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Abstract
Let G be a graph with n vertices and Aj, Ao, - , A, be n eigenvalues of its adjacency matrix
n
A(G). The energy of G, denoted by E(G), is defined to be the summation Y |\;|. Denote by

i=1

BU.,, the set of connected bipartite unicyclic graphs on n vertices. For n > [+1, let Pf,y be graph
obtained by identifying one pendent vertex of the path P, _;;1 with any vertex of the cycle C;.
Recently, L. Gutman!” and Y. Houl' determined that PS is the unique graph with the greatest
energy among all graphs in BU, \ {Cp}. Let BU*, = BU, \ {Cp, P, 1 =4,5, --- ,n—1}. Tt
is proved in this paper that for n > 13, ]\/13’3 is the graph with maximal energy among all
graphs in BU*,,, where M53 is the graph obtained by joining (by a new edge ) any vertex of
the hexagon with the vertex 3 of the path P,_g.

1 Introduction

Let G be a connected graph with n vertices and A(G) be its adjacency matrix. The charac-

teristic polynomial of A(G) is defined to be

O(Gsx) = ol — A(G)| =Y aia™ ™,
i=0

which is also said to be the characteristic polynomial of G. All n roots A1, Aa, -+ , Ay, of ¢(G; x)
are called to be eigenvalues of G. It’s not difficult to see that each \; (i = 1,2, ---n) is real

since A(G) is symmetric.
n

The energy of G, denoted by E(G), is defined to be > |\;|. It’s well known that E(G) can

i=1
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be expressed as the coulson integral formula

1 oo q 2] ) ) ’ 5] ) ) ’
BG) = 5 / i | [ S Viaza? | + [ S (~Vaza® | |dz, ()
/oo T i=0 i=0
where ag, a1 --- ,a, are coefficients of characteristic polynomial of G.

Since the energy of a graph can be used to estimate approximately the total m—electron
energy of the molecule, it has been intensively studied by many scholars. For more details see
[3-10]; for some recent research along these lines see [11-22]. The interested reader may also
refer to [23,24] for the mathematical properties of E(G).

As usual, we begin with some notations and terminologies. For a graph G, we use V(G)
and E(G) to denote its set of vertices and edges, respectively. Let de(v) denote the degree of
vertex v, namely the number of edges incident with v in G. By dg(z, y) we mean the length
of the shortest path connecting vertices x and y, i.e., the distance between x and y in G. Let
Vp(G) denote the set of pendent vertices in G. By Sy, Cy, and P, we denote respectively the
star graph, the cycle graph and the path graph with n vertices. Let PL(n > 14 1) be graph
obtained by identifying one pendent vertex of the path P,_;;1 with any vertex of the cycle C;.
Denote by K% (n > 1+ 2)the graph obtained from Pfkl by attaching one pendent edge to one
neighbor (lying on Cj) of the unique 3-degree vertex of P,_;. By Rl (n > 1+ 4) we denote
the graph obtained by attaching a path of length 2 to one neighbor (lying on C}) of the unique
3-degree vertex of PL_,. Let Q!,(n >[4 5) be graph obtained by identifying the middle-point
of the path P; with the unique pendent vertex of P!_,. Fig.1. illustrate P}, K}, R, and QY

respectively.

Fig.1.

Denote by U,, and BU,, the set of connected unicyclic graphs and bipartite unicyclic graphs

on n vertices, respectively. Let G be any graph in U, and v the vertex lying on its unique
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cycle. If dg(v) > 3, then v is said to be a branched vertez. For a given vertex z ¢ V() in G,
let dg(z, C)) = min{dg(z,y)|ly € V(C))}, where C; is the cycle in G.

Let BU*,, = BU,\{Cn, P,, 1 =4, 5, --- ,n—1}. For any graph G € BU*,,, let C; be the cycle
of length [ in G. Then n > 1+ 2, i.e., V,(G) # 0. Let BU*,1 = {G € BU*,|there exists x €
Vp(G) such that dg(x,Cy) = 1}. Set BU*, 0 = BU*, \ BU*y, 1. Let BZ/{*I,’L,Q denote the subset of
BU* 2 such that for any G € BU *2,2, there’s exactly one branched vertex in the unique cycle
of G. Denote by BU*}, 5 the set BU* 2\ BU*ZQ. By BZ/{*Z,Q(Z) we mean the subset of BM*?L,Q
such that for each graph G in Bu*’;yz(l), G has a unique cycle of length . Similarly, we can
define respectively the sets BU™ (1), BU*} 5(1), Un(1) and BU, (1) in this way.

