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Abstract

The Wiener index is a distance-based structural descriptor of organic molecules defined
as the sum of distances between all vertices of a molecular graph. A Wiener index
decomposition based on vertex degrees of catacondensed benzenoid graphs is studied
It is shown that terms of the decomposition can be computed through the Wiener index

1. Introduction

The Wiener index (or Wiener number} is a topological index based on distances
between vertices of molecular graphs. The Wiener index was introduced as structural
descriptor for characterization of alkanes [1]. A conventional definition of the Wiener

index for an arbitrary molecular graph H is due to Hosoya [2]:
1
I(H) = -
W(H) =5 3 dwv),
wweV(G)
where d(u,v) is the standard distance of the graph H, i.e., the number of edges in a
shortest path connecting the vertices u and v in H. Mathematical properties and chemical

applications of the Wiener index have been intensively studied in the last thirty years (see

books [3-5] and selected reviews |6 10]).
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We consider a class of graphs which include molecular graphs of catacondensed benze-
noid hydrocarbons [11]. Benzenoid graphs are composed of six-membered cycles (hexago-
nal rings). We assume that such a graph contains at least two hexagonal rings. Any two
rings either have one common edge (and are then said to be adjacent) or have no common
vertices. No three rings share a common vertex.

Each hexagonal ring is adjacent to two or three other rings, with the exception of the
terminal rings to which a single ring is adjacent. The inner dual graph of a given benzenoid
graph consists of vertices corresponding to hexagonal rings of the graph; two vertices are
adjacent if and only if the corresponding rings share an edge. A benzenoid graph is called
catacondensed if its inner dual graph is a tree. Denote by Ly the linear polyacene with h
rings. It is known that Ly has maximum W among all graphs of this class having h rings
(12].

By construction, a benzenoid graph H has 4h + 2 vertices and every vertex has degree
2 or 3. The vertex set of H can be divided into two disjoint subsets with respect to
vertex degrees: V(H) = Vo(H)U V3(H), where Vi(H) contains all vertices of degree k,
|Va(H)| = 2h + 4 and |V3(H)| = 2h — 2. The Wiener index of H can be decomposed into

three terms in the following manner:
1
W(H) = §(W22(H) + 2Wys(H) + Was(H)), (1)

where Wi (H) = 3 cvi ) Loveviom 4w, v) for k,m € {2,3}.

For instance, for the linear polyacene we have Wyy(Ly) = 2\1h% + 27h% + 38h + 12)/3,
Wag(Ly) = 2(4h® + 9h% — Th — 6)/3 and Way(Ls) = 2(4h% — OR? + 2h + 3)/3.

In this paper we show that the quantities Woo(H), Wos(H) and Wi3(H) can be
computed through W(H) and W (L) by the similar way.

2. Main result

Let H be an arbitrary catacondensed benzenoid graph with A rings and A(H) =
W (Ls) - W(H). Then the differences between the corresponding parts of decompositions
of W(H) and W(Ly) coincide.

Theorem. For the terms of the Wiener index decomposition (1),

Waa(Ln) = Waa(H) = Was(Ln) = Was(H) = Way(Ly) ~ Waa(H) = A(H)/2.
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Figure 1. Kink transformations of catacondensed benzenoid graphs.

The Theorem implies numerous properties of the Wiener index for catacondensed
benzenoid graphs that are outlined elsewhere [13]. Among them we mention the following:
the discriminating ability of the Wiener index and the quantities Wy, W3y and Woy is the
same (this proves an earlier stated conjecture [14,15]); the Wiener index can be calculated
through the number of rings in a graph and any of the sums 1), Wiy or Wy This
approach has been previously applied for decomposition of the Wiener index into two

terms with respect to vertex degree (sums of vertex distances for v € V; and v € V4) |17].

3. Kink transformations of benzenoid graphs

Consider two graph operations of a catacondensed benzenoid graph H that consists
of transforming a linear terminal part of H into new parts as shown i Figure 1 (see
solid arrows). In other words, a terminal part of H is displaced from its initial location to
another one making a new kink or branch in the resulting graph H’. Such operations are
called kink transformations. Here and further, A and B stand for arbitrary fragments; in
particular, they may be absent. Every transformation of type () can be decomposed into
two transformations of type (a) and (c) as depicted in Figure 1 by dotted arrows.

