MATCH MATCH Commun. Math. Comput. Chem. 57 (2007) 597-616

Communications in Mathematical
and in Computer Chemistry ISSN 0340 - 6253

A Unified Approach to the Extremal Zagreb Indices for Trees,
Unicyclic Graphs and Bicyclic Graphs!

HANYUAN DENG
College of Mathematics and Computer Science,
Hunan Normal University, Changsha, Hunan 410081, P. R. China
hydeng@hunnu.edu.cn
(Received August 21, 2006)

Abstract

For a (molecular) graph, the first Zagreb index M; is equal to
the sum of the squares of the degrees of the vertices, and the second
Zagreb index My is equal to the sum of the products of the degrees
of pairs of adjacent vertices. This paper presents a unified and simple
approach to the largest and smallest Zagreb indices for trees, unicyclic
graphs and bicyclic graphs by introducing some transformations, and
characterize these graphs with the largest and smallest Zagreb indices,
respectively.

1 Introduction

Let G = (V, E) be a simple connected graph with the vertex set V(G) and
the edge set E(G). The first Zagreb index M; and the second Zagreb index
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M, of G are defined as

Mi(G)= > (da(x))?

zeV(G)

MAG) = Y do(a)da(y)
zyeE(G)
where dg(z) is the degree of vertex z in G.

The Zagreb indices M; and M, were introduced in [1] and elaborated
in [2]. The main properties of M; and My were summarized in [3,4]. These
indices reflect the extent of branching of the molecular carbon-atom skeleton,
and can thus be viewed as molecular structure-descriptors [5,6].

Recently, finding the extremal values or bounds for the topological indices
of graphs, as well as related problems of characterizing the extremal graphs,
attracted the attention of many researchers and many results are obtained
(see [3-16]). [4] showed that the trees with the smallest and largest M,
are the path and the star, respectively. [7] also showed that the trees with
the smallest and largest M, are the path and the star, respectively. [15]
characterized the graphs with the smallest and largest M, among all unicyclic
graphs. [9] gave the the unicyclic graphs with the first three smallest and
largest M. [16] gave the bicyclic graph with the largest M;.

In this paper, we present a unified and simple approach to the largest
and smallest Zagreb indices for trees, unicyclic graphs and bicyclic graphs
by introducing some transformations, and characterize these graphs with the
extremal Zagreb indices. The results which characterize the bicyclic graphs
with extremal M, are new.

2 Two transformations which increase the Za-
greb indices

For any v € V(G), Ng(v) = {u|luv € E(G)} denotes the neighbors of v, and
de(v) = |[Ng(v)| is the degree of v in G.

Let E' C E(G), we denote by G — E’ the subgraph of G obtained by
deleting the edges of E'. W C V(G), G — W denotes the subgraph of G
obtained by deleting the vertices of W and the edges incident with them.

We give two transformations which will increase the Zagreb indices as
follows:

Transformation A: Let uv be an edge G, dg(v) > 2, Ng(u) = {v, wy, ws,
/
< wt, and wy,we, -, wy are leaves. G = G — {vwy,vwy, - 0w} +
{uwy, uws, - - - juw;}, as shown in Figure 1.
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Lemma 2.1. Let G’ be obtained from G by transformation A, then
A{l(G/) > Ml(G) and MQ(G,) > MQ(G)

Proof. Let Gy = G —{u, wy,ws, - - -, w;}. By the definition of the Zagreb
indices, we have

M, (G") — My(G)

gy (v) — dg;(v )+dc/( ) — dg:(u)
(do(v) +1)* = dg(v) + 1 — (t+1)
= 2(dg(v) —1) > 0

My(G') = My(G) = zezv%()dcl(v)dg() (t+1)der(v)
—IENE(E) da(v)da(x) = (t+ 1)da(v) —t(t +1)
= xeN%]( )( c(v) + t)da(x) + (1 + 1)(da(v) + 1)
fxENZG;U(U) de(v)de(z) — (t+ 1)de(v) —t(t + 1)
- IENZGjU(v)th(:c)>O

wy

w3 A

G

Figure 2. Transformation B.
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Remark 1. Repeating Transformation A, any tree can changed into a
star, any unicyclic or bicyclic graph can be changed into an unicyclic or bi-
cyclic graph such that all the edges not on the cycles are pendant edges.

