from u and v in G. Since C3 is an 
odd cycle, e3 is not equidistant from u and v along C3. Let P13 and P14 denote the two 
paths along C3 from u to e3 and v to e3 respectively. Since C3 is an odd cycle, we have  

|E(P13)|  |E(P14)|. 
Without loss of generality, let 

|E(P13)| < |E(P14)|. 
If there were two shortest paths P15 and P16 in G from u to e3 and v to e3 respectively, 
and

|E(P15)| = |E(P16)|, 
by the definition of P13, P15 and P16 we might have 

|E(P15)| = |E(P16)|  |E(P13)|. 
  Hence, P15 P16 {e, e3} contains a cycle C4  which contains e, and 

|E(C4)| < |E(C3)|, 
which is a contradiction. Claim 10 follows. 
   Because the two edges of C3 which are incident with e have been calculated by  
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2

( )
( ) 2 | ( ) | ( ),

v V G
d v E G PI G

and e is equidistant from u and v in G, where e = uv. By Claim 10 we have  
2

( ) ( ), 5
( ) 2 | ( ) | ( 3) ( ).

e

e
v V G e E G n

d v E G n PI G

Let e4 = xy, where x P. Because x is a pendent vertex, by the definition of L(x) the 
edges of L(x) are not equidistant from x and y. What is more, they are not calculated 
by  

2

( ) ( ), 5
( ) 2 | ( ) | ( 3) ( ).

e

e
v V G e E G n

d v E G n PI G

Hence, we have 
2

( ) ( ), 5

( ) 2 | ( ) | ( 3) | ( ) | ( ).
e

e
v V G e E G n x P

d v E G n L x PI G

The theorem follows. 

Remark: The lower bound of Theorem 3.1 is attained by K1,n, C2n+1,Km,n ,Kn, the upper 
bound of Theorem 3.1  is attained by  K1,n, C2n+1, Pn, tree, C2n,, POh, as 
demonstrated by Theorems 3.2-3.7 and Lemma 2.7. That is, Theorem 3.1 provides 
exact values for K1,n and C2n+1. Hence, Theorem 3.1 is a general method for PI index. 

The following theorems are well known. 

Theorem 3.2[8]. Let T be a tree with n vertices, n  2, we have  
PI(T) = (n – 1)(n – 2). 

By Theorem 3.2  Theorem 3.3 and Theorem 3.4 are obvious.  

Theorem 3.3. Let Pn be a path with n vertices, n 2. We have 
PI(Pn) = (n – 1)(n-2). 

Theorem 3.4. PI(K1,n) = n(n – 1). 

Theorem 3.5[8]. (1). Let C2n+1 be an odd cycle, n  1, we have  
PI(C2n+1) = 2n(2n + 1). 

(2). Let C2n be an even cycle, n  2, we have  
PI(C2n) = 4n(n – 1). 

Theorem 3.6[8]. For n  2 we have 
PI(Kn) = n(n – 1)(n – 2). 

Theorem 3.7[8]. PI(Km,n) = mn( m + n – 2). 
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4. Algorithm 

Using the upper bound of Theorem 3.1 we design an algorithm for the upper bound 
of PI index.  

Algorithm: 
Input: graph G= (V, E), E(G) = { e1, e2, …, eq }. 
Output: the upper bound of PI(G). 
begin 

Step 1: 1 2, ( ) { , ,..., }.qS E G e e e

Step 2: for ei  E(G) let G  G – ei. Using Floyd-Warshall algorithm ( See [16] for 
further details ) to find the shortest path Pi connecting two vertices of ei.
  If |E(Pi)| is odd, 

{ } { ( )},
( ) ( ) ( ) .

i i

i i

S S e E P
E G E G E P e

If |E(G)| >0, G  G + ei, E(G) = E(G), go to Step 2. Else, go to Step 5. 
  If |E(Pi)| is even, G  G + ei, E(G) = E(G), go to Step 3. 
Step 3: for all ej  E(G), ej  ei,

.i jG G e e

Using Floyd-Warshall algorithm to find the shortest path Pij connecting two vertices 
of ei.
  If there is |E(Pij)|  which is odd,  

{ } { ( )},

( ) ( ) ( ).
i ij

i ij

S S e E P
E G E G e E P

  If |E(G)| > 0, G  G + ei + ej, E(G) = E(G), go to Step 2. Else, go to Step 5. 
  If |E(Pij)| is even, G  G + ei + ej, E(G) = E(G), go to Step 4. 
Step 4: Let ei = uv, G  G – ei. Using enumeration algorithm to find all paths 
connecting u and v.  
  If there is a path Pi connecting u and v with |E(Pi)| is odd, 

{ } { ( )},
( ) ( ) ( ).

i i

i i

S S e E P
E G E G e E P

  If |E(G)| > 0, G  G + ei, E(G) = E(G), go to Step 2. Else, go to Step 5. 
  If there is no path Pi connecting u and v with |E(Pi)| is odd, 

,
( ) ( ) .i

S S
E G E G e
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  If |E(G)| > 0, G  G + ei, E(G) = E(G), go to Step 2. Else, go to Step 5.  

Step 5: Return the upper bound of ( ) ( 1) | | .PI G q q S

end 

In the following we present a table of experimental data about our algorithm. For 
the exact values of Lh ,Fh, Hh, Ph, POh please see Lemma 2.3- Lemma 2.7. Define 
Ratio = Experimental value/Exact value, where experimental value is provided by 
our algorithm. From the table we know that the performance of our algorithm is 
faithful. 

Graph Experimental value Exact value Ratio 
L10 2499 2400 1.0413
F10 2499 2472 1.0109
H10 2499 2472 1.0109
P10 5928 5568 1.0647

PO10 4632 4632 1.0000
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