In this paper, we determined the graph with maximal energy among all graphs in BU*),.

2 Lemmas and Results

Sachs theorem [25] states that
w(@) = 30 (), @)
SeL;

where L; denote the set of Sachs graphs G with i vertices, k(.S) is number of components of S
and ¢(S) is the number of cycles contained in S.

Set b;(G) = |a;(G)| (i=0, 1 --- ,n). From Eq.(2), we find that b2(G) is equal to the number
of edges of G. Let m(G, k) denote the number of k—matchings of a graph G. If G contains
no cycle, then by (G) = m(G, k) and bor41(G) = 0 for each k > 0. It’s both consistent and
convenient to define bi(G) = 0 and m(G; k) = 0 for the case when k < 0.

In [8], Y. Hou obtained the following result.

Lemma 1. Let G € U,(l). Then (—1)Fag, > 0 for all k > 0; and (—1)Fagry1 > 0 (resp.
<0)forallk>0ifl=2r+1 andr is odd (resp. even ).

From Eq.(1) and lemma 1, we obtain

2 2

1 [t ] L5] _ L5] _
BG) =+ / i [ S bna? |+ [ 3 baisra®t| | do 3)
TJo T i=0 i=0
It follows from (3) that E(G) is a strictly increasing function of b;(G) for ¢ =0, 1, --- ,n.

That is to say, for any two unicyclic graphs G; and Go, there exists
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If b;(G1) > b;(G2) holds for all ¢ > 0, then we write G; = G2 or G3 < G1. If G = G2 and
there exists some ig such that b;,(G1) > b;,(G2), then we write G1 > Ga.

According to the above relations, the following lemma follows readily.

Lemma 2. Let G1 and G be two graphs . Then Gy > G implies that E(G1) > E(G2) and
G1 > Gy implies that E(Gh) > E(Ga).

The following lemma is crucial to the proof of our main result.

Lemma 3. Let G be a unicyclic graph on n vertices with its cycle being Cy. Let uv be an
edge in E(G), we have

(a). If uwv € Cy, then bj(G) = b;j(G — wv) + bi—2(G — u —v) — 2b;— (G — C}) if I = 0(mod 4)
and b;(G) = b;(G — uv) + bi—2(G — v —v) + 2b,_(G — C}) if I # 0(mod 4);

(b). If uv & Cy, then b;(G) = b;j(G — uv) + bj—2(G — u —v). In particular, if w is a pendent
edge with pendent vertex v, then bj(G) = b;(G — v) + bi—2(G —u — v).

Proof. Recall that

$(G;7) = $(G —uviz) — (G —u—viz) =2 Y (G- Ciu), (5)

CECuv
where %, denotes the set of cycles containing uv.

One can easily obtain the desired result by equating the coefficients of 2~ on both sides of
Eq.(5). O

F. Li and B. Zhou obtained the following result in [21].

Lemma 4. Let G be a unicyclic graph in %, and G the graph obtained from G by deleting

at least one edge outside its unique cycle. Then G <G.

I. Gutman [3] show that n—vertex path P, is the unique graph with the maximal energy
among all all acyclic graphs on n vertices. The following lemma could be found in [1] as propo-

sition 9.

Lemma 5. Let T be a tree of order n > 6 not isomorphic to P,. Then E(T) < E(T2) with
equality if and only if T = T2, where T2 is the tree obtained by pasting one endpoint of Pn_4
to the middle vertex of Ps. (See Fig.2. for T2).
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In addition to the trees with maximal and second-maximal energy, also the trees with third-

maximal, fourth-maximal, ... energy are determined by F. Zhang and H. Li [6].

T?2 with n > 8 vertices.

Fig.2.