Transformation B: Let v and v be two vertices in G. uy,us, - - -, u, are
the leaves adjacent to w, vy, v, -+, v; are the leaves adjacent to v. G’ =
G —{uuy, uug, - - -, uu, } 4+ {oug, vug, - -+ vu, b, G = G —{vvg, v, -+ v} F
{uvy, uvs, - -+, uvy}, as showed in Figure 2.

Lemma 2.2. Let G’ and G” be obtained from G by transformation B,
then either M;(G") > M;(G) or M;(G") > M;(G), i =1,2.
Proof. Let Gy = G — {uy, ug, -+, up, 01,09, -+, 04 }.

M(G") = My(G) = dg(v) = dg(v) + dg (u) — d(u)
= (da(v) +7)* = dg(v) + (dg(u) —r)* — dg(u)
= 2r(r+dg(v) —dg(u))

My(G") = Mi(G) = d(v) — d2(v) + d(u) — d(u)
(da(v) —t)* — d2 a(v) + (de(u) +1)° — dg(u)
2t(t + dg(u) — da(v))
So, Mi(G") > My(G) if dg(v) > dg(u); otherwise M1(G") > M;(G).
Let dg,(u) = p and dg,(v) = q.
(i) If w, v are not adjacent in G, then, by the definition of M,, we have
MQ(G) = > dGo (x)dGU (y) + (p + T) Z dGo( )
zyeE(Go—{u,v}) Ng (u)

+(q+t) X de(x)+r(p+r) +t(q+7‘)

zENG (v)

MQ(G/) - > dGo (l‘)dGn (U) +p > dGo (1)

2yeE(Go—{u,v}) zE€NG (u)
+Hg+t+r) X dg(x)+(r+t)(gFt+r)
TE€NG (v)
My(G") = ) dao(r)de,(y) + (p+r+1) 3 dg(x)

zy€E(Go—{u,w}) TENG, (u)

+¢ ¥ dao( )+ (r+t)p+r+1)
TENGO

Al = A{Q(G,) - j\/IQ(G)
= r( ¥ dg(r)— ¥ dg(x))+r2t+q—1p)

zENG (v) zE€NG (u)
AQ = ]\/jg(G”) - A{Q(G)
=t ¥ dgr)— ¥ da(x)+i(2r+p—q)

2E€NgG, (u) TENG, (v)
If Al = A{Q(G/) - ]\/IQ(G) S 07 then

> de(x)— Y. dgy(w)=2t+q—p

zE€NG (u) TE€NG (v)
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S0, Ay = Ma(G") — My(G) > t(2t +q —p) +t(2r +p—q) = 2t(t + 1) > 0.
(ii) If u,v are adjacent in G, then u € Ng,(v) and v € Ng, (u).

My(G) = z deo(x)deo(y) + (p+1) X dgy(2)
ry€E(Go—{u,w}) TENG (u)
+(g+1) NE dgy(z) +r(p+r)+tlg+t) = (p+r)(g+1t)
xe CU 1;
My(G') = day(x)de,(y) +p 3 dgy(x)
zyeE(Go—{u,v}) z€NG, (u)
+g+t+r) ¥ dc,o() +(r+t)(g+t+r)—plg+t+r)
z€NG, (v
My(G") = z dGo(I)dGn W) ++r+t) > dgl(z)
zy€E(Go—{u,v}) 2€NG, (u)
+q X dey(@)+(r+t)p+r+t)—qglp+r+1)
zENG, (v)
A = My(G) — My(G)
= T'( > dGU(x)f > d(Vo( ))+T(3t+2q72p)
zE€Ng, (v) 2ENG, ()
AQ = ]V[Q(G”) - A{Q(G)
= t( Z dGn(‘T) - Z dGn (I)) + t(?ﬂ” + 2p - 2(])
zENG, (u) 2ENG (v)

If AI ]V[Q(G,) (G) < 0 then

Z da, () — Z dg,(x) >3t +2¢—2p
TENG, (u) 2ENg, (v)
So, Ay = My(G")—Ma(G) > t(3t42q—2p)+t(3r+2p—2q) = 3t(t+r) > 0.
The proof is completed.

Remark 2. Repeating Transformation B, any unicyclic or bicyclic graph
can be changed into an unicyclic or bicyclic graph such that all the pendant
edges are attached to the same vertex.

