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Abstract

The general Randi¢ index of a (molecular) graph G is defined by Rq(G) =
Luwer(c)(d(u)d(v))?, where d(u) denotes the degree of a vertex u in G and
a is an arbitrary real number. In this paper we investigate the trees with the
maximum value of the general Randi¢ index among all the trees with n vertices.
We distinguish a in several different intervals. For a > 1 we get that the trees
with the maximum value of general Randi¢ index are a star or a balanced double
star. In this case we can determine that the tree with the maximum value is
a balanced double star if the number n of vertices is sufficiently large, and get
that as a approaches to 1, if the balanced double star has the maximum value,
n must be considerably large. For a € (0,1], the star has the maximum value of
the index. For @ € [—1,0), the path has the maximum value of the index. For
a € (—o0, ~2], the subdivided star has the maximum value. In the rest interval

(-2, —%), though we have not determined the trees with the maximum value of
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the index, we get some properties for such trees.

Keywords: tree; path: (double, subdivided) star; general Randi¢ index; maxi-

mum

1 Introduction

For a (molecular) graph G = (V, E), the general Randic indez Ro(G) of G is defined
as the sum of {de(u)dg(v))® over all edges uv of G where dg(u) denotes the degree of

u el e

Ro(G)= > (dglu)dg(v))®,

uv€ E(G)
where o is an arbitrary real number.

It is well known that R_% was introduced by Randi¢ [8] in 1975 as one of the many
graph-theoretical parameters derived from the graph underlying some molecule. Later,
Bollobas and Erdds [1] generalized this index by replacing h% with any real number
o, which was called the general Randi¢ index. Recently, R, received considerable
attention in the literature, see (2, 5, 6, 10]. Yu [10] gave a sharp upper bound of
R_%(T) & %(n +2v/2 —3). when T is a tree of order n, and the equality holds if and
only if 7' is a path. Later, Caporossi et al[4] demonstrated the same result using an
alternative approach. Bollobds and Erdos (1] gave a sharp upper bound of R,(G) for
a € (0,1}, when G is a graph of size m. They also gave a sharp lower bound of R,(G)
for a € [—=1.0). when G is a graph of size m. Clark and Moon [3] gave several extremal
and probabilistic results for Ho(T) for 7 belonging to certain families of trees. Li and
Yang (7] studied the general Randi¢ index for general graphs, and they obtained lower
and upper hounds for the general Randi¢ index among graphs with n vertices, and the
corresponding extremal graphs.

Siuce trees are important chemical structures, in the following we only consider trees,

ie, connected graphs without cycles. In our another paper, we completely determined

the trees with the minimum value of the general Randié¢ index. In this paper, the trees
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with the maximum value of the general Randi¢ index, as well as the corresponding
values, are discussed. A clear picture is given for « in different intervals.

The set of vertices (edges) of a simple graph G is denoted by V(G) (E(G)). The
order of G is defined by |V/(G)| and the size of G is defined by |E(G)|. Denote by d(u)
and N{u) the degree and neighborhood of the vertex u, respectively. A vertex of degree
1in a tree is called a leaf or leaf vertez of that tree, and the edge incident with the leaf
is called a leaf edge. A tree T of order n is called a Maz Tree if T has the maximum
value of the general Randi¢ index among all trees with n vertices. The path of order
n is denoted by P,, and the star of order n is denoted by S,. A tree is called a double
star S, 4, if it is obtained from £, and S, by identifying a leaf of Sy, with the center
of S;. So for a double star S, , with n vertices, we have p +¢ = n. We call 2 double
star S, 4 balanced, if p = | 3] and ¢ = [2]. Moreover, a tree with n vertices is called a
subdivided star, if it is obtaired from a star by subdividing each edge of the star exactly
once, and at most one edge is subdivided twize. For uv € E(G), w(uv) = (d(u)d(v))*
is called the weight of uv . Undefined notations and terminology can be found in [3].

For o = 0, the general Randi¢ index of any graph G is exactly equal to the size of
G, namely Ro(G) = |E(G)|. So, for any tree T of order n, we have Ro(T) = n - 1.
Therefore, in the following we always assume a # 0. We distinguish «a in several

intervals, each having different behavior.