Lemmas 6—38 given below are due to Y. Hou in [10].
Lemma 6. Let G € %, (1) with | # 0(mod 4). If G % P!, then G < P..

Let C(n,1) be the set of unicyclic graphs obtained from Cj by attaching to it n — ! pendent

vertices.

Lemma 7. Let G € %,(1) with | = 0(mod 4). If G % C(n,1), P., then G < P..

n’

Lemma 8. Let G be any connected graph in %, and G 2 C,. Then E(G) < E(PS) with
equality only if | = 6.

Lemma 9. Suppose 4 <1 <n—6. Ifl #4,6, then P__oU Tr%—l < PyU T376 <=PU T374‘

Proof. From [3], we know that P, U P,_o = Py U P,_4 = P;U P,_; for any integer
1<i<n-—1andi#2,4. Note that
m(P_o UT2 ;s k) =m(P_oUPyU P, 9 k) + m(P_a UPy U Py_j_5;k — 1),
m(PyUT2 g k) =m(PyUPy, U P, g;k) +m(PyUPyUP,_11;k— 1),
m(PyUT2 45 k) =m(PyUPy U Py g k) + m(PaUPyU P, g1k —1).

Hence the result follows. [

Lemma 10. Suppose (i, j, k) is a 3—element ordered pair with1 < i < j <k andi+j+k =n.
If (i,j, k) 9& (2,2,71, - 4), (2,4,7] - 6), then H @] P]' @] Pk j P2 @] P4 (@] Rl_ﬁ j P2 @] P2 @] Pn_4.
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Proof. If j # 2, then

Pu(Pjub) = BUPLUPjk-4)
= PyU(PUPjip-4)
= PiU(PyUPiyjip—6) =PoU(PLUP,_g).

Similarly, if i # 2, we can show that P; U P;U P, < P,UPyUP, 4. Since P, UP,U P, =
Py, U P, U P,_4, then the result follows. O

Theorem 11. Let G € BU*,, 1 with n > 8 vertices. If G 2 KS, then G < KTGL.

Proof. Let G be any graph in BU*, ;1 and C; be the unique cycle in G. Since G 2 P,ll7 G
has at least two pendent vertices. Let v be the pendent vertex in G such that dg(v,Cj) =1
and u its unique neighbor. Note that G — v — u is a acyclic graph on n — 2 vertices. So
G—v—u= P, o Since G—vZCph_1, then G—v < P:ffl by lemma 8. According to lemma
3(b), we get

bgk(G) = bgk(G - U) + bgk_g(G —v— u)
< bor(PP_y) + bak—a(Pa—2)
= bop(KD).

If G 2 K9S, we can always find a positive integer ko such that bay,(G) < bak, (KS). This
completes the proof. [

Lemma 12. Let G € BU*,, ,(1) with n =1+ 3, then G < K.

Proof. Obviously G is the single element in Bu*fm(l)(see Fig.3. for G1). In view of lemma
3(b), we obtain

bou(Klys) — bar(G1) = baw—2(Pi1) — bar—2(C1)
= m(Py1;k—1)—m(Pk—1) —m(P_2;k —2) £ 2,

where the last term ”+2” should be erased if 2k — 2 # [.

When 2k — 2 # [, byp(K/],3) — bor(G1) = m(P—s3;k —3) > 0. When 2k — 2 = [ and
I = 0(mod 4), we have ka(Kll+3) — bar(G1) = m(P—3;k —3)+2 > 0. When 2k —2 =1/ and
1 # 0(mod 4), we have b (K], ) — bap(G1) = m(Pi_s; k — 3) =2 = m(Pi_s; Lt —2)—2>0.

Consequently, the result follows. O
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0% o

Fig.3.

Lemma 13. Let G € BZ/{*Z,Q(Z) withn =1+ 4, then G < RY,.

Proof. It’s evident that G must be one of graphs Go—G5 as shown in Fig.3.
According to lemmas 3(b) and 4, one can easily obtain that G5 = G4. In the following, we

will show that Rﬁl = G2,G3,G5. Apply lemma 3(b) once again, we obtain
bar(Ri14) = bok(G2) = baw(Plio) + bar—2(Ply2) + bar—2(Pry1) — bar(P3)
—bop—2(P2 U Cy)
= bop_2(Plys) + bor—2(Prip1) — bok—a(Pl1) — bak—2(Cl)
—bar—a(C1)

= bop—2(Pry1) — bar—2(Cy).

