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Abstract

Let G™ be a graph which is obtained from a path P, by replacing each vertex
by a fixed graph G and replacing each edge by a fixed set of edges joining the cor-
responding copies of G. A matrix approach to the computation of distance-based
invariants which gives a general procedure to obtain closed-form expressions (de-
pending on n) for such invariants of G™ was given in Ref. 11. Here we illustrate how
to apply the approach to the Szeged index (first defined in Ref. 6), a graph invariant
which has recently received considerable attention in chemical graph theory.
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1 Introduction

The notion of a polygraph was introduced in chemical graph theory as a formalization
of the chemical notion of polymers.? Fasciagraphs and rotagraphs form an important
class of polygraphs. They describe polymers with open ends and polymers that are closed
upon themselves, respectively. Their special structure makes it possible to design efficient
procedures for computing several graph invariants.'* It was shown in Ref. 10 how the
structure of fasciagraphs and rotagraphs can be used to obtain efficient algorithms for
computing the Wiener index of such graphs (under some additional constraints). In
Ref. 11 the same approach was used to study a general class of distance related graph
invariants. A general theory of such invariants on infinite chain graphs was initiated and
the results were illustrated on a well-known distance-related graph invariant, the Wiener
index.'® In this paper we show how the same approach can be applied to another recently
introduced distance-related graph invariant, the Szeged index.®

The structure of the paper is as follows. In Section 2 some definitions and statements on
distances in infinite chain graph are given. Special results for fasciagraphs are recalled in
Section 3. In Section 4 the general theory on distance-related invariants is applied to the
Szeged index. The method is illustrated on several examples in Section 5.

2 Distances in infinite chain graphs

In this section we recall the definition of infinite chain graphs and some results on dis-
tance matrices in such graphs. The key observation is Proposition 2.2 which is the main
ingredient of efficient computational procedures presented in later sections.

Let M be a fixed graph (also called monograph) with k vertices and let X C V(M)xV (M)
be a nonempty binary relation on the vertices of M. For brevity, we will use notation
uv = (u,v) € X, analogous to notation used for edges. (In examples, we again prefer
(11,12) to 1112 for clarity.) Denote by Z the set of integers. The infinite chain graph
= =E(M, X) based on M and X is defined as follows: V(Z) = V(M) x Z and E(Z) =
Uiz (BiU X;) where By = {(u,7)(v,2) |uv € E(M)} and X; = {(u,1)(v,i+1) | wv € X},
1€ Z. By M; (1 € Z) we will denote the subgraph induced on V(M) x {z}. Clearly, each
M, is just a copy of M. An example where M = Cg is the 6-cycle and X = {(4,1),(5,6)}
is shown in Figure 1.

2 3 2 3
6 S 6 5

Figure 1: A part of an infinite chain graph based on Cj.

Given a graph G, we denote by A = A(G) and D = D(G) its adjacency and its distance
matriz, respectively. The entry a,, of A is equal to 1 if uv € E(G), and 0 otherwise. By
A we denote the matrix with entries @y, = 0if u = v, @, = 1 if wv € E(G). and 4, = 00
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otherwise. The entry dy, of D is equal to distg(u, ), the length of a shortest path in G
from u to v. If u and v are in distinct connected components of G, then d,, = co.

When considering distance problems in graphs, it is useful to introduce a semiring over
the extended non-negative integers Ny = No U {oc} with operations min (as addition)
and + (as multiplication). The matrix product over this semiring will be denoted by o.
If A, B are square matrices of the same order k with entries in N, then

(A =] B)m, = 1?35"&“"" = B,‘,,) v (1)

For an extensive survey of results and applications concerning the above matrix product,
the reader is invited to consult Refs. 3-5,14.

The distance matrix D of the graph G can be obtained from the matrix A by computing
its powers using the above product:

D=AocAo--.0 A=A )

n-1

where n is the number of vertices of G. Instead of the power n— 1, it suffices to take only
diam(G) factors in (2) (where diam(G) is the diameter of the graph G, i.e., the maximum
over all distances between pairs of vertices of G).