2 The case for o > 1

Let T be a Max tree but not a star or a double star, and v}, v, v3 be three vertices of
T such that vyvs € E(T) and vyu; € E(T). Suppose d(v,) = 1, d(v2) = 7, and d(v3) = ¢.
where 1,¢ > 2. Let N(v) \ vo = {u,u2, -+ ,wic1}, N(vg) \va = {un,wo. -+ ,we }.
By deleting the edges vsw), vaws, - - -, vswy-), and adding the new edges vyw,, viw,.

o, U We—1, we get a new tree T, as shown in Figure 2.1
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Figure 2.1

Considering the values of the general Randi¢ index of T and 7", we have

Ro(T') = Ra(T)
=1 q-1
= (i+q-1 dw)®+ > dwe)®) + (i +g - 1)%" +;5°
k=1 k=i

q-1

i-1 e
~i Y d(u)® - ¢ dlwn)® ~ (i) - (e1)°
k=i k=1

(T+q-1)%5%+35% = (19)° - (¢3)°

[\

= i+ - 1T =" - ¢"+ 1) = j°f(i.q)

Cousidering tlie minimum of f(i,g), it is easy to see that f(i,g} > C, for : > 0,¢ > 0.

It contradicts the fact that T is a Max tree. Then the following lemma holds.

Lemma 2.1 For a > 1, a tree of order n with the mazmmum value of the general

Randié indez is a star S, or a double star S, . 1

Let p,g be the degrees of the centers of a double star S, ,. Then we have
Ro(Spg) =(p— 1" + (- 1)¢*+(pg)®, p+a=n, pgeh

By examining the extremal value of R,(S,,), we can sec that fora > 2 and n > §,
Ro(S, ) reaches the maximum if and only if p = g or |p — ¢/ = 1. So we have the
following theorem.

Theorem 2.2 Among trees with n vertices, n > 8, the balanced double star Sl%!-l%1

has the ruezinium vaelue of the general Randié indcx for o > 2.
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Proof For o > 2 and n > 8. we have B,(S,,) > (3)**. The value of the general

Randié¢ index of the star S, is Ra(S,) = {n ~ 1)°*'. Note that for n > 16, we have

nja . pa-2
) = 5 Erisg
(n=-1)=+1 7 16401 = ']

Thus for n > 16, the value of the general Randi¢ index of the star S, is smaller than
that of the balanced double star. For n < 16, by calculating the values of the general
Randi¢ index of the star and the double stars with n vertices, we get that if n > &, the
balanced double star has the maximum value of the general Randi¢ index fora > 2. &

In fact. @ = 2 is not a sharp bound for n > 8. For a € (1.2), let's consider the trees
of order n. We can calculate the critical value 8 such that for a > g3, the Max Tree
is the balanced double star, and respectively the star S, for a < 8. Now we list the

approximate values of g for different n.

n 4 5 6 7 8 9 10 11
£ | 3.0816 | 2.6238 | 2.2369 | 2.0839 | 1.9408 | 1.8620 | 1.7858 | 1.7369

n 12 13 14 15 20 30 30 100

£ | 1.6890 | 1.6553 | 1.6220 | 1.5971 | 1.5033 | 1.4092 | 1.3274 | 1.2543

n| 10° 104 10° 108 108 10 10'2 10

£11.1413 | 1.0966 | 1.0732 | 1.0589 | 1.0424 | 1.0331 | 1.0271 | 1.0213

The above table shows us that 8 decreases with the increasing of n. Indeed, let

a=1+¢¢>0. Since

)‘.Jcs

1

G s I s
('ll = l)cld.l q1-e

1
we have

s e“*i)’“ - 41+§

We can see that as o approaches to 1 (i.e.. £ — 0), if the balanced double star has

the maximum value, n must be considerably large.
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3 Thecasefor0<a <1

Theorem 3.1 Among trees with n vertices, the star S, has the mazimum value of the

general Randic indez for 0 < a < 1.

Proof. By contradiction. Suppose that T is Max tree but not a star. There exists
ur € E(T) but not a leaf edge. By contracting the edge uv and adding a new leaf

uw on the new vertex w, we get a new tree 7" (see Figure 3.1 ). Now we show that

Ro(T) < Ro(T").