Let H be arbitrary catacondensed benzenoid graph with A rings. It was shown that A
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G . F H
Uy v =
Figure 2.

can always be obtained from the linear polyacene L;, by a sequence of kink transformations
|16]. Suppose that H is obtained from Ly in such a way. We shall evaluate the change of

W, for neighboring graphs from the corresponding sequence of kink transformations.
4. Distance of vertices of degree 2 under graph attachment

For an edge (v,v,) of a graph H, define Va(v, n|H) = {u € Vo(H) | d(u,v) < d(u, )},
Dy(v|H) = ¥ sevyon d(v,w) and Dy(v,wilH) = 3 yevpumim dviu). It is clear that
Va(H) = Va(v, vi| H)UVa (v, v ) and Da(v|H) ~ Da(wi|H) = [Va(vy, o[ H)} - [Va(v. v | H)J-
For vertices of the linear polyacene (see F' in Figure 2), Dy(v|Ly) = (2h + 1)(h + 2) and
Dy(v,vi|Ly) = h(h + 2)

Let H be obtained from the catacondensed benzenoid graph G and the linear polyacene
F by ideuntifying the edges (v,v,) in G and (v,v,) in F as depicted in Figure 2. Then
the sum of vertex distances Way(H) can be expressed using the analogous sums of its
subgraphs G and F.

Proposition 1. For the graphs H, G and F shown in Figure 2, we have

Wa(H) = WalG)+ Wy (F) + hp(Da(u|G) + Da(1y|G))
+  2hp(Da(u, w)|G) + Da(uy,u|G)) + ¢(hg, hr).
where ¢(he, ) 1s some polynomial in the variables hg and hy .

Proof. Let H be obtained from G and F as depicted in Figure 2. Then the vertex
set Vo(H) can be decomposed as follows Vo(H) = (Vo(G) U Vo(F) \ {u,u,v,00) =
(Va(u, wy |GYUVy (uy, u|GYUVo(v, vy | F)UVy(vy, v F))\ {u, w1, v, 11 }. Vertices of these subsets
will be examined

a). Let w € Va(u,u,|G). It is clear that

Dy(w|H) = Y delwz)+ Y (do(w,u) +de(v.x))
reVa{G)\{uan } Vo (F\{vn }

Dy(w|G) = d(w,u) — d(w. uy) + (|Va(F)| = 4)dg(w, u) + Dy(u|F) = 1

]

= Dy(w|G) + 2hpde(o,u) + Dy(v|F) - 2.
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Summing the above equality for all vertices of Va(u,u|G) \ {u}, we obtain

Dy(wlH)= > Daw|G)
weVa (1,13 [G)\ {u) weVa{um |G\ fu}
+  2hpDo(u, wy|G) + (|Va(u, uy|G)| — 1)(Dafv|F) - 2).
b). Let w € Vio(uy, u|G). By symmetry of v and u,,
Day(w|H) = Dy(w|G) + 2hp de(w,uy) + Da(v |F) — 2.

For all vertices of Va(uy, u|G) \ {u;}, we have

ST DwlH)y= > Dywl6)
weVa(uy u|G)\ {m) weVa{uy,ulG)\{u1 }
+ 2hpDo(uy, ulG) + (|Va(uy, ulG)| — 1)(Daw | F) = 2).

Summing the both parts of (2) and (3), we arrive at

S Dy(wlH) = Wn(G) — Da(u|G) - Da(ws|G)
weVa(G)\ {uan}
+ 2hp(D2(u, w|G) + Da(uy, ulG)) + ([Va(G)| — 2)(Do(v|F) - 2).
¢). Let w € Vo(v,v|F). Then

Da(w|H)

Do(wlF)+ % (dr(w,v) + do(u,2))
eV(CN\ {uuy}

Da(w|F) + 2hg dp{w, v) + Dy(u|G) ~ 2

Let w € Vo(uy, v|F). By symmetry of v and v, we get
Day(w|H) = Da(w|F) + 2h¢ de(w, v)) + Da(uy|G) — 2.
Using similar reasoning as in the case of the graph G, we have
Dy(w|H) =

weVa(F)\{v,u}
= Wpn(F) = D2(v|F) = Da(ni|F) + 2he(Dalv, vy | F) + Da(vy, v]F))

+ ([Va(v, il F)] = D)(D2(u|G) + Do, |G) - 4)
= Wau(F) + 2he(Dz(v,u,|F) + Dy(vi,v|F)) = Da(v|F) = Dafvy|F)
+ (hp + 1)(D2(ulG) + Dy(wi|G)) ~ 4(|Valv, wi|F)| - 1).
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Finally, summing (4) and (5), we obtain

Wa(H) = Wax(G)+ Wy(F)
+  hp(Da(u|G) + Daw|G)) + 2hp(Dolu, 1y|G) + Daluy, u|G))
+ 2heDy(v|F) + dhgDo(v,v,|F) = dhg — 4hp — 8.
The proof of Proposition 1 is complete. O

5. Change of vertex distances under kink transformations

Consider the first type of kink transformation. Let the graph H' be obtained from
H as shown in Figure 1. In order to calculate W, we decompose these graphs into two
subgraphs as shown in Figure 3.