Let Z(M, X) be an infinite chain graph based on M where |V(M)| = k. Define the k£ x k
transition matriz T(X) = [tuw]uvev(ar) in the following way:

L= 1, (m,v)eX
") oo, otherwise.

The following lemma, a reformulation of a result from Ref. 10, presents basic properties
of partial distance matrices in infinite chain graphs.

Lemma 2.1 Let Z = Z(M, X) be en infinite chain graph and k = |V(M)|. Let Dy be the
kxk matriz with entries (Dg)yy = dist=((x,0). (v,0)). Fori > 0, define D; = D;_,0T(X)o
Dy. Then for each j € Z, the matriz D, (1 = 0,1,...) contains distances in = between
all pairs of vertices (u,j), (v,j + 1). More formally, (D;)u, = dist=((x,7), (v,j + 1)).
Furthermore,

Diyj=D;oD;, 1,j20.

Let us remark that idempotency of Dy also implies that
D;={D)), i>0.

It can be shown that for large enough values of index ¢ matrices D, have special structure
that enables us to compute them efficiently. The following proposition, stated as Propo-
sition 2.4. in Ref. 11, is a variant of the “cyclicity” theorem for the “tropical” semiring
(Ng, min, +), see, e.g., Ref. 3, Theorem 3.112. By a constant matrix we mean a matrix
with all entries equal.

Proposition 2.2 Let = = Z(M, X) be a connected infinite chain graph, k = |V (M)|, and
K = max{(Do)uy | u,v € V(M)}. Then there are indices p, q, 0 < p < g < (2K + 1)*2,
such that D, = D, + C, where C is a constant matriz. Let P = g — p. Then for every
1> p and every j > 0 we have

D,+J;- = D, +]C
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The (minimal values of) indices p and P are called preperiod and period of the infinite
chain graph Z, respectively. Let us remark that the matrix C of Proposition 2.2 can be
interpreted in terms of “eigenvalues” of Dy with respect to the matrix product over the
semiring (Ng, min, +). The reader is referred to Refs. 3,5 for more details.

The upper bound on ¢ in Proposition 2.2 is far from being optimal. Our examples in
Section § show that p and P are usually much smaller.

3 Fasciagraphs

A subgraph of Z(M, X) induced on V(M) x {1,...,n} is called a fasciagraph and denoted
by Z.(M, X). Alternatively, the fasciagraph =,(M, X) can be obtained by taking n
disjoint copies M, ..., M, of the graph M, and for i = 1,...,n — 1 and each (u,v) €
X, adding the edge wiy; where w; € V(M;), viyy € V(M) are copies of u and v,
respectively. Notice that the Cartesian product of M and the path P, is a special case
of the fasciagraph where X = id. Similarly, the direct, the strong, and several other
products' of M and P, are special cases of fasciagraphs.

We obtain partial distance matrices D;; containing distances in =, between vertices of
M; and M; (1 < < n,1 < j < n) similarly as for the infinite chain graph. Note that
in general D;; does not depend only on (j — i) mod n. Also, D;; = D;. Most of the
partial distance matrices D);; can be obtained from the matrices Dy of the corresponding
infinite chain graph as follows (see Ref. 11):

Proposition 3.1 Suppose that the infinite chain graph = = Z(M, X) 1s connecled. Let
k = {V(M)| and n € N. Denote by K the mazimum element of Dy. Then K < 4k%.
Moreover: If K/2 <1< j<n-K/2+]1, then D;; = Dj_;.

One can apply Proposition 3.1 in problems related to distances in polygraphs. An example
of such an approach is presented in the next section.
In Ref. 10 (as well as in this paper) we treat the isometric case when (each copy of) M is
an isometric subgraph of Z(M, X), i.e., the distance matrix of M is equal to Dy. (More
generally, a subgraph H of G is an isomeiric subgraph if for any two vertices u,v € V(H),
the distance from u to v in H is equal to their distance in G.) In the isometric case we
have

Dt,_; =) Dj—i (3)
forall 1 <i<j<n

4 The Szeged index

The Szeged index Sz is a recently proposed structural descriptor, based on the distances
of vertices in a molecular graph.® As one can expect,® it resembles the Wiener index,'®
the first and still perhaps the most studied topological index. For reasons to introduce
the Szeged index and for its basic properties see Refs. 6,9. For general graphs, the Szeged
index can be computed in O(|V] - |E|) time."” On some special families of graphs it is
possible to use faster algorithms. For example, an algorithm for computing the Szeged
index of benzenoid hydrocarbons was given in Ref. 7. Since the Wiener and Szeged index
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coincide on trees, the linear algorithm can be used for computing the Szeged index of
trees.'* For more references, see Ref. 8.