Similar to the proof of lemma 12, we can show that Gy < R% e
Similarly,
bo(Rl,q) — boi(Gs) = bor(Plyg) + bak—o(Plyo) + bor—2(Piy1) — bok(P3)
—bok—2(Ply)

= bop—a(Cy) + bog—2(Pry1) — bop—a(Pr—1) — bar—2(C1).

If2k—4 # 1 and 2k —2 # [, then bgk(R§+4) —bor(G3) = m(Pi—3; k—3) +2m(Pi—2; k—3) > 0.
If 2k —4=1or 2k —2 =1, then

bok(RY ) — box(G3) > m(P_a;k —3) + 2m(P_g; k — 3) — 2
2m(Pg;t—1)-2=0, 2k—4=1
2m(Pg;t—2)-2>0, 2k-2=1

[\

Thus G3 < Rl ,.



It is easy to obtain that Gp < Rf 44 by means of lemma 3. This completes the proof. O
Lemma 14. Let n > 10 and 4 <1 <n—4. Ifl # 6, then Ril =< Rfl.

Proof. By lemma 3(b), we have

bow (K1) + bok—2(Ph_5)
baw(Ph_3) + bar—2(PL_3) + bop—2(Pas),

ok (Ril)

bok(RS) = bar(Pg o) + bar—2(P)_3) + bok—2(Pu-s).

Since n — 2 > 1 + 2, the lemma follows as expected by lemma 8. [J
By the same reasoning as employed in lemma 14, we can prove:
Lemma 15. Suppose n > 8 and 4 <1 <n—2. Ifl # 6, then K} < KS.

Lemma 16. For n > 10, we have KS < RS.

1
2 1
3 2
4 3
5 4
5
ML - . B
p<icm_i_1 My X (= Qi) M
andn—101>6
Fig.4.

For2<i<n-—-Il—1andn—12>5, we use ]Wf{i to denote the graph obtained by joining
a vertex of C) by a new edge with the 7" vertex of path P,_;, where the vertices of P,_; are

labelled according to their natural orderings.

Theorem 17. Let G € BU* 5 with n > 13. If G 2 My~ "%, My =", M2* and Q5, then
G < MY3 or Q5.

b
n,27

Proof. Let G be any graph in BL{*IT’LWQ and C; be the unique cycle in it. Since G € BU*
then n > 1+ 3.
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If n =143 or [ + 4, the result is evidently true from the combination of lemmas 12-16. So
we may suppose that n > [ + 5 herein. We shall prove the theorem by distinguishing between
two cases.

Case 1. [ =4.

By means of lemmas 3(a) and 5, we have

bor(G) = m(G;k) — 2bg_4(G — Cy)
< m(Gik)
< m(Tk) +m(PUT, gk —1)
= m(Qn; k).

In the following, we shall prove that bk (Q%) > m(Q2; k) for all k > 0.

ny

In view of lemma 3(a),
bor(QS) = m(T2 k) + m(PyUT2 gk — 1) 4+ 2m(T2_g; k — 3).
Thus

bor(QS) = m(QL; k) = m(PyUT2 gk —1) 4+ 2m(T2 5k —3) —m(PaUT2 4k — 1)
= m(PyUPUT? gk — 1)+ m(T2 gk —2) + 2m(T2_g: k — 3)
—m(PoUPUT2 i k—1)—m(PUT2 1k —2)
= m(Ty_ gk —2) —m(T7 7k — 2) +2m(T7_g; k — 3) — m(T;_7;k — 3)

> 0.

So bok(QS) > bor(G) and bo(Q8) > bor(QL) for all k& > 0 in this case. In particular,
b6(Q%) > b6(G) and b6(QY) > bs(Q%). Hence G < QS and Q4 < Q8.

Case 2.1 > 6.