Figure 3.1

Suppose d(u) = d > 2 and d(v) = p 2 2. Denote by S, the sum of the weights of
the edges, other than uv, incident with the vertex u, and S, the sum of the weights of

the edges, other than uv, incident with the vertex v. Since S, > (d~1)d*, and S, >

(p = 1)p®, we have

Ra(T") = Ra(T)

d - 1) d -1)°
= GUEEEE R g (e g
dn po
2 ([d+p-1D** - (d-1)d - (p— 1)p° - (dp)*
= g(d.p).
Since
ay S o L] a1 a—1,.0
i (o+1){d+p—-1)° = (4 1)d* + ad®*™" — ad® 'p",
we have
b EA
_ad = 4 _ a-1 _ _24a-1_a&a-1
7 (e + La(d+p-1) a'd®'p

> af((d+p-1)°"" = (dp)*).
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a8
Since d.p > 1, d+p -1 < dp, we have % 5 o, Furthermore, gﬁ(d,l) = (o +

aIp
Dd® ~ (@ + 1)d* + ad®™! ~ ad®*™' = 0. So we have gﬁ > 0. For p > 1, since
g(1,p) = p>*' = (p— 1)p* — p® =0, we have g(d,p) > 0 for d,p > 1. |

4 The cases for a <0

If n < 6, by calculating the values of the general Randi¢ index for all trees with n

vertices, we obtain that the path P,(n < 6) has the maximum value. We assume n > 7

in the following.

A vertex v is called a claw if all but one of the neighbors of v are leaves.

Lemma 4.1 Let the tree T" be constructed from a tree T by deleting all the leaf edges
in a clew v, then forming the leaf vertices inte a path, and finally connecting an end

vertez of the path to v by an edge (see Figure {.1). If d(v) > 3, then Ro(T") > Ra(T).

vy V2 Vg2

=
s M S -
u v Ud-1 u v 1 (2] Ud-2 Ud-1

T iz

Figure 4.1

Proof. Let u be the vertex adjacent to the claw v. Suppose d(v) = d and d(u) = p. So,

d>3and p > 1, and we have

il

Ra(T) = Ra(T") = (d— 1)d® + (dp)® — 2°p° — (d ~ 2)4° — 2°
= (d—-2)(d* —4%) + (p* + 1)(d* - 2°)

< (d—2)(d™ - 4°) + (d° - 2¢)

IN

F—-4*+3*-2¢

IA

€ +an®l
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where 3 < € < 4,2 <1< 3 So we have Ry(T) ~ Ro(T') < 0. The proof is complete.
I

Note that if T is a Max Tree for a < 0, the degree of each claw is 2.

Lemma 4.2 For a <0, 1f T is a Maz tree, the neighbor v of any leaf v of T must be
of degree 2.

Proof. Let u be a leaf of T and v be the neighbor of u. Let P be a longest path of
T passing through v such that s is an end vertex and rs € E(P). . Lemma 4.1 implies
d(r) =2. Let d(v) = d, if d > 4, by picking off the leaf u and connecting it to s by a

new edge, we get a new tree 7”, as shown in Figure 4.2.

Figure 4.2

Denote by S, the sum of the weight of all the edges, other than wv, incident with
v. We have

(d-1)°

Ra(T) = Ra(T') = S0l = —

)4d® - 2% 4 2%~ g0,

Clearly, for & < 0 and d > 4, we have 1 — %‘: < 0, d* €42, and s0 Ra(T) < Ra(T"),

a contradiction.

It is left to prove the case d = 3. Denote the neighbors of v by N{(v) = {z,y,u},
and d(z) = p, d(y} = q, p,¢q > 2. We distinguish two cases.

Case ;. p=2o0rq=2.

Suppose p = 2. Let w be another neighbor of z, and d(w) = k. By deleting edges

wz, zv and adding edges wv, zu, we get new tree T'. Note that if k =1, T and T" are
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isomorphic, so we just consider k > 2. Since

Ro(T) = Ro(T') = 2°k° 4 3% 4+6% - 3°k* -2 —6°

I

(1 -k*)(3* -27) <0,

a contradiction.
Case 2. p>3and ¢ > 3.

BY deleting vertices u, v, adding the new edge zy and a 2-path to the end vertex of

P, we get
Rao(T) = Ro(T") = 3%(p" +¢* + 1) = 2-4% — p°¢" = f(p,q).
Since
EE = a3°p°! - gptlg?
ap

Il

—ap®(g¥ - 3°) 0,

for-2<a<0
F3.0) =3%(3° +¢°+1) —2-4° —3%° = 9° +3° = 2. 4°,

Let —a =$,0< B < 2and g(f) =1+3° —2(2)°. From the equation g'(8) = 0, we
get the root .