We know that for polygraphs the computation of the Szeged index can be done even faster
than in linear time because the Szeged index is a distance based invariant.!' Moreover,
the method derived in Refs. 10-12 can be used to find closed-form expressions for the
Szeged index of families of fasciagraphs. In this paper we show how the method can be
applied in the case of the Szeged index. Some examples are given in the next section.
The same ideas can also be used to find the Szeged index of families of rotagraphs (where
rotagraph is a graph obtained from a fasciagraph =, = Z.(M, X) by adding edges also
between the last and the first copy of M in Z,).

Let us recall the definition of the Szeged index. If u,v € V(G) are vertices of G, let
N{u,v) denote the set of vertices of G which are closer to u than to v, i.e.,

N(u,v) = {w € V(G) | distg (v, w) < distg(v, w)}.
Furthermore, let n(u, v) = [N (u,v)|. Then we define the Szeged index Sz(G) as

852Gy =3 nfu,v)-nlv,u)

e E(G)

where the sum runs over all edges of G.

Suppose that G = Z(M, X) is an infinite chain graph and let u,v € V(G). Then we
define similarly as above n(u,v) to be the number of vertices w in the monograph
M; = M x (i}, for which distg(u,w) < distg(v,w). The same notation will be used in
the fasciagraphs =, (M, X).

Proposition 4.1 Let = = Z(M, X) be an infinite chain graph and let p and P be defined
as in Proposition 2.2. Suppose that © = (u,0),y = (v,d) € V(Z), whered > 0. Then we
have
2P (z, ) = nll(z,y) for i1>p+d
and )
2Pz, ) = nlNz,9) for j2p.

Proof. Observe first that for i > d the number n®(z,y) is equal to the number of
negative entries in the vector obtained as a difference between the u-th row of D, and
the v-th row of D;_4. When ¢ > p + d, by Proposition 2.2 we have D;,p = D, + C and
Di—ayp = Di_g + C for some constant matrix C, which implies the first equality.

Similarly, for § > 0 the number n{~7}(z, ) is equal to the number of negative entries in
the vector obtained as a difference between the u-th column of D, and the v-th column
of Djrq. When j > p, Proposition 2.2 applies and also the second equality follows. o

Note that when e = xy is an edge of =(M, X), we have d = —1, 0 or 1.

In general it might happen that the (minimal) period (and preperiod) of the sequence
a®(z,y) (i > 0) is smaller than P (and p, respectively). But it is always the case that the
period of this sequence divides P. It is also possible that the period of n®)(z,y) (i > 0)
is not equal to the period of nt=7)(x,y) (j > 0). (See examples in the last section.)

The proof of Proposition 4.1 also shows how to determine the values of n')(z, 1) when
the distance matrices D; (i = 0,1,2,...) are known. In particular, this can be efficiently
applied in computer-aided calculations.
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When applying the above results to fasciagraphs, we have to consider separately the
monographs close to the two ends of the fasciagraph =, (M, X). If there exists a copy of
M that is not an isometric subgraph of =, (M, X), then additional difficulties arise since
(3) need not always hold. This does not happen in the isometric case which we assume
henceforth (see the definition after Proposition 3.1).

Let =, = =,(M, X) be a fasciagraph such that each copy of M is an isometric subgraph
of Z,. Let p, g, and P be as in Proposition 2.2. Choose zy € F(Z,) where z € V(M;)
and y € V(M;) U V(M;4). Set 3':=j if y € V(M;) and j' := j + 1 otherwise. Let

A:max{[j_T”J,o} and B:max“%!‘pJ,o}.

