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Abstract
We present a recursive formula for the Randié index x (T') of a tree
T. As a by-product, we determine x for trees which are obtained from

basic tree operations, such as linking vertices of two different trees by
a path.

1 Introduction

Let T be a tree (i.e., an acyclic connected graph) with set of vertices V (T7)
and set, of edges E (7'). The Randi¢ index of T" is defined as

1
x(T) = ——
vaZE(T) 820y
where ¢, denotes the degree of the vertex z and zy is an edge with terminal
vertices = and y. '

Randi¢ designed this index with the intention of characterizing branching
in chemical species ([12]), and it became one of the most successful graph in-
variants in applications to physical and chemical properties ([9],(10]). In spite
of the numerous practical applications of this index over the last 25 years,
only recently results about the mathematical properties of x have appeared
in the literature (see for instance, [1],(2],(3],(4],(5),[6],[7).[8] and [11]).

In this work we present a recursive formula for-the Randi¢ index of a
tree T. The basic idea is as follows: if T is a tree and v € V (T) with
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degree k, then there exists unique subtrees Ty,..., T of T which have v as
a pendent vertex (i.e. a vertex of degree 1) and are maximal with respect to
this property In Theorem 2.3, we establish a precise relation between x (T')

and E x {Ti). This