2(In9-In4)
In in3

B= Ini
§(3) < 0for 3 < pand ¢'(8) > 0for 8 > p. Since 0 < p < 2. ¢(0) = 0 and
9(2) = —0.125 < 0, we have f(3,q) = 9%¢(8) < 0, that is R.(T) — R(T") < 0, for

a € [—2,0), a contradiction.

For @ < -2, by deleting the edge vz and adding the edge zy, we get a new tree T".
So,

Ro(T) = Ro(T') =3°(p" + ¢® + 1} - p™(g + 1)° - 2%(g + 1)* — 2% + S, (1 - (q:—al)ol
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where S, denotes the sum of the weights of the edges incident with y other than vy.

Then, we have S, < (¢ — 1)¢%,

Ro(T) — Ro(T")

< 3P+ - P g+ )T -22(g+ 1) -2+ (g - 1)(¢° - (g + 1))
= f{p.9)
Since
6_‘f—- Caal, gael a o1
TR 3. p a-(g+1)*p*7 <0,
we have
f(3,9)

= 9% 4 3% 2% 43%% - 3%(g+1)° —2%(g+ 1)* + (g - 1)(¢" — (¢ + 1))

< 9T 45T =224 3%(¢° - (g+1)°) + (g - 1)(¢* ~ (g +1)%)

Il

9% +3% =24+ (3° + ¢ — 1)(g® — (g + 1)*) = g{a).

Since
g¢lg = B +g-alg® ' —(g+1)* ) +¢" - (g+1)°
= (3 a+a-g+qg—a)g® !t - (g+ 1))
=0+ (g + 1)) +¢® - (g+1)°
and
¢ —(g+1)* <g{g*' — (g+1)*Y),
we have

9@ < B a+a-grg—a)(@ ' —(g+1)*7")

< (eg+g-0a)(¢' = (g+1)*") <O.

Indeed, ¢ 2 3, @ < —2. So we have ¢ > %7, thusag + ¢ —a < 0.
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Fora < =2, 3% — 49 < 2% = 3%, we have 2- 9% - 12% < 6°. Since

g(3) = 2.9*-2°-12°+3-3*~2-4°
< 6*+3-3°-22~-2.4°
and 6° < 2 .4°, for a < -2, we have

4
9(3) <330 -2 - 242

Let 8 = —a > 2, h(8) =3-(4)¥ = 27 — 1. From the equation A'(3) = 0, we get the
root [, i
ye In m

In
Since g < 2, and R'(B) < 0 for 8 > i, we have for B > 2, h(B) < h(2) = 0,
9(3) = 42h(B) < 0, that is Ra(T) — Ra(T") < 0, for & € (—00, —2), a contradiction.

The proof is complete.

Theorem 4.3 For —% < « < 0, the path P, has the marimum value of the general

Randic index among all the trees with n vertices.

Proof. By contradiction. Assume that a tree 7 has the maximum value, but T is not
a path. Choose an edge uv with the minimum weight in 7', and a longest path P of
T passing through the edge uv. Suppose z,y be the end vertices of the path P, and s
and ¢ be the neighbors of z and y, respectively. Let 7" be the tree constructing from

T by adding the edge zy and deleting the edge uv, as shown in Figure 4.3.

VYV __ - VYV _
r s u v ¥ M ¥
T g o
Figure 4.3

From the above two lemmas. we know that d(s) = d(t) = 2. Suppose d(u) = p and

d(v) = ¢. Let S, be the sum of the weights of the edges incident with u, except uv,
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and S; be the sum of the weights of the edges incident with v, except uw. Then we

have
Su2(p=1p%". and S, 2> (¢-1)p%".
So.