Then using Proposition 4.1 we can write

n(z,y) = A (nU=V(z,y)+nb=4D(z,y) + .. + 00 (z,y)) (1)
n-BP .
+ 3 a9y ()
i=AP+1
+ B- (n‘j'+”)(r,y) + (g )+ L+ n”’*‘"'”(x,y))‘ (6)

As p, g and P are defined on the infinite chain graph, it may happen that, for example
n < p. Also for small and large values of 7, the values of A, B, or both can be 0. In these
cases the expression remains valid and is even simpler (as some terms vanish).

Each edge of £,(M, X} is either a copy of an edge from E(M) or a copy of an element
from X. Given u,v € V(M), let u; := (u,1), v, := (v,i) (1 € < n) be the corresponding
copies of u and v in =,. The Szeged index Sz(=,) can be expressed as

SAZa) = Y. Szm(Za.e) + 3. Szx(Sae),
e€EE(M) eEX

where Szy(Sn, €) and Szx (S, €) denote the sum of contributions of all copies of e in =,,.
More precisely,

n

S23s(Zme) = Son(ui,w) nv,w),  ife=uv e E(M) )

1=1

and .
Szx(Znre) = 3 nlus, vig) - 1V, w), ife=uveX. (8)

i=1
To simplify forthcoming calculations, let us assume that P = 1. Then ¢ = p+ 1. Suppose
also that n > 2p — 1. Take e = uv € E(M) and let 5% = nP(ug,vq), S~ = nl=P(uo, vy),

St = an(uu,uo), S = ZH(_J)(UU,L'U) for0<i<p-1, and So=Sf =55 .
—0 j=0

Then n(u;,v;) can be expressed as follows:

Ifp<i<n+1-np,then

n(u,vi) = -p) - S™+ (S, ,+ 5, - S) +(n+1-i-p)-S*. (9)
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When @ < p, we have
n(u;,v) =87, + Sy - S+ (n+1-1i-p)-5*, (10)
and when i > n+ 1 — p, we have
nlu,w)=(E-p)- ST+ S, + S5, - S. (11)

Similar expressions also hold for n{v,, ;) with appropriately modified values of S*, -,
S#, and S; (which we denote by T, T, T.*, and T, respectively).
Applying (9), (10), and (11) in (7) gives

1

°
!

Szps(En,e) =

™

n(ug, v;) - nvi, u;)

i

+ iln(ua,va)-n(v..ux)
+ i (it ¥e) - (g, u). (12)

i=n-p+2

=

b

In more detail, the first summation reads

p—1 p—1
n(ui, ) (v, w) = 3 (S + S5, — So) - (T + Tk, - To)
i=1

i=1

p-1

+ Y (n+l-i-p)-S*- (T, + T, - To)
i=1
p-1

+ Y ASI + S =8 (n+1—i—p)-TF
i=1

p—-1
+ Y Mm+l-i-p)-St-(n+l1-i-p)-T*
i=1

Note that the first term 72 (S, + S, — So) - (12, + T30, — To) involves a fixed number
of arithmetic operations, independent of n. Furthermore, Z{-’;ll (r+1—-i—p)- ST (T, +
Tiy = To) =n¥in $* (T + Ty — o) + DI (1= 1= p) - S* - (T7, + 10, = To) is
a linear function in n, and the computation of the coefficients involves a fixed number of
operations, independent of n. Similar reasoning applies to the last two terms.
The second summation of (12) gives

n—p+1 n-p+)

5T g, v) - nlvi,w) > GE-p)-S5-(i-p)-T

i=p i=p

n—p+1

+ 3 (-9 S (T + T - Th)
1=p
n—p+l1

+ Z (i-p)-S -(n+l=i-p)-T*
i=p
n-p+1

+ > (Spor + Sp+~k = So) - (t=p)- T~

i=p



54

n—-p+1
+ Z (S;—l + S:—l = SO) E (Tpil e Tptl = To)
i=p
n—p+1

+ Z(S;_1+S;'_1—Su)‘(n+1—z'*;u)-T+
i=p
n-p+l
+ S (n+l-i-p)-§Y (G-p) T
i=p
n—p+1
+ Y n+l-i-p)- ST (T, +TH, - Th)
i=p
n—p+1
+ > (m+l1-i-p)-ST-(n+l—i-p)-T*
i=p
n—p+1
= ST Y (i-p)?
=
n—p+1
+ 5T, +Tr, —-T) 3 (i—p)
i=p
n—p+1
+ ST Y (i-p)-(n+l-i-p)
i=p
n—p+l

