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Abstract

Let be a connected graph on vertices. For an edge = , 1 denotes the
number of vertices closer to the vertex than vertex and 2 denotes the number
of vertices closer to the vertex than vertex . Recently Vukičević and Žerovnik put
forward a class of modified Wiener indices – the -variable Wiener indices, defined as
( ) = 1

2

P
( )

¡
1( ) 2( )

¢
. For a type of thorn trees , an explicit

formula is given to calculate ( ) in terms of the -variable Wiener indices of the
parent tree for any non-negative integer with 0 .
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INTRODUCTION

The Wiener index is the sum of distances between all unordered pairs of vertices in

the graph. It is one of the oldest molecular—graph—based structure—descriptors [1, 2].

Let be a connected graph. Let ( ) and ( ) be the vertex and edge sets

of with ( ) = | ( )| and ( ) = | ( )|. For an edge = , 1( ) denotes

the number of vertices closer to the vertex than vertex and 2( ) denotes the

number of vertices closer to the vertex than vertex . If is bipartite, then

1( ) + 2( ) = ( ) for any edge . For a long time it has been known [1] that

( ) =
P
( )

1( ) 2( ), provided that is a tree.

Gutman et al. [3] put forward the -modified Wiener indices, defined as

( ) =
X
( )

( 1( ) · 2( )) (1)

Here 1( ) = ( ) if is a tree.

Recently, Vukičević and Žerovnik [4] introduced another class of modified Wiener

indices – the -variable Wiener indices, defined as

( ) =
1

2

X
( )

¡
( ) 1( ) 2( )

¢
(2)

Clearly, 2 ( ) = ( ) if is a tree. It is pointed out [4] that s reflect the extent

of branching of the molecular graph for all 6= 0 1.
Note that Eqs. (1) and (2), defined originally for trees, can be defined for any

connected graph, and then 1( ) = 2 ( ) is the Szeged index ( ) [5, 6].

Let be a graph on vertices 1 2 . The thorn graph of with para-

meters 1 2 , denoted by or ( 1 2 ), is formed by attaching

new vertices of degree one to the vertex of , = 1 2 . Let ( ) be the

degree of vertex in the graph . Let = ( 1 2 ) with = ( )+ ,

= 1 2 , where and are real numbers such that each is a non-negative

integer. For being a tree, is called a thorn tree.

Gutman [7] established relations between ( ) and ( ) for a connected graph

, from which theorems were derived for thorn trees when ( ) = (1 0) ( 1 )

(where is larger then maximal degree of ) and (0 ). Bonchev and Klein [8] pre-

sented formulae in a form containing essential structural information for the Wiener

index of some classes of thorn graphs.

Recently, Vukičević and Graovac [9] and Zhou [10] obtained an explicit formula

to calculate ( ) in terms of -modified Wiener indices of for any non-negative
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integer with 0 . In this article, we show similar results hold for variable

Wiener indices.

THE MAIN RESULT

We deduce an explicit expression for ( ) in terms of the ( ) for any non-

negative integer with 0 .

Theorem 1. If = is the thorn graph of a tree on vertices and is a

non-negative integer, then

( ) = 1
2
[( 1) 2 ] · £( 2 ) 1 ( 2 1)

¤
+1
2

P
=0

( 1)
¡ ¢ £

( 1) (2 1) + 2 · ( )
¤ (3)

where = 2 + + 1. In particular,

( ) = (2 + + 1)2 ( ) + ( + )(2 + + 1) 2

(5 2 + 3 + 3 + ) + 3 2 + 2

(4)

Proof. By the definitions of variable Wiener indices and thorn trees, we have

( ) = 1
2

P
( )\ ( )

£
( ) 1( ) 2( )

¤
+1
2

P
( )

£
( ) 1( ) 2( )

¤
It is easy to see that

( ) = +
X
( )

( ) + = + 2( 1) + = 2

and then | ( ) \ ( )| = ( ) = ( 1) 2 . So

P
( )\ ( )

£
( ) 1( ) 2( )

¤
= [( 1) 2 ] · £( 2 ) 1 ( 2 1)

¤
To prove (3), we only need to show

P
( )

£
( ) 1( ) 2( )

¤
=

P
=0

( 1)
¡ ¢ · £( 1) (2 1) + 2 · ( )

¤ (5)
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For any edge ( ), has exactly two connected components with 1( )

and 2( ) vertices respectively. Let 1( ) be the component of with 1( )

vertices. Then for each ( ), we have

1( ) = 1( ) +
P
( 1( ))

( ( ) + )

= 1( ) +
P
( 1( ))

( ) + 1( )

= 1( ) + [2 ( 1( ) 1) + 1] + 1( )

= · 1( )

and similarly,

2( ) = · 2( )

It follows that

P
( )

£
( ) 1( ) 2( )

¤
=

P
( )

£
( · 2 ) ( · 1( ) ) ( · 2( ) )

¤
=

P
( )

P
=0

( 1)
¡ ¢ £

2 1( ) 2( )
¤

=
P
=0

( 1)
¡ ¢ P

( )

£
2 1( ) 2( )

¤
=

P
=0

( 1)
¡ ¢ P

( )

£
(2 1) + 1( ) 2( )

¤
=

P
=0

( 1)
¡ ¢ £

( 1) (2 1) + 2 · ( )
¤

This proves (5). Hence (3) follows. By setting = 2 in (3) and noting that 0 ( ) =
1
2
and 1 ( ) = 0, we have (4). 2