Proposition 2. Wy (H) — Woy(H') = 4(k + 1)(2hg + m — 1).

Proof. Using Proposition 1 for H and H’, we can write

Wa(H)

War(G) + Waa(F) + (k + 1)(Da(ulG) + D(u|G))

+

2(k + O)(D2(u, wy[G) + Da(uy, ulG)) + ¢lhe, hr),

M’QZ(H‘) B WQ‘Z(G) + WQQ(F) + (k + [)(DQ(’LU'G) + DQ(“LIG))
+ 2(k + D(Da(w, v|G) + Daluy, w|G)) + ¢lhe, hr).

Then

Way(H) = War(H') = (k + )(D2(u|G) — Dy(w|G))
+ 20k + D(Da2(w, 1) |G) + Doy, u|G) = Da(w,u3]G) = Da(wy, w|G)). (6)

Now we compute every difference of distances in (6).

Consider subgraphs G and G of G shown in Figure 4a. It is easy to see that D,(u|G) -
Dawl|G) = U =24 [Va(B)} - 2) +4~6 = H2hg+m—1}; Since Valu, wlG) = {u.u, 2]
(see Figure 4b), Dy(uy, w|G) = d{uy,v) + d(wy, ) = 3.

The quantity Ds(w,u,|G) can be divided into two parts (see the edge (w,u;) in

Figure 4b and graphs G,, G, in Figure 4a):

Dy(w,w|G) = P(G)) + P(G,) = > d(w,2) + 3 d(w, z).

z€Va(w,uy |GINV (G ) 2EVa(w,m |G)NV2(Ca)
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Figure 3. The first type of graph decomposition.

Figure 4. Vertex sets associated with edges.

Then we can write (the sets V(u,u;|G) and V(u), u|G) are depicted in Figure 4c)

Do(uy,u|G) - P(G,) (I+3+..+(2m=-3))-(2+4+ ...+ (2m—4))

-+

Va(B)| —2=2hg+m+1,
d(u,z) = 1.

I

Da(u,w)|G) - P(G))

Substituting all necessary terms back into (6), we obtain

Da(H) — Dy(H") 20k + )(2hg+m - 1) + 2k + )(Zhg + m+ 1 +1 - 3)

4(k + [)(2hg + m — 1).

The proof of Proposition 2 is complete. O

Consider now the second type of kink transformation. Let the graph H” be obtained
from H as shown in Figure 1. Because of Proposition 2, it is sufficient to examine a

transformation of type (c) (see Figure 1). The corresponding graphs /1’ and H” we present

as depicted in Figure 5.
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Figure 6. Vertex sets associated with edges.

Proposition 3. Wy (H') — Waa(H") = 16kl(hy + hg + m — 1) + 8l(ha — hg) + 4kl

Proof. Using Proposition 1 for the vertices of degree 2, we have

Waa(H') = Waa(H") = I Dy(u|G) — Dy(w|G) + D2(11|G) = Dolun|G))
+ 2(D2(u, u;|G) — Da(wy, w|G) + Da(uy, u|G) = Dalw, w;|G)). (7)

Consider subgraphs G,

D3(u|G) — Da(w|G)

Do(uy|G) = Do(wy|G)

and Gy of C. shown in Figure 6a. It is not hard to verify that
= (2(k +2) = 2)IVa(G))] + (2(k + 1) + 1 = 3)[V2(G>)]

- (2k+2)—-(2k+3)+3

= 2(k+1)(Zhp+m— 1)+ 2k(2hg + m - 1),

= 20k + 1)+ 1= 3)Va(G)] + 2k + 1) = 4)|Ve(G))|

+  Dolus|Liys) = Dalwy| Ly ) — (2k+ 1) = (2k+2) + 5

= 2k(2ha+m—1)+2(k — 1)(2hp + . — 1) + 2k
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Consider the edges (u, ), (w,w;) and the vertex sets Vo(u,1|G), Vo(uy, u|G) and
Vo(w, un|G), Va(w,,w|G) shown in Figures 5b,c. By direct calculation, we have
Dy(u, 1) |G) = Do(wy,w|G) = (1 + 3+ ...+ (2k + 1) + (2k + 2))

- (2444 .+ 2%+ 264+ 2) - (3454 ...+ 26+ 1)+ (2k+2))

= —k(k+3),

Ds(ur,u|G) — Da(w, w|G) = (2(k+ 1) + 1 = 2)(|Va(A)| -2+ m - 2)
+ @2k+1)=3)(VaB) =2+m=-2)+ (1 +3+ ... +(2k~1))
= (2k +1)(2ha +m) + (2k — 1)(2hg + m) + k%