3 The graphs with the largest Zagreb indices
In this section, we give the tree, the unicyclic graph and the bicyclic graphs

with the largest Zagreb indices.
From Lemma 2.1, we have

Theorem 3.1([4,7]). Let T be any tree of order n. If T is different from
Sn7 then A{l(T) < ]Wl(Sn) and ]\/IQ(T) < ]V[Q(Sn)

Let UF be the unicyclic graph obtained from the cycle Cj, of length k by
attached n — k pendant edges to the same vertex on Cj. From Lemmas 2.1
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and 2.2, we have

Theorem 3.2. Let G be an unicyclic graph of order n and girth k. If G
is different from U*, then M;(G) < M, (UF) and My(G) < My(UF).

Since My (UF) = 4(k—1)+(n—k+2)2+4(k—1) = k*— (2n+1)k+n2+5n
and Mo (UF) = k% — (2n + 2)k + n? + 6n, M, (UF) < M (U?) and My (UF) <
My(U2) for 3 < k < n with the equality if and only if k = 3. We have

Theorem 3.3([9,15]). U2 is the unique graph with the largest Zagreb
indices M; and M, among all unicyclic graphs with n vertices.

Now, we consider the (n,n+1)—graph (i.e., bicyclic graph with n vertices)
and give the (n,n + 1)—graph with the largest Zagreb indices.

Let G(n,n+ 1) be the set of simple connected graphs with n vertices and
n + 1 edges. For any graph G € G(n,n + 1), there are two cycles C,, and
C, in G. As in [16], we divide all the (n,n + 1)—graphs with two cycles of
lengths p and ¢ into three classes.

(1) A(p,q) is the set of G € G(n,n + 1) in which the cycles C, and C,
have only one common vertex;

(2) B(p,q) is the set of G € G(n,n + 1) in which the cycles C}, and C,
have no common vertex;

(3) C(p,q,1) is the set of G € G(n,n + 1) in which the cycles C, and C,
have a common path of length .

Note that the induced subgraph of vertices on the cycles of G € A(p, q)
(or B(p,q), C(p,q,!)) is showed in Figure 3(a) (or (b),(c)) and C(p,q,l) =
Clp.p+tqg—2L,p—1)=Clp+q—2,q9,9g—1).

(a) (b) I
(©)

Figure 3.

First, we find the bicyclic graph with the largest Zagreb in A(p, q).
Let S, (p, ¢) be a graph in A(p, ¢) such that n+1— (p+ ¢) pendent edges
are attached to the common vertex of C), and Cj. See Figure 4.
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Figure 4. The graph S, (p,q)-

Theorem 3.4. (i) ([16]) S.(p,q) is the graph with the largest M; in
A(p, q);

(ii) Sn(p,q) is the graph with the largest Ms in A(p, q).

Proof. First, repeating the transformations A and B on graph G, we
can get a graph G’ such that all the edges not on the cycles are the pendant
edges attached to the same vertex v. By Lemmas 2.1 and 2.2, we have
M, (G) < Mi(G") and My(G) < My(G') with the equality if and only if all
the edges not on the cycles are also the pendant edges attached to the same
vertex in G. If G’ 2 S,,(p,q), then v # u, where u is the common vertex of
C), and (.

Without loss of the generality, we assume that v is on the cycle C,.

My(S,(p, q)) — Mi(G')
= n+5—-p—qP+4—(n+3—-p—q)?—16
= 4n+tl-p—q¢) =0

with the equality if and only if n =p+ ¢ — 1, and G' = S,.(p, q).
(i) If v and v are not adjacent (i.e., k > 1), then

My(S,(p,q)) — Mz(G")
= (n+5-p—q)n+9—p—q)+4(p—2)+4(q—2)
~(n+3-p-—q)(n+5-p—q)—4lp—4) —4(¢—2) - 32
= 6(n+l-p—q)=0

with the equality if and only if n =p+ ¢ — 1, and G' = S,.(p, ¢).
(ii) If w and v are adjacent, then

My(S, (p,q)) — Ma(G')
= n+5-p—qn+9-p—q) +4(p—2) +4(¢—2)
—(n+3-p—q)(n+T7—p—q)—4(p—3) —4(¢—2) — 24
= 4n+1-p—q) >0

with the equality if and only if n =p+ ¢ — 1, and G' = S, (p, q).
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Given p > 3 and ¢ > 3, from the theorem above, we know S,(p, ¢) is the
unique graph with the largest Zagreb indices in A(p, q).

Lemma 3.5. (i) If p > 3, then

Mi(Sn(p,q)) < Mi(Sa(p—1,9)) and Mz(S,(p,q)) < M2(Sa(p — 1,9));
(ii) If ¢ > 3, then

Mi(Sn(p;q)) < Mi(Sn(p,q — 1)) and Ms(S,(p,q)) < Ma(Su(p, g —1)).
Proof. From the symmetry of p and ¢, we only need to prove (i).