Remark 2. In the introduction it was mentioned that index can be generalized

to the class of all bipartite graphs. Naturally, one can ask if it is possible to find the

generalization of the Theorem 1. Namely, one can ask if there is a closed formula for

calculation of
¡ ¢

in terms of

0 ( ) 1 ( ) ( )

We shall prove that such formula does not exist. First let us introduce the no-

tion of equiseparable graph. We say that two bipartite graphs 1 and 2 with
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the same number of vertices and edges are equiseparable if their edges can be la-

beled in such way that ( 1) =
© 0

1
0
2

0 ª, ( 2) =
© 00

1
00
2

00ª and
min { 1 1 (

0) 1 2 (
0)} = min { 2 1 (

00) 2 2 (
00)} for all = 1 . (See [12],

[13].) It can be easily seen that if two graphs 1 and 2 are equiseparable, then

( 1) = ( 2) , for each

where is the set of real numbers. Denote by 0 and 00 graphs presented on the

following figure:

1

3

2

4

e’G’ =

1

2

3

4

e’’G’’ =

Figure 1. Graphs 0 and 00 with the classification of their edges.

Divide edges of 0 in five classes: ( 0) = 0
1

0
2

0
3

0
4 { 0} in such way

that edges in 0 are in the rectangle denoted by . Similarly, divide edges of 00 in

five classes: ( 00) = 00
1

00
2

00
3

00
4 { 00} in such way that edges in 00 are

in the rectangle denoted by . Noting the correspondence between edges in sets 0

and 00 = 1 2 3 4 and edges 0 and 00 one can easily see that these two graph are

equiseparable. Hence,

( 0) = ( 00)

( 0) = ( 00) , for each

If there was a closed formula for calculation of
¡ ¢

in terms of

0 ( ) 1 ( ) ( )

then, this would imply that³
( 0)

´
=

³
( 00)

´
, for each 0 and each

where is the set of integers; or equivalently that³
( 0)

´ ³
( 00)

´
= 0, for each 0 and each
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We shall prove that this is not true for = 1 and = 3. Graphs ( 0) 1 3 and

( 00) 1 3 are respectively presented on the following figure:

1

3

2

4

e’(G’)*
-1,3=

1

2

3

4

e’’(G’’)*
-1,3=

Figure 2. Graphs ( 0) 1 3 and (
00) 1 3 with the classification of their edges.

Let us calculate
³
( 0) 1 3

´ ³
( 00) 1 3

´
. As above, one can see that the

contribution of edges in corresponding rectangles are equal, hence they cancellate

each other and we get:³
( 0) 1 3

´ ³
( 00) 1 3

´
= 1

2

µ ³
( 0) 1 3

´
( 0) 1 3 1

( 0) ( 0) 1 3 2
( 0)

¶
1
2

µ ³
( 00) 1 3

´
( 00) 1 3 1

( 00) ( 00) 1 3 2
( 00)

¶
Note that

³
( 0) 1 3

´
=

³
( 00) 1 3

´
. Hence, the last expression reduces to:

1

2

¡
16 16

¡
14 18

¢¢
=
1

2

¡
14 + 18 16 16

¢
Let us prove that this expression in non-zero for 2. Note that the function

( ) = 2 is a convex function, because 00 ( ) = 2 0, hence 14 +18 16 16

2 · ¡14+18
2

¢
16 16 = 0. This proves that indeed there is no closed formula for

calculation of
¡ ¢

for 2 in terms of

0 ( ) 1 ( ) ( )

for general bipartite graphs. Of course, there is such formula, for = 0 and 1.

Namely, 1
¡ ¢

= 0. Let us calculate 1
¡ ¢

=
¡ ¢

2. Note that¡ ¢
= ( ) + | ¡ ¢ \ ( )|

= ( ) +
P
( )

( · ( ) + )

= ( ) + 2 · · ( ) + ·

= (2 + 1) · ( 2 · 1 ( )) + ·

= ( 4 2) · 1 ( ) + ·
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Corollary 3. If is a tree with vertices, then for any non-negative integer ,

( 1 0) = ( 1)
£
(3 2) 1 (3 3)

¤
+1
2

P
=0

( 1)
¡ ¢
3 · £( 1) (2 1) + 2 · ( )

¤
( 1 ) = 1

2
[( 2) + 2] · £(( 1) + 2) 1 (( 1) + 1)

¤
+1
2

P
=0

¡ ¢
( 1) · £( 1) (2 1) + 2 · ( )

¤
If = 0 and is a real number, then replacing the integer by in the proof of

Theorem 1, we may easily have the following.

Corollary 4. If is a tree with vertices, then for any ,

( 0 ) =
1

2

£
(( + 1) ) 1 (( + 1) 1)

¤
+ ( + 1) · ( )

Remark 5. Let , and denote the path, star and cycle on vertices,

respectively. Recently, Mandal, Banerjee and Mukherjee [11] studied the Wiener

indices of three classes of reciprocal graphs: 0 1 for { }. We mention
that the Wiener indices of ( )0 1, ( )0 1 can be obtained from (4) directly, and that

the Wiener indices of ( )0 1, ( )0 1 follows also from [8]. By Eq. (2), it can be

calculated that

(( )0 1) = 2

£
2(2 ) 1 (2 1) 2( )

¤
with = 0 for even and 1 for odd . In particular,

2 (( )0 1) =
( 2 + 2 1) for even ,

( 2 + 4 2) for odd ,

what di ers from the Wiener index of ( )0 1:

(( )0 1) =

1
2
( 3 + 4 2 2) for even ,

1
2
( 3 + 4 2 3) for odd .
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