Case 2.1. G = ]\/[Tl;i for some 2 <i<n—1[—1. (See Fig.4. for MTZL’ l)

In this case, we claim that G < M3 Since G 2 M2 %22 M%), My~ 3 then
n—12>6.

Firstly, we prove that if i # 3,n — [ — 2, then MY < M} 8 (e MY 7lil*Z).

Note that

bok (ML) = bog(Cr U Pyy) + bog—2(Pi—1 U Pi_1 U Pyy—y),

bak(M53) = ba(C1 U Po_y) + bog—a(P_y U P U Pyy_3).

By means of lemma 10, it’s not difficult to show that P, UP;_1UP,,_;—; < P_1UPUP,_;_3.
So there exists some ko such that by, (]V[,ll’s) > bZkO(ZVLl{i) and then ]Wf; i ]Vf,l{ 3
Secondly, we will demonstrate that if [ # 6, i.e., [ > 8, then J\I,l; 32 JV[S’ 3
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By lemma 3(a), we deduce that
bot (M) = boi(T1) + bag—2(Pi2 U Po) % 201 Pa),

bok(ME3) = boy,(T2) + bog—2(Py U Pa_g) + 2bok—6(Pu—g)-

where T} (resp. T») is the acyclic graph of order n obtained from My3 (resp. AJ’S’3) by deleting
one edge on Cj (resp. Cg) incident with the unique 3—degree vertex of Cj(resp. Cg).

Moreover,

ok (T1) = bog (P2 U Pp_2) 4 bop—o(PLU P U Py_y_3),
bor(T2) = Do (P2 U Pp2) + bog—o(P1 U Ps U Py _g).

Furthermore,

bok—6(Pn—g) = m(Py—_e; k — 3) m(Py—7;k —3) + m(Pn—g; k — 4)

> m(Pn78§ k— 4)
>
-6
> m(Py_g—(1-6)k — 3 — T)
l
= 7)7,(Pn,l; k— 5) = b2k*l(Pnfl)'

When n—1 # 7, we clearly have PLUP,UP,,_;_3 X PLUP;UP,_g since !l > 8. Thus 71 <X T»
and then M5 * < MS®.
Whenn—-1=17,

Dok (M%) — by (M)

%

bok—2(PsU Pyg) — bog—2(Pr U Pyg) + bo_2(Ps U P 9)
—bop—2(PyU Py7)
m(PyU P,_g; k — 2) —m(PsU Py_g; k — 2) > 0.

So My ® < M.

Since by(Py_g) = 1 > 0 = bg_;(Pa_y), then be(MS?) > be(M%?). This gives M5 > < M ®.
Case 2.2. G;’é]b[,lgi forany 2 <i<n-—-171-1.

Since G € BL{*ZQ, Cj has exactly one branched vertex. Let u be such a branched vertex and

w be one of its neighbors lying on Cj. By lemma 3(a),

bor(G) = bop(G — uw) + bog—2(G — u — w) £ 2bay,1(G — C1)
< bok(T2) + bop—2(Pr—2 U Tpy) & 2boyy(Tr—1),
where T),_; denotes the forest obtained by deleting the cycle C; from G. As T,,_; 2 P, (

otherwise G = P,ll or Jml; i, a contradiction), we have T,,_; < T,%f ; by lemma 5. Because | > 6,

we have P,_o UT?2 , < P, UT?_g by lemma 9.
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When [ = 0(mod 4), we have
boi(G) < bar(T37) + bar—2(Ps U T, ) + 2bar (T ) = bar(@5)-

Moreover, there exists some kg such that kaD(Qﬁ) > by, (G) since G Qs.
When [ # 0(mod 4), we have

m(T2 gk —3) = m(T2 ;;k—3)+m(T2 gk —4)

> (T gk —4)
>
-6
> mT} o ik =3 )
l
= m(Ti_;k—3).

Hence ka(G) < bgk(Tz) + bgk-_g(Pl_Q U Tv?—l) + 2b2k_1(T371) < bgk-(T,,%) + bgk_g(P4 U Tr%—G) +
2bog_6(T2 ) = bor(QS). Tf I # 6, there must exist some kg such that by (Q5) > b2k(’](G)'
0

From the combination of cases 1 and 2 it follows the present theorem as expected. [
Lemma 18. Let G € BU*S ,(1) withn=1+4 or 1 +5. If G # R, then G < R,.