My (S, (p—1,9)) — Mi(S,(p,q))
= (n+6-p—gP+1-(n+5-p—q)? -4
= 2n+4—-p—q) >0

My(S,(p—1,q)) — Ma(S,(p,q))
m+6-p—q)n+10-p—q)—n+5-p—q(n+9—-p—q) —4
2n+1—-p—q)+9>0

From Theorem 3.4 and Lemma 3.5, we know

Theorem 3.6. For all p > 3 and ¢ > 3, 5,,(3, 3) is the unique graph with
the largest Zagreb indices in A(p, q).

()

RoNG Yo
() ’ (f)

Figure 5. (a) T(p, q); (b) T} (q,p); (c) Tu(p; q)-

Secondly, we find the bicyclic graph with the Zagreb indices in B(p, q).
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Let T7(p, ¢) be the (n, n+1)—graph obtaining from connecting C,, and C,
by a path of length r and the other n+1—p—q—r edges are all attached to
the common vertex of the path and C), see Figure 5(a). 77 (g, p) is showed in
Figure 5(b). And T, (p, q) is the (n,n+ 1)—graph obtaining from connecting
C, and C, by a path vvw of length 2 and the other n —p — ¢ — 1 edges are
all attached to the vertex w of the path, as showed in Figure 5(c).

Theorem 3.7. If G € B(p, q), the length of the shortest path connecting
Cp and C, in G is r, then either (i = 1,2)

(i) Mi(G) < My(T%(p,q)) with the equality if and only if G = T7(p, q); or

(i) M;(G) < My(T%(q,p)) with the equality if and only if G = T (q, p);
or

(iil) Mi(G) < M;(T5.(p, q)) with the equality if and only if G = T,,(p, q).

Proof. Let W = vjvy---v,v,41 be the shortest path connecting C, and
C, in G, and v; the common vertex W and C,, v,41 the common vertex W
and Cj.

Repeating the transformations A and B on graph G, we can get a graph
G’ in Figure 5 such that all the edges not on the cycles are the pendant
edges attached to the same vertex v. By Lemmas 2.1 and 2.2, we have
M;(G) < M;(G") (i = 1,2) with the equality if and only if all the edges not
on the cycles are also the pendant edges attached to the same vertex in G.

Case I. v is on the cycle C,, as showed in Figure 5(d).

My(T;(p, ) — Mi(G)
= (n+d-p—q—7r)+4-(n+3-p—q—7)*-9
= 2n+l-p—q-1)=0

with the equality if and only if n = p+¢+r—1, and then also G' = T (p, q).
(i) If v; and v are not adjacent, then

My(T;(p, q)) — Ma(G)

= n+l—-p—q-—r)in+d—p—q—r)+4n+4—p—q—r)
+(n+d—p—qg—r)dv)+8—-(n+1-p—q—r)n+3-p—q—r)
—4(n+3—p—q—r)—3d(ve) — 12

= (n+1—-p—qg—r)(1+d(vy)) >0

with the equality if and only if n = p+¢+r—1, and then also G' = T (p, q).
(ii) If v; and v are adjacent, then

My(T,(p, ) — Ma(G)

= (n+l-p—q-r)n+d—p—q-r)+4n+4d—p—q-—r)
+n+4d—p—qg—r)dv)+4d—n+1—p—q—r)n+3—p—q—7)
—5(n+3—p—q—1)—3d(v2) — 6

= (n+1—p—qg—r)d(vz) >0
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with the equality if and only if n = p+¢+r—1, and then also G’ = T} (p, q).
Case II. v is on the cycle C,, as showed in Figure 5(e). The proof is the
same as in the case L.
Case III. v is on the path W, as showed in Figure 5(f). If G' 2 T,,(p, q),
thenr > 3. Let v =v;, 1 <t <.