+ (St 8- 8) T Y (i-7)
i=p

+ (S + S = S) (L + T, - Th)n-2p+2)

n-p+l1
+ (S S =80) T Y (n+1-i—p)
i=p
n—-p+l
+ ST Y (n4l-i-p)-(i—p)
i=p
n—p+1

+ S (T, +TE = Ty) Z (n+1-i-p)
i=p
n—p+1
+ ST S (n+1-i-p)? (13)
i=p

and again, using ©=7 (n+1-i-p) = T2 i—p) = §(n*+ (3—dpin+ (2 6p+4p?),

T 4 1—i-p)? = TP (- p)? = (20 + (9— 12p)n? + (13 - 36p + 24p*)n + (6 —
26p +36p* —16p%)), and LI (i p)(n+1-i—p) = (n—2p)(n—2p+1)(n - 2p+2)/6,
one can observe that all terms are polynomial functions of n (of maximal degree 3),

and the computation of the coefficients involves a fixed number of arithmetic operations,
independent of n.

Similar reasoning applies to the third summation.

Analogous calculation can be performed in the case when e = uv € X.

The above computations are straightforward, but involve a lot of tedious detail. We
therefore omit detailed derivation of general formulas. In the next section, complete
calculations will be given for several examples.
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A natural idea is to let the calculations be carried out by computer, using a program-
ming language which allows symbolic computation. We wrote a Mathematica'® package
SzegedIndex.m to check calculations in the examples of the next section. The package
is given in the Appendix, and is also available, together with an example notebook, at
http://www.fmf .uni-1j.si/~petkovsek/software.html.

If P > 1, it is usually the easiest way to consider each congruence class modulo P
separately. Each congruence class can be considered as a special case of the situation
when P = 1 with appropriately modified values of the preperiod p and S*, S~ An
example of this approach in presented in Example 2.

We can compute the Szeged index Sz(Z,(M, X)) of a fasciagraph =, (M, X) as a sum of
contributions of edges of the monograph and contributions of edges of X. As indicated
above, these contributions are polynomial functions of n and the coefficients depend on

parameters p, g, P. Furthermore, the computation of coefficients does not depend on n.
Hence,

Proposition 4.2 Closed-form expressions for the Szeged index Sz(=,(M, X)) of a family

of fasciagraphs Z,(M, X) (n € N) can be obtained by an algorithm whose running time
depends only on the size of monograph M and does not depend on n.

5 Examples

We conclude by some examples which should serve as a demonstration of the method
from Section 4.

3
2
"

3
2
1

(b

Figure 2. The graphs of Examples 1 and 2.

Example 1. Consider a fasciagraph obtained by taking n 5-cycles Cj as the monographs
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and connected as in Figure 2(a) for the case n = 4. The matrices Dy = D(G) and T(X)
are

0122 1] 00 00 o0 00 00
101 2 2 o0 00 00 00 00
2101 2 and 00 00 00 00 00 |,
22101 0o 1 oo oo oo
L1221 0] 1 o0 o0 o0 o
while the matrices Dy and D, are equal to
f2 344 3] 4 5665
3345 4 5 6 776
32344 and 55676,
21233 4 45 6 95
|1 233 2| 13 455 4
and the matrices D3 and Dy are equal to
(6 7 8 8 7] (8 9 10 10 9
78998 9 10 11 11 10
7899 8 and 9 10 11 11 10
6 78 8 7 8 9 10 10 9
156776 { 78 9 9 8

Therefore we have p =3, g =4 and P = 1.