Ra(T') = Ra(T)

=1)¢ =1)* a o a
(@ e s g2 g
(b= )=¥1g® + (g = 171" ~ (p4 g = p*q® 4347 = 2.2°

f(p.q).

v

Theu, we have

) o5 .
a—‘; = (1+a)(p-1)%" +alg-1)'"p* " = p%¢® —alp+q - 1)p"'¢°

= (+a)(p -1 -5 +al (g - 1"~ )

2 3l 1 -5 - 5 TS )7 - )

= PP - D~ D - D6 - - 1))
“L - 1) = (- ),

Let —a=1¢, then 0 <t <1 Since(1+ <1+ ;l—,t, we have

Flan) = (g=1 - (-1 - Y- 1)t - (g - 1))
= - - - - - )
> (g- 10 - (p-1) - ‘—”;—”‘—r)

1l

t t 1 t ,_E
(’I"U(P*l)((l'fp—:'l')'l p)
I W
(-1 +8) p

(g-1)'(p - 1Y

where £ € [0, ;35]. So
t

Fap) 2 -V - Yo qarang E,)

i
—_
]

I

=
==
~
S

|
=
~

|

|
=]
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Therefore, %ﬁ > 0. Similarly, we have %ﬁ > 0. Since f(3,2) > f(2,2) = 0, for
a € (-4,0), we have Ro(T") — Ra(T)) > 0, which completes the proof. ]

For convenience. we give the definition of a suspended path. Let uj. uy.--- . u, be
a path and u, € V(T), 1 < ¢ <r. We call ujua- - u, a suspended path rooted at u,, if
diu)) =1,d(y;) =2 (i =2,---,r—1) and d(u,) > 2. 7 — 1 is called the length of the
suspended path. Especially, if r = 2, the suspended path is a leaf edge.

Lemma 4.4 Let T be a tree such that any neighbor of a leaf is of degree 2. Let
UUaUy - -, ur— U be a suspended path of T rooted at v, v > 5. By deleting the edge

usuz and adding the edge vu,, we get a new tree T', as shown in Figure {.5. Then

Ra(T') > Ro(T) for o < —1.

v oug uz Uy Y N Ug U3 Uy Uy
Figure 4.4

Proof. Suppose d(v) = d > 2. Let S, be the sum of the weights of the edges incident
with v, except u,_v. So we have S, < (d — 1)2%d*®. Then

.. Zal)&) +2%(d® — (d +1)%) + 4% + 4°

—or— 8@+ 1)

Ra(T) - Ra(T') = S,(1

IA

(d—=1)2%(d" = (d +1)%) +2%(d* = (d + 1)*) + 2 - 4°
2% =2%(d+ 1)°
= d-2°(d* - (d+1)*) +2-4° - 2° - 2°(d + 1)*
= 29.40t _ 90 . g (d+1)°—2°(d+ 1) +2°(2-2° — 1)
= 2°(d**' - (d+1)* +2.2° —1)
Since the function f(z) = z®*' is monotonously decreasing, for & < —1, we have

Ro(T) — Ra(T') < 29(20%! — 32+ 90+l 1) < 0
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The proof is complete.

Lemma 4.5 If a tree T has two suspended paths P, and Py of length 3. We delete the

leaf edge of P, and connect the leaf verter to the leaf verter of P,. Then, the value of

the general Randic index does not change.

We leave the simple proof to the reader.

From the above discussion, we conclude that for & < —1 the lengthes of all the

suspended paths of a Max Tree are 2, except for at most one with length 3.

Lemma 4.6 Let T be a tree such that eny neighbor of a leaf is of degree 2. Let w be a
vertezr of degree 2 of T, which is not in the suspended path, and u,v be the neighbors of
w. The tree T' is obtained from T by contracting the edges uw end vw to a new verter

=z, and then adding a path of length 2 on the new verter = {see Figure {.5). Then,
Ro(T) < Ro(T") for a < —1.

z

y
% |

wl by
T u v B ' ):r_-:-(uvw—)‘

T i

o

Figure 4.5

Proof. Suppose d(u) = d and d(v) = t. Let S, be the sum of the weights of the edges,

other than uw, incident with u, and S, be the sum of the weights of the edges, other

than wv, incident with v. Then we have

S5, £{d—-1)d*2* and S, < (t-1)i*2"
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So we have

Ro(T) = Ra(T")
—~ 1) _ e
- au-ﬂi%JLnau-Ei%ﬂq+rf+rm

—2(d+t-1)*—2°

IN

(d=1)2%(d* — (d+t-1)%) + (¢ - 1)2°(t* — (d +t - 1)%)
+29(t% +d* = (d+t—-1)*-1)
= 2%(d*M + o — (d+t-1)" - 1)

= 2°f(d,t).

|

Since %[;- = (a+1)(d* - (d+t—1%)) < 0, similarly, %{ < 0, and f(1,1) = 0, we have

f(d,t) < 0, that is Ry(T) < Ra(T"). To sum up the above, we have that fora < -1 a
Max Tree has the following property:

Property 4.7 Let tree T have the mazimum value of the general Rendié index for
a < —1. Then, (1) all the suspended paths of T are of length 2, except for at most one

with length 3; (2) every verter of degree 2 must appear on a suspended path.