Mi(T,(p,q)) — Mi(G")

= (n-1-p-—q+Mn+l-p—qP-(n+l-p—q-—r)
~(n+3—-p—q—1)?-2(r—2)

= (r—=2)2n+3-2p—2¢—r)

> 0 (sincen+1—p—qg—r>0andr>3)

If2 <t <r, then r >3 and

My(To(p, q)) — M2(G')

= n-p-qg-1(n-p—qg+1)+6(n—p—q+1)
—(n=p—g-—r+)n-—p—qg—r+3)
—An—p—qg—r+3)—4(r—4) —12

= (r—1)2n—-2p—2¢—1r+3)—3

> 0 (sincen+1—p—qg—r>0andr > 3)

Ift=2ort=r, then

My(T,.(p, q)) — M2(G")
(n—p—q—1)(n—p—q+1)+6(n—p—q+1)

~(n—p—gq-r+)n—p—q-—r+3)=5n—p—qg—71+3)
—4(r—3)—6
= m—p—qQ2r=3)—(r-0)r-3)+r—4
> (r=1@2r—=3)—(r—1(r—3)+r—4(sincen+1—-—p—g—r>0)
= r2—4>0

The proof is completed.

Lemma 3.8. M;(T,,(p,q)) < Mi(T,,(3,3)) and Ms(T,(p, q)) < Ms(T5,(3,3))
with the equality if and only if p = g = 3.

Proof. Mi(T,(p,q)) = (n+1—p—q)?+(n—1—p—q)+18+4(p+q—2),

Mi(T,(3,3)) = (n —5)>+ (n — 7) + 18 + 16,

M, (T,,(3,3)) — My(T,(p, q))
= n—p—q—)p+q—6)+(p+q—6)—4(p+q—6)
(P+q—6)2n—p—q—17)
(p+q— 6)(n —6) (sincen —p—q—12>0)

VIVl

with the equality if and only if p+ ¢ =6, i.e., p=¢g = 3.
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Ms(To(p,q)) =(n+1—p—q)(n+5—-—p—q) +24+4(p+q—4),
My(T,(3,3)) = (n—5)(n— 1) + 24 + 8,

A{Q(Tn(& 3)) - ]W2(Tn(p7 Q))
(n=>5)(n—-1)—((n=5)—(p+q—16))((n—1)
—(p+q—16)) —4(p+q—6)
(p+q—6)2n—p—q—4)

(p+q—06)(n—3) (sincen—p—q—12>0)
0

VIVl

with the equality if and only if p+ ¢ =6, i.e., p=¢q=3.

Lemma 3.9. If r > 2, then M;(T%(p,q) < M;(T. " (p,q)), i = 1,2.
Proof. By computing immediately, we have

M(T!(p,q)) = (n+1—p—q—r)+(n+d—p—q—r)2+4(p+q+r—3)+9,
M(T; 7' (p,q)) = (n+2=p—q—7)+(n+5—p—q—71)*+4(p+q+r—4)+9.
And My (T Yp,q)) — My(T:(p,q)) =2(n+3—p—q—r1) > 0.

If r > 2, then

My(T(p.q)) = (n+4—=p—q—r)(n+7—p—q—7)+4(p+q+r—>06)+18,
MQ(TT 1(p, q)=n+5—p—q—7r)(n+8—p—q—r)+4(p+q+r—T7)+18.
And AT (p. ) — Mo(T7(prg)) = 2(n +4—p— g — 1) > 0,

If r = 2, then

My(Ty(p,q)) = (n+2=p—q)(n+5—-p—q)+4p+q—4)+18,
My(T; " p,q)) =(n+3-p—q)(n+T7T—-p—q)+4p+q—4) +12.
And My(T7 7Y (p. @) — Ma(T3;(p,q)) = 3(n+2—p—q) > 0.

Lemma 3.10. M;(T}(p,q)) < M;(T}(3,3)), with the equality if and only
ifp=¢=3,i=1,2.

Proof. By computing immediately, we have

M(T,(p.q)) =(n—=p—q)+(n+3-p—q)*+4(p+q—2)+9,

Mi(TX(3,3)) = (n—6)+ (n—3)*+ 16+ 9.

And M(T}(3,3)) — My(TX(p,q)) = (p+q—6)(2n —3 —p—¢q) > 0 with
the equality if and only if p 4+ ¢ =6, i.e., p=¢q = 3.

My(Ty(p,q) = (n+3-p—q)(n+7—p—q) +4(p+q—4)+12,

My(TH(3,3)) = (n—3)(n+1) +8+12.

And My(T}(3,3)) — Ma(T (p,q)) = (p+q—6)(2n — p — q) > 0 with the
equality if and only if p+ ¢ =6, i.e., p=¢q=3.

Now, we compare the Zagreb indices of T7}(3,3) and T,,(3,3). It can be
computed out easily that M;(T}(3,3)) > M;(T,(3,3)), i = 1,2. So, we have

Theorem 3.11. The T!(3, 3) is the unique graph with the largest Zagreb
indices among all graphs in B(p, q) for all p > 3 and ¢ > 3.
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Thirdly, we find the bicyclic graph with the largest Zagreb indices in
C(p,q,1).