Edge contributions to Sz(Z,{M, X)) of fasciagraph Z,(M, X) can be computed as follows:
For edge e = (u,v) = (1,5) € M, the n®(1,5) and n¥(5,1) in the infinite chain graph
=(M, X)) are

i Bl-2]-1]of1]2]3
A5 5] 5] 5[2]0l0]0
nGE . o[ ojo0l2]5]5]5

The values n() (u,v), resp. n (v, u), (i = 0,1,...) can be obtained from matrices D, by
counting the entries of the u-th row that are smaller, resp. larger, than the corresponding
entries of the v-th row. The values n)(u,v) and n'¥(v,u), (i = —1,-2...) can be
obtained from matrices D; by comparing the respective columns. Another method, which
is even simpler for simpler examples, is to read off the values from a picture of the infinite
chain graph.

Note that the preperiod for the edge (1,5) is 2 < p. The contribution of n copies of
e=(1,5) € M to the Szeged index of the fasciagraph =, (M, X) is hence

Sz (B (1,5)) = i((j —1)5+2)(2+ (n - 4)8) = 2"2(4 +10(n - 1) + 25(n — 3)(j ~ 1))
j=1 i=1
= _z"j(—s — 151 + 25(n + 1)5 — 255%)

n+1)? D2n+1
= —on—1nt4 st ponnt )6( ntl)

1
= 6"”4 — 151 + 250%). (14)
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For copies of the edge e = (1,2) € M we have

i 3[-2]-1JoJ1]2]3
(1,2 ... 5] 3] 2]2]3]|5]5
a0 [... o] o] 2{2]ofo]o0

The contribution of n copies of € = (1,2) is
Szm(Zn,(1,2)) = 2(2+3+ (n—2)3)+4(2+2+ 3+ (n - 3)5)
+(n—-3)4(3+2+2+3+ (n—-4)5) +4(2+2+ 3+ (n - 3)5)
= 2(23 - 25n + 10n%). (15)

Note that the expression is valid for n > 4. Forn = 3, for example, we have Sz (S, (1,2))
=202434+n—-2)5) +4(2+2+3+(n-3)5) + (n—3)4(3+2+2+3) +4(2+2+3
+ (n — 3)5). As we are interested in the asymptotic formulas, we will not compute the
expressions for small n explicitly.
By obvious symmetry,

Szp(En, (4,5)) = Szar(En, (1, 2)) = 2(23 — 250 + 10n?). (16)
Similarly, for e = (2, 3)

i S3(-2]-1]0f(1[2]|3(4
n0(2,3) ... 5]5 2 0(0]0
n3,2) ... 0] o[ o0f2]3]2}0]0
n=2
Sam(Za, (2,3)) = (245 - 1))2+3+2)+ (245(n—2))(2+3) + (24 5(n - 1))2
i=1
1
= E(62-77n+3;‘>rﬁ"). 17
and, by symmetry,
5 i 1
Szm (Sn, (3,4)) = Saae(Z0, (2,3)) = 5(62 - T7n + 35n%). (18)
Now we consider contributions of copies of the two “X-edges”. The edge ¢ = (u,v) =
(4,2), i.e., the edges ((4,7), (2,i+1)) (i =1,2,...,n — 1) contribute
1 S31-21-110]1(2(3
a0 {... | 5] s sfofofo]o0
20, [...]o]o]lols]sls]>5

n-—1

Sax (S, (4,2)) = 30575(n— )
j=l

nf(n-1)
25 - 25
T

2511(11 - lg(n + l)‘

(n=Dn2n-1)+1)

(19)
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Finally, edges of the form e = (u,v) = ((5,1), (1,7 + 1)) contribute

3 3 |-2|-110(1]2(3
nIG,1) ... | 5] 5] 5|0[0]0]0
n(,5) ...l ol o[ o[5]5]5]5
-1 1
Sex(Ea, (5,1)) = 252220+ 1) (20)
Summing all edge contributions we get, forn > 2p — 1 =15,
1
$2(Zn(M, X)) = 5(308 — 366n + 14507 + 25n%). (21)
It may be interesting to compare the results with the value of the Wiener index!!
1
W = E(50n3 + 105n% ~ 161n + 120) . (22)
O

Example 2. Take a fasciagraph obtained by taking n 5-cycles Cs as the monographs
which are connected as in Figure 2(b) for the case n = 4. In this case X = {(4,1),(5,2)}.
The matrices Dy = D(G) and D, are

01221 [3 2 3 4 4
101 2 2 33465 4
21012 and 2 34431,
22101 1 2332
1221 0] (21233
while the matrices Dy and Dj are equal to
(556 7 6 (8 78 9 9
6 56 77 889 1009
5456 6 and 778 9 8
4 3 455 6 6 7 8 7
L4 45 6 5| L7 6 7 8 8

The matrix Dy is equal to D, + C, where C has all entries equal to 5. Hence we have
p=2qg=4,P=2.