Proof. We consider only the case that n = [+4. Since G € BU*}, ,, G must have a pendent
vertex v such that dg(v,C;) = 2 and dg(u) = 2, where u is the unique neighbor of v. Note
that G — v € BU*,_11, one can easily verify that G —v < K,_; by lemma 3(b). Similarly, we
can demonstrate that G —u —v =< PTZL72 since G—u—v¢gC(n—2,10) and G—u—vZ Cpo.

By lemma 3(b),
bok(G) = boi(G — ) + bap—2(G — u — v) < bop(K}y_1) + bar—2(P}_5) = bar(RY).

If G # Rl we can always find a positive integer ko such that bog, (RL) > bog, (G).
When n = [ + 5, the lemma can be proved by the same reasoning as used above. So the

result follows. OJ
Lemma 19. Let G € BU*p 5(1) with | # 0(mod 4). If G % R, then G < R.,.

Proof. Let G be any graph in BU*}, o and C; be the unique cycle in G. Since G € BU*], ,,
then n > 4+ 4. We shall prove this lemma by induction on n — . When n — [ = 4 or 5, the
lemma is immediate from lemma 18. Suppose that n —{ > 6 and the lemma is true for graphs
in BU*},_ 5 or BU*;_55. Now, let G be graph in BU*} 5 with n — 1 > 6. There’re two cases
we should distinguish between.

Case 1. dg(v,C)) = 2 for any v € V,(G).



- 68 -

Let S be the set of vertices adjacent to pendent vertices in G. If dg(u) = 2 for some vertex
u € S, then by the same method as used in proving lemma 18, we can show that G < RfL( Here
G 2 RL). Suppose that dg(u) > 3 for all vertices u in S. Let u be any vertex in S and v be
one pendent vertex adjacent to it. Then G —v € BU*;,_; 5 and thus G —v < R!_| by induction
assumption. Since dg(u) > 3, all connected components not containing C; of G — v — u must
be isolated vertices. So by lemma 4, G — v —u < G, where G is the graph by attaching all
isolated vertices of G — v —wu to any vertex of Cj. Evidently, G e BU* 2,1 and it’s not difficult
to obtain that G < K._,. By lemmas 3(b) and (6), K}_, < R\_, since n —2 > [ 4 4 and
1 # 0(mod 4).

Therefore G < RY,.

Case 2 There exists some pendent vertex v in V,(G) such that dg(v, C;) > 3.

Let w € V,(G) be the pendent vertex in G such that dg(w, C;) = maz{da(z, C))|z € V,(G)}.
Obviously G —w € BU*},_ 5 and thus G —w = R!_, by induction assumption.

Let u be the unique neighbor of w. If G — w — w is connected, then G — w — u €
BU*5 5 o(dg(w, Cr) > 4) or BU—21(dg(w, C)) = 3).

IfG—w—ue€ BUY 21, then G—w—u=< K. 5 <R\ _y(asn—2>1+4and % 0(mod 4)).

UG —w —u € BU*}_ 54, then G —w —u = R _, by induction hypothesis.

If G — w — w is disconnected, then G — w — u < G <K!

L 5 < RL_, where G is the graph
by attaching all isolated vertices of G — w — u to any vertex of Cj.

Combining cases 1 and 2, the proof is completed. [J

Let G be any graph in U,, and C; the unique cycle in G. Given that all vertices of the cycle
C) are ordered successively as v, vg, - -+ ,v;. For any v; € V/((}), let T}y,) denote the connected

component containing v; of G — v;—1v; — V;V11.

Lemma 20. Let G € BU*;, 5(1) with 1 = 0(mod 4), 4 <1 <n—4 andn >12. Then G < Q5

or RS.