Let 6! (p,q) be the graph obtaining from the graph in Figure 1(c) by
attaching n + 1+ 1 — (p + ¢) to one of its vertices with degree 3 (see Figure

6(a)).

v v
Yr Zt Yr Zt
Ty Ty
A e
y2\ Il I \22 I x]\ I
yl%zl yII—I—Izl
u
(a) Gy (b) G2
(c) Gs (d) Gy (e) Gy

Figure 6. The graphs G;, i =0,1,2,3,4.

Theorem 3.12. Let G € C(p,q,1). Then M;(G) < M;(Go) (i = 1,2)
with the equality if and only if G = G, where Gy is the graph in Figure 6(e).

Proof. Repeating the transformations A and B on graph G, we can get
a graph G’ such that all the edges not on the cycles are the pendant edges
attached to the same vertex vy, i.e., G is one of the graphs in Figure 6. By
Lemmas 2.1 and 2.2, we have M;(G) < M;(G") (i = 1,2) with the equality if
and only if all the edges not on the cycles are also the pendant edges attached
to the same vertex in G.

Let Wi = uwyx2 - - - 7;_1v be the common path of C, and C; of the graph
G’ in Figure 6, Wy = uy1ys -+ -y.v and W3 = uz123 - - - zv the other paths
from u to v on C, and Cy, respectively; r =p—1—-1,t=q—1—-1,7 >0,
t>0,l>1andr+t+1>3.

By computing immediately, we have

Afl(Gg) = (n — 4) + (n — 1)2 + 17,

Mi(Gy)=(n—1—r—t—=0+n+2—r—t—02+4(r+t+1-1)+9,
Mi(Gy)=(n—1—r—t—D+n+1—r—t—02+4(r+t+1—-2)+18,
M, (Go) — Mi(Gy) = (r+t+1-3)2n—2—r—t—1) > Osince r+t+1 > 3
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andn—r—t—1—12>0, with the equality if and only if r +¢ +1 = 3, i.e.,
G' = Gy;

M(Go) — My1(Ga) = (r+t+1-3)2n—=3—r—t—0)+n—r—t—1—
1)+ (n—4)>0sincer+t+1l>3andn—r—t—101—12>0and n > 4,
with the equality if and only if r +¢+1 =3 and n =4, i.e., G' = Gy (where
n=4).

If there is an edge e = xy in G such that the degrees of  and y are
equal two, then we can obtain a graph G by contracting the edge e and
attaching a pendant edge ¢ = uw' to u, and we have My(G}) > My(Gy)
since dg, (z)dg, (y) = 4 and dg; (u)de (v') > 4 and dg,(u) < dg;(u). So,
M;(G4) > My(Gy) with the equality if and only if G; = G.

If there are two edges e; and ey in Gy such that the degrees of their
end-vertices are equal two, then we can obtain a graph G} by contracting
the edges e; and e; and attaching two pendant edges to x;; or if there an
edge e in Gy such that the degrees of its end-vertices and e, are equal two,
then we can obtain a graph G by contracting the edge e and attaching a
pendant edge to x;. And we have My(GYy) > My(Gs). So, Ma(Gh) > Ma(Gs)
or MQ(GQ) 2 AIZ(G4)

It is computed out easily that My(G3) < Ma(Go) and My(Gy) < Ma(Go).
So, the proof is completed.

Finally, we give the bicyclic graphs with the largest Zagreb indice.

Theorem 3.13. (G is the unique graph with the the largest Zagreb
indices M; and M, among all bicyclic graphs with n vertices.

Proof. From Theorem 3.6, Theorem 3.11 and Theorem 3.12, we only
need to compare the Zagreb indices of S,(3,3), T.1(3,3) and Gy. Computing
immediately, we have

Afl(Tﬁ(?),ig)) < ]Wl(Sn(ZS, 3)) < Ml(Go)

MQ(T;(3/3)) < ]\/IQ(SH(B 3)) < ]\/IQ(G())

Therefore, Gy has the largest Zagreb indices among all bicyclic graphs
with n vertices.

It is surprising that the graphs with the largest Zagreb indices among
the trees, unicyclic graphs and bicyclic graphs of order n are the same as
those with the largest Merrifield-Simmons index [17,18,19] and the smallest
Hosoya index [20,21].
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4 Some transformations which decrease the
Zagreb indices

In this section, we give two transformations which will decrease the Zagreb
indices as follows:

U1 Uk Un D A
G, Go
Figure 7. Transformation C.