Substituting the above terms into (7), we obtain

Wao(H') — Woo(H")

H2(k + 1)(2ha + m — 1) + 2k(2hg + m — 1)
+ 2k(2ha+m—1)+2(k - 1)(2hg + m — 1) + 2K
+ 220k + 1)(2ha +m) + 2(k — 1)(2hg + m) + k2 — k(k + 3)]

= 16kl(ha+ hp +m — 1) + 8l(hs — hg) + 4kL.
The proof of Proposition 3 is complete. O
6. Proof of Theorem

Let H be an arbitrary catacondensed benzenoid graph with h rings. Then this graph

can be obtained from the linear polyacene Lj by a sequence of kink transformations:
Ly=H —-Hy— .. —H,_, = H,=H.

Using Propositions 2 and 3 for the neighboring graphs of the sequence, we can write
Waa(H:) = Woa(Hiy1) + &/, for i = 1,2,...,m — 1. Therefore, Waa(H) = Wy{Ls) ~ A'(H).
where A'(H) = &'y + Ay + -+ Al

Let Wo(H) = Woo(H) + W3 (H) and Wa(H) = Wi (H )+ Was(H). It has been recently
demonstrated that Wo(H) = Wo(Ly) — A(H) and W4(H) = Wi(Ly) ~ A(H). where
A(H) = W(L,) — W(H) (17). Comparing A'(H) and A(H), one recognizes the following

unexpected result: A'(H) = A{H)/2. These properties immediately prove the Theorem

Acknowledgement. The author would like to thank the referee for many lelpful

suggestions.



46

References

[1] Wiener H. Structural determination of paraffin boiling points. J. Amer. Chem. Soc.
1947, 69, 17-20.

[2] Hosoya H. Topological index. A newly proposed quantity characterizing the topolo-
gical nature of structural isomers of saturated hydrocarbons. Bull. Chem. Soc. Japan
1971, 44, 2332-2339.

[3] Bonchev D. Information Theoretic Indices for Characterization of Chemical Struc-
tures; Research Studies Press: Chichester, 1983.

[4) Trinajsti¢ N. Chemical Graph Theory; CRC Press: Boca Raton, 1983; 2nd edition,
1992.

[5] Gutman 1., Polansky O. E. Mathematical Concepts in Organic Chemistry; Sprin-
ger-Verlag: Berlin, 1986.

[6] Rouvray D. H. Should we have designs on topological indices? In: Chemieal Applica-
tions of Topology and Graph Theory; King R. B., Ed.; Elsevier: Amsterdam, 1983;
pp 159-177.

|7] Gutman L., Yeh Y. N., Lee S. L., Luo, Y. L. Some recent results in the theory of
the Wiener number. Indian J. Chem. 1993, 32a, 651-661.

[8] Nikoli¢ S., Trinajsti¢ N., Mihali¢ Z. The Wiener index: developments and applica-
tions. Croat. Chem. Acta 1995, 68, 105-129.

[9] Dobrynin A.A., Entringer R., Gutman [. Wiener index of trees: theory and appli-
cations. Acta Appl. Math., 2001, 66, 211-249.

[10] Dobrynin A.A., Gutman ., Klavzar S., Zigert P. Wiener index of hexagonal systems.
Acta Appl. Math., 2002, 72, 247-294.

[11] Gutman 1., Cyvin S. J. Introduction to the Theory of Benzenoid Hydrocarbons.
Springer-Verlag: Berlin, 1989.

[12] Gutman I. Wiener numbers of benzenoid hydrocarbons: two theorems. Chem. Phys.
Lett. 1987, 136, 134-136.

[13] Dobrynin A.A. On the Wiener index decomposition for catacondensed benzenoid
graphs. Indian J. Chem., 2003, to be published.

[14] Dobrynin A. A. On decomposition of the Wiener index for graphs of catacondensed
hexagonal systems. Graph Theory Notes New York 1993, 25, 19-22.

[15] Dobrynin A. A., Kochetova A. A. Degree distance of a graph: a degree analogue of
the Wiener index. J. Chem. Inf. Comput. Sci. 1994, 3/, 1082-1086.

[16] Dobrynin A. A. New congruence relations for the Wiener index of catacondensed
benzenoid graphs. J. Chem. Inf. Comput. Sci. 1998, 38, 405-409.

{17) Dobrynin A.A. Discriminating power of the Schultz index for catacondensed benze-
noid graphs. MATCH - Commnun. Maih. Comput. Chem. 1998, 38, 19-32.