Now for o < =2, we give the tree with the maximum value of the index.

Theorem 4.8 For a < —2 and n > 7, the subdivided star has the mazimum velue of

the general Randi¢ indez.

Proof. Let T be a Max tree but not a subdivided star. Denote by D(T) the diameter
of T. Since T has the maximum value. From the Property 4.7, the diameter of T is
at least 4. If D(T) = 4, then Property 4.7 implies that T is a subdivided star. If
D(T) 2 5, let P = vvouy -+ - vg—2¥k— ¥ be a longest path of T, and £ > 6. From
the above property, it is impossible that the degrees of vy and v;_o are 2 at the same
time. Suppose that d(vi_,) =t > 2. Since T is not a subdivided star, by Property 4.7

we have d(ve—3) = d > 2. Let N(ve-g) \ {vkor, ve-3} = {w1, %2, w2} We delete
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the edges vg_siry, te_aUg, - - - . Uxk_2Uy_2, and add the edges v _suy, Uk_stz, - -+, Vo3,

thus get a new tree T' as shown in Figure 1.6.
B g

U U2 =% uy Up_2
Up Uy U3 Ug-3Ug—2 Uk-1Uk Uy V2 U3 VUp-3¥k-2 Uk-1Uk
T T
Figure 4.6

Now we show that 7" has larger general Randi¢ index than T, thus leading to
a contradiction. We denote by Sy the sum of the weights of the edges, other than
Ux_gUk-3, incident with ve_3. So, Sg < (d — 1)2% - d°, and we have
R.(T) — Ro(T")
(d+t-2)
do
+(t = 2)(29 — 2%(d +t — 2)°) + 2°t° — 4*

= Sil— S+ dote —90(t+d - 2)°

< (d=1)2°(d® = (d+1t—2)°) +d° — 4° + (¢ — 1)2°(8 — (d +t — 2)°)

= 2%(d°*! ot — g% —1® — (d +t — 2)*F!) + 4%t — 4°.

= f(d,t)
Now it is sufficient to prove f(d,t) <0, for @ < -2 and d,t > 2.
In fact,

3f e -1 a ga—1

24 =2%((a+1)d° —a- &' = {a+ 1){d+t - 2)*) + at®d*
and

74
ugf- =t — afa +1)2°(d + t — 2)*".

Since o € —2, we have 0 < @? < 2af(a +1). Since d,t > 2, dt > 2(d +t — 2), we

8
have 0 < 12~ < 2273 (d + £ — 2)°~", and s0 2 < 0. Since 8(d,2) = 0, we have
%‘g < 0, for t > 2. Furthermore f(2,t) = 0, and so, we have f(d,t) < 0 for d,t > 2.

The proof is thus complete. 1
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5 Concluding remarks

In this paper, we discuss trees with the maximum value of the general Randi¢ index.
We use the following table to summarize our main results. The case for -2 < «a < —%
is rather complicated, and the Max Trees may not be unique. We only obtain some

propertics of the Max Tree in this case. It is worthy of further study.

« Max Tree maximum value

(—oc, =2] | subdivided star for n 2 7, | for n > 7. 21 ((n - 1)* + 2°)
path for n < 6 for n odd, and 25%{(n — 2)" +
29) + 4@ for n even,

for n < 6, 20+ 4 (n — 3)4°

{(~&~4
[-3.0) | path 20t 4 (n — 3)4°
(0,1] | star (n—1)o*!

(1,2) | staror balanced doublesstar | (n — 1)**! or ([2) - D)[3]* +
| (131 - 1131° + (31300
[2.4+00)" | balanced double star for | (|3]-=1)|3)*+([5]-1)[5]°+
n>8 (131130°

« means that for n < 7 the Max Trees depend on a. The critical value § is shown in

the table of Section 2. For & > § and « < f3, the corresponding trees are the balanced
double star and star, and the corresponding maximum values are (| 3] —1)|3]%+([3]-

121+ (12)[3D* and (n — 1)**!, respectively.
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