Transformation C. Let G # P; be a connected graph and choose
u € V(G). Gy denotes the graph that results from identifying u with the
vertex vy, of a simple path vivy---v,, 1 < k < n; Gy is obtained from G by
deleting vg_qvg and adding vg_qv, (see Figure 7).

Lemma 4.1. Let G; and G5 be the graphs in Figure 7. Then M;(Gy) >
]VL(GQ), Z = 17 2.
Proof. By the definition of the Zagreb indices, we have

Mi(G1) — My(Gs) = (dg(u)+2)2+1— (dg(u)+1)*—4
= 2(1@(11) > 0.

My(G1) — My (G)
= (dg(u) +2)( 2 )dG(l‘)erGl(vk—l) + da, (Uk41))

zeNg(u

+dg, (vn-1)da, (va) = (de(u) + 1)( ENZ( )dc(x) + da, (Uk+1))
—da, ('Un—l)dGz (Un) —dga, (vn)dGz (Uk—l)

> de(z), if k=2and n=3;
NG (u)
> de(z) +dg(u), ifk=2andn>3;
_ zE€Ng (u)
> dg(z)+de(u), ifk>2andn=Fk+1;
z€Ng(u)
> dg(z) +2dg(u), ifk>2andn>k+1
z€Ng(u)
> 0.

Remark 3. Repeating Transformation C, any tree T  attached to a graph
G can be changed into a path as showed in Figure 8. And the Zagreb indices
decrease.
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Figure 8.

Transformation D. Let v and v be two vertices in a graph G. G,
denotes the graph that results from identifying u with the vertex ugy of a
path uguius - - - u, and identifying v with the vertex vy of a path vgvivg - - - vy;
Gy is obtamed from Gy by deleting uu; and adding vyu; (see Figure 9)

@ @ Uf U1 N v

Flgure 9. Transformation D.

Lemma 4.2. Let G and G5 be the graphs in Figure 9. dg(u) > dg(v) >
1,r>1andt>0.

(l) Ift > O7 then ]\/II(GI) > Ml(GQ) and MQ(G ) > Mz(G ),

(i) If t = 0 and dg(u) > dg(v), then My(Gy) > M;y(Gs);

(ii) If t = 0 and > de(z) > Z dG( ), then My(Gy) >

zE€Ng(u)—{v} Na(v)—

My (G).

Proof. (i) Note that dg(u) > 1 and ¢ > 0, we have

My(Gh) = My(Go) = (de, (0)? + (de, (v1))* = (da, ())* = (da, (v:)?
= (da(u) + 1+ 1 - (da(u))? — 4
= ng(u) —2>0.

A{g(Gl) — ]\42(G2)
(do(u) +1)( X dg(r) +dg,(w1)) + dg, (vi-1)dg, (vt)

zeNg(u)

—dg(u) Z( )dG( x) — dg, (vi-1)da, (ve) — da, (vi)de, (u1)

> de(z)+dg(u) —dg(v) =2, ifr=1andt=1,
2€NG(u)
> de(z) 4+ dg(u) — 3, ifr=1andt>1;
_ 2ENg(u)
> da(x) + 2dg(u) — ( )—3, ifr>1landt=1;
z€Ng(u)
> da(z) 4+ 2da(u) — ifk>1landt>1
zENg(u)
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(i) If t = 0 and dg(u) > dg(v), then

My(Gh) = My(Go) = (de, ()? + (de, (v1))* = (de, ())® = (dg, (vr))?
(d(u) +1)° + (dg(v))? — (de(u))? — (da(v))
= ng(u) — ng(’l)) > 0.

(iii) When u and v are not adjacent, we have

My(Gh) — My(Gs)
= (delu)+1)( X )dc(x)erGl(ul))erG(v) > daly)

z€Ng(u yeNg(v)
—dg(u) ¥ dg(x) = (de(v) + 1)( X da(y) + de,(w1))
zENG(u) yENG (v)
= X de(x)— X dely)+da, (n)(dg(u) — dg(v))
zENG(u) yENG(v)

(since dg, (u1) = dg,(u1))
> 0.