Edge contributions to Sz(=,(M, X)) of fasciagraph =, (M, X)) can be computed as follows:
For edge e = (u,v) = (1,5) € My the nt)(1,5) and nt)(5,1) in the infinite chain graph
=(M, X) are

i 3[-2]-1]of1]273
nO(1,5)[... [ 5] 5 2(0(0]0
nI(5,1) ... [ ol ol of2]5]5]5

The contribution of n copies of edge ¢ = (1,5) € M to the Szeged index of the fasciagraph
=,(A1, X) is hence, as in Example 1,
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1
S2pe(En (1,5)) = n(14 — 15m + 25n?). (23)
For the copies of edge e = (1,2) € M we have
1 3-2(-110(1}12]|3
nL,2|...] 00| 2]2|3|2]3
a0, ... 2] 3] 2|2]o]o0]0

Note that the contribution of the edge (1,5) has period 1 although P = 2.

The contribution of n copies of edge e = (1,2) have to be considered for n even and n
odd separately. For n = 2m we get

»
3

Szp(Zn, (1,2))

I

n((1,5),(2,3)) - n((2,9), (2,1)) =

i=1
™m m—1
= 2(65 = 1)(5(m — j) +4) + 3 (5] +2)(5(m = j) +2) +2-5m =
=1 j=1
= %(8+5m)(—3+5m+10m7), (24)
and for n odd
2m+1
SZM(Em (112)) = z ﬂ((l,]),(z,‘j‘)) n((2,]),(2,1)) ==
=1
= S(55+2)(5(m—j) +4)+ 3 (55 — 4)(5(m — 7 + 1)+ 2) + 2(5m + 2) =
=1 j=1
= %(12+83m+90m1+25m-’). (25
By obvious symmetry,
Szp(Z, (4,3)) = Szar(E, (1,2)). (26)
Similarly, for e = (2,3)
i 31-2]-110]1(2]3
n®(2,3) ... [ 5] 5] 5[2]/0]0]0
a03,2) ... 0] 0]o]2]3]|5]5

n

1

]

Sz (Za,(2,3)) 2+G-D5)2+3+(n—7-1)5)+(2+ (n-1)5)2 (27)

.

and since (3,4) is symmetrical to (2,3),

Szp(Zn, (3,4)) = Sz (Z0,(2,3)) = é(—.’lﬁ + 80n — 45n% + 25m°). (28)
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Furthermore,
Szx(Zms (4,1)) = Szx(Zn, (5,2)) = 25”—("-_'1;&11 (29)

and, summing up all edge contributions, forn > 2p — 1 =3,

- ; 1(—60 + 149m — 105m? + 550m*), n = 2m
$4Za(M, X)) = { 312+ 91m + 144m? + 110m%),  n=2m +1 (30)
It may be interesting to compare the results with the value of the Wiener index"!
g
- =(—96 + 134n + 75n% + 250n%), n even
- — 4 I
W(E(M, X)) = { 71(—99 + 134n + 750 + 250n%), n odd (31)
O

Example 3. As our next example, consider first the fasciagraphs obtained by taking
6-cycles Cy as the monographs and connected as in Figure 1 for the case n = 4. Here
X ={(4,1),(5,6)}. The matrices Dy = D(G) and D, are

(0123 2 1] 456543
101232 345654
2101 23 234543
321012 ™ 11903432}
232101 234321
12321 0] 134543 2
while the matrices Dy and Dy are equal to
(6 7876 5] (8 9 10 9 8 7
789876 9 10 11 10 9 8
678765 8 9 10 9 8 7
567654 ™ |78 9 8 756
4565 43 6 7 8 7 6 5
|56 7 6 5 4| |7 8 9 8 7 6