Proof. Since G € BU*? ,, then n > [ + 4. We consider the following two cases.

n,2y
Case 1. Tor some branched vertex v; € V(Ci), n(T},,) = 3, where n(T},,) is the order of
Tuy)-
Since G € BU*}, 5(1), then T[v;] = P3 and v; is one end-point of P3. Let the vertices of
; such that d(v;) = 2 and d(v;) = 1. Then
G —v; € BU*,_1, and thus G —v] < K | < KS_| by theorem 11. Moreover, G — v} — v} <
Pl

Case 2. For each branched vertex v; € V(C)), n(Tj,,)) > 4.

T[v;](or P3) be ordered successively as v, v;, v
by lemma 8 since G — v;/ — v; 2 Cp_9. So G < Rg in this case.

Let v; be any branched vertex on C;. We can always find one neighbor, say v; of ’Ut(’U; lies
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on C}) such that

boi (G — vy0;) + bop—o(G — v — v) < bog(T2) + bog_o(Py U T2_¢) (by lemmas 5 and 9)

or
bo (G — vy0;) + bog—2(G — vy — ;) < bog(Pp) + ba_a(Po U Py U Py_g)(by lemma 10).
So
bor(G) = bok(G — vyvy) + bag—2(G — vy — 1) — 2ok (G — C7)
< bow(T2) + bop—2(PaU T2 ) + 2bok—6(T2_g) = bow(QS).
or

bor(G) = bor(G — vyvy) + bop_o(G — v — ;) — 2bop_1(G — CY)
< bog(Py) + bok—2(Pa U Py U Pys) + 2boj_6(P2 U Py_g) = bay(RS).

In either cases, there exists some ko such that bog,(G) < bk, (RS) or bag, (G) < bay, (QY).

This proves the lemma. [
Theorem 21. Let G € BU*S 5 withn > 12. Then G < QS or RS,

Proof. Let G be any graph in BU*}, , and C; be the unique cycle in G. If I = 0(mod 4), the
theorem is true by lemma 20. If I # 0(mod 4), then G < R!, by lemma 19. Since n > 12, we

can easily verify that R} < RS and the theorem follows as desired. O

n —

Lemma 22. Forn > 13, we have M2~ >2% < MP™%3 < RS.

Proof. In full analogy with the proof of subcase 2.1 of theorem 17, we can obtain that
M52 2 M3, In what follows we shall verify that M3 < RS.

By means of lemma 3(a), we have
bae(RE) = bor(P) + bap—a(Po U Py U Py_g) + 2boj—6(P2 U Pasg)
= bop(PaUPy_2) + bop_o(PLUPy_3) + bap—2(PoUPLU P, _g)
+2b2g—6(Pn—s) + 2b2—s(Pn-3),

bok (M1 75:3) bor(T2) + bag—2(Ps U Prr) £ 2bos_ (55 (P5)
= bo(PaU Py 2) +bop_o(PrUPU Py_5) + b 2(Ps U Py7)

i2b2k7(n75) (P5)
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So

bok(RG) — boe (M1 ™5%) = byp_s(PLUPLU Py _g) + baye—2(Pa U Py U P, g)
—bok—2(PoUP3U Py_7) — bop—a(PLUPUP,_7) +
2o —6(Pn—8) + 2b21—8(Pn—8) F 2bgk—(n—5)(Ps)
>0 byp_4(Po6) — bok—a(Pu—7) — bak—6(Pa7) + 2b2k—6(Pns)
+2bor—8(Pn—g) F 2b2k—(n—5)(Ps)
= —bapg(Pa—9) + 2b2k—6(Pn—s) + 2bok—8(Pn—s) F 2bog—(n—s5)(F5)
> 2bop6(Pn-s) + bar—s(Pn-s) F 2b2p—(n—35)(Fs)
>(®) 0.

where the inequality () holds due to the fact that Po U Py U P,_g = P, U P3U P,_7.