When u and v are adjacent, we have

My(Gr) — My(Go)
= (dg(w)+1)( X da () + dg, (u1)) + da(v) > daly)

zeNG (u)—{v} yeNG (v)—{u}

+(do(u) + Dda(v) —de(u) X de(z)
eNG (@ —{v}

—(de()+ 1D > da(y) + da,(m)) = de(u)(da(v) +1)

yeNg(v)—{u}

= X de(r)— ¥ da(y) + (do,(w) — D(de(u) — da(v))

zENG (u)—{v} yENG (v)—{u}
(since dg, (u1) = dg,(u1))
> 0.

Remark 4. After repeating transformation C, if we repeat transforma-
tion D, then any tree can be changed into a path, any unicyclic graph can be
changed into such an unicyclic graph that a path attached to a cycle, any bi-
cyclic graph can be changed into such a bicyclic graph that a path attached
to one of the graphs in Figure 10 (Lemma 4.2(i)). Moreover, the bicyclic
graph can changed into such a bicyclic graph that the path is attached to a
vertex of degree 2 (Lemma 4.2(ii)(iii)). And the Zagreb indices decrease.

OO0 ¢

Figure 10.

Lemma 4.3. If there is a path z29 - - - 2 (k > 1) attached to the vertex
x1 in Gy, then M;(G1) > M;(Gs), i = 1,2, where Gy is obtained from Gy by
deleting x1v and adding x,v, as showed in Figure 11.
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T
1 k
T2
\ _ ) Ty Ty Tk \
T1 O\ ! !
Gy Go

Figure 11.
Proof. Note that only the degrees of z; and x; are changed, we have
M (Gy) = Mi(Gy) =9+1—-4—-4>0.
If £ > 2, then
My(Gy) — My(Gs) = d(u) + d(v) > 0.
If k =2, then
My(Gy) — My(Gs) = d(u) +d(v) —1 > 0.

SO, A/[Z(Gl) > ]\/ll(GQ)7 1=1,2.

5 The smallest Zagreb indices among all the
trees, unicyclic graphs and bicyclic graphs

In this section, we characterize the tree, the unicyclic graph and the bicyclic
graph with the smallest Zagreb index.
From Lemma 4.1, we have

Theorem 5.1([4,7]). Let T be any tree of order n. If T is different from
P,. then M,(T) > M,(P,) and My(T) > My(P,).

Let F* be the unicyclic graph obtained by attaching a path of length
n — k to the cycle Cy of length k. From Lemmas 4.1 and 4.2, we have

Theorem 5.2. Let G be an unicyclic graph of order n and girth k. If G
is different from F¥, then M, (G) > My (FF) and My(G) > My(FF).

Using Lemma 4.3, we have

Theorem 5.3([9,15]). The cycle C,, is the unique graph with the smallest
Zagreb indices M; and M, among all unicyclic graphs with n vertices.
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Let Fy, F; and Fj be the bicyclic graphs with n vertices showed in Figure
10. From Remark 4 (or Lemma 4.2) and Lemma 4.3, we know that the
bicyclic graph with the smallest Zagreb index is one of the graphs F, F, and
F3. And

]w-l(Fl) =4n + 12,
Ms(Fy) = 4n + 20,
My(Fy) = My(Fy) =

4n + 16, if two vertices with degree 3 are adjacent;

{ 4dn + 17, if two vertices with degree 3 are not adjacent

So, we have

Theorem 5.4. The bicyclic graphs of order n with the smallest Zagreb
indices are the graphs F, and Fj3 in which the vertices of degree 3 are not
adjacent except n = 4,6.

Finally, we survey some results on the extremal graphs for the Zagreb in-
dices, the Hosoya index and the Merrifield-Simmons index in trees, unicyclic
graphs and (n,n + 1)-graphs from [4,7,9,15-26], respectively.

Zagreb indices largest | smallest
trees of order n Sn P,
uncyclic graphs of order n | S, + ¢ C,
(n,n + 1)-graphs Fy Fy or Fy
Hosoya index largest smallest
trees of order n P, Sh
unicyclic graphs of order n C, Sp+e
(n,n + 1)-graphs Hy or K3 £y
Merrifield-Simmons index largest smallest
trees of order n Sh P,
uncyclic graphs of order n | S,, + ¢ or Cy C,
(n,n + 1)-graphs Fy Hy or Ky
where Fj is obtained from S,, by adding two adjacent edges, Hy is the graph

connecting two cycle Css by a path of length n — 5.

Remark 5. The author know that the minimum A/, when the numbers
of vertices and edges are given was obtained by Prof. I. Gutman [27] from the
the referee, also the smallest M for trees, unicyclic graphs, bicyclic graphs
and more are known. The author would like to thank the referee for valuable
suggestions.
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