As Dy — Dy =2) wehave k=6,p=2,¢q=3,P=1,¢c=2.
The contribution for edge (1,2) can be calculated as follows.

i A[-2[-1]0f1[2]3
212 | 6|6/ 6|3|3]6]6
n(2,1)| .. |0l 0| 0[3]3]0]0

Sz (Zn, (1,2)) = D (34 3)(3+ 3+ (n—2)6) + 3(3+ (n — 1)6) = 9(3 - 6n + 4n?). (32)

i=1

It is obvious that

Sea(Za, (3,4)) = Sz (E,, (1,2)) = 9(3 - 6n + 4n°). (33)

For edge (2,3) we get
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i 372101 ]27]3
nM(2,3) ... 6[6]6[3/0]0]0
nD3,2) ... 0] o] ol3]6|6]6
Sem(En, (2,3)) = 2_(3+6( — 1)(3 + 6(n — 7)) = 3n(1 + 2n%). (34)
j=1
Similarly,
Sz0e(Zn, (6,5)) = 3n(1 + 2n?). (33)

Finally, for edge (1,6) we get

i 3{-2]-1]01[2]3
() ... [0l o] 3[3|ofo]o0
n() ... 6] 6] 3[3][6|6]6

By symmetry, the contribution of edge (4,5) is equal to the contribution of edge (1,6).
therefore

Sz (S, (1,6)) = Sz (S0, (4,5)) = 9(3 — 6n + 4n?). (36)
For X-edge (4,1) we get
n-1
S2x(Zn, (4,1)) = 3_(67)(6(n — 7)) = 6(n — Dn(n + 1) (37)
i=1
and for X-edge (5,6)
Szx(Za,(5,1), (6,1 — 1)) = 6(n ~ 1)n{n + 1). (38)

The Szeged index of the fasciagraph of Example 3 is therefore
SZn(M, X)) = 6(18 = 37n+ 24n” + dn®)  forn > 3. (39)
For comparison, the Wiener index of this family is'!

W(Za(M, X)) = 12n* + 36n* - 39n + 18. (40)

a

Example 4. As our next example, consider again the fasciagraphs obtained by taking

6-cycles Cg as the monographs and X = {(4,6),(3,1)}. The matrices Dy = D(G) and D,
are

012321 3456 5 4
10123 2 2345 43
210123 ail 123432
321012 2343 21/|"
232101 345432
123210 4 5 6 5 4 3

while the matrix D, is equal to
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6789 87
567876
4 56765
5676 5 4
6 78 765
789 87E6

As Dy — Dy =3J,wehave k=6,p=1,¢=2,P=1,c=3.
For edge (1,2} we get

i S3l-2[-1{0f1[2]3
a6/ 6] 63 00
nD()l...]ol0ojlol3l6|6]6

Szx(Zn, (1,2)) Z (34 (7~ 1)6)(3 + (n — 5)6) = 3n(1 + 2n?).
By symmetry, the contribution of edge (6,5) is
Sz2p(Za, (6,5)) = Szm(Za, (1,2)) = 3n(1 + 2n2).

and
Sz (Z0,(2,3)) = Sz (Ea, (4,5)) = 3n(1 + 2n%).
For edge (1,6) we get

i Bf2]aJof1]2]3
n0(L,6) | ... [ 3] 3] 3[3[3[3]3
n®(6,1) ... | 3| 3] 3]3|3|3]3

Szp(Z0,(1,6)) =n - 3n - 3n = 9.
By symmetry,
SZM(E'm (3: 4)) = SZM(EM (lr 6)) = gna'
For X-edges (1,3) and (4,6) the contributions are

n-1

Szx(Zn, (1,3)) = Szx(Zn, (4,6)) = 3 (65)(6(n — j)) = 6(n — L)n(n + 1).

=
The Szeged index of the fasciagraph of Example 4 is therefore

S(Z.(M, X)) = 5dn’.

(41)

(42)

(43)

(44)

(45)

Example 5. For our last example, consider the monograph obtained from 10-cycle Cy,
by adding the edge connecting two opposite vertices of 10-cycle {vertices 5 and 10) and

X ={(4,1),(6,9)} (Sce Figure 3). The matrices Dy = D(G) and Dy are