If n is even, bgk,(,,L,g,)(Pg)):O and the inequality (e) is evidently true. Suppose that n
is odd. If n —5 = 0(mod 4), the inequality (e) holds clearly. If n — 5 # 0(mod 4) and
2k —(n—5) > 6, the result is obvious. If n—5 # 0(mod 4) and 2k — (n—5) = 4, bop_¢(Pn—g) =
0 and bog_s(Po_g) = by _o(Pa_s) = m(Po_g; %52) = m(Pa_o; %52) + m(Po_10; %52 — 1) =
L4+ m(Puo10;%52) > 1+ 2 = boy_(n_5)(P5). If n—5 % 0(mod 4) and 2k — (n — 5) = 2,
then boj_(Pa—g) = bn_o9(Pa_g) = m(Pr_g; %52) = --- = 1+ m(P_10; 251) > 1+2 =3 and
bok—8(Pn—s) = bu—11(Pa—g) = m(Pa_sg; 252) = m(Pr_9; 252) + m(Pa-10; “52) > 2. Hence
20916 (Pr—8) + bar—8(Pn—8) F 20— (n—5)(P5) >2x3+2—-2x4=0. If n — 5 # 0(mod 4) and
2k — (n — 5) = 0, the inequality (e) is immediate by the same method as used above.

From above arguments we conclude that by (RS) > b (Mp~>?) and bg(RS) > bs(Mp~>?%),

which proved the lemma. [

Theorem 23. Let G € BU*, withn > 13. Then ME? has the mazimal energy among all
graphs in BU*,.

Proof. According to theorems 11, 17 and 21 and lemmas 16 and 22, we need only to prove
that M>?® = RS Q5.

Using lemma 3, we obtain

bog (MS3) = bog(Py U PS_4) + bog_2(P1 U Cs U P_g), (6)
bar(RS) = ba (P U PS_y) + bog—o(P1 U Py_3), (7)
bgk(Qz) = bgk(PQ @] P::LZ) + bzk_g(Pl UubP U PS—S)' (8)

To prove that MS3 - RS, it’s sufficient to prove that Cg U Py_g = P,_3 by Egs.(6) and (7).

In view of lemma 3, we obtain

box(Ce U Pr—g) = o (Ps U Pr—g) + bog—2(Py U Pyg) + 2bog—(Pn—9),
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bok(Pn—3) = ba(Ps U Pp—g) + bar—2(Ps U P_10)-
It’s easy to see that bg(Cs U Pp—g) > bg(Pp—3). Therefore Cs U P,,—g > P,_3 and then
M3 = RS,
Next, we shall prove that Me® = Q8. Combining Eqs.(6) and (8), we need only to prove
that Cg U P,_g = Py U PS_. In view of lemma 3(b), we obtain

b2k (Cs U Py—g) = b2 (Cs U Po U Py_11) + bag—2(Cs U Py U Py_12),

bog(Pa U PS_g) = boy,(Cs U Po U Py_11) + bag—o(P2 U Ps U Py_12).

In what follows, we shall prove that Cs U P, UP,,_12 = PoUP;UP,,_12. Once again by lemma

3, we have

bor(Ce UPLU Py 12) = bop(PsUPLU P, 12) + bar—2(PyU P U Py 12) + 2bog—¢(PL U Py_12)
= bzk(Pl UP,UPyU Pn712) + bgk_Q(Pl UPLUP3U Pnfu) +
bok—2(P1U Py U Py U Py_12) + bag—a(Pr12) + 2boi—6(Pr—12),

bo(PoUPs U Pp_12) = bop(PoUPoUP3UP,_12) + bop—o(PaUPLUPU Py_12)
= bgk(Pl UPLUP,UP3U Pnfm) + bzk_g(PQ UP3U Pn712) +

Obviously, LUP,UPyUP,_12 = PPUPLUP,UP3UP,,_12. So bgk(CG upP U Pnflg) — ka(PQ @]
Ps U Ppo12)

\Y

bor—2(PLUPLUP3U P, _12) — bap_2(Pa U P3U Py_12)
+bog—a(Pn-12) + 2b2k—6(Pn-12)

= bop—2(P3U Ppo12) — bap2(P3 U Py—12) — bop—a(P3 U Pp12)
+bop—a(Pn-12) + 2b2k—6(Pn-12)

Y

It’s evident that there exists some kg such that boy, (Co U Py UP,_12) > bog, (PoUPsUP,_12).
So CgUPUP,_12 = P,UP5UP,_15 and then CgUP,,_g > PZUP,S75. This completes the proof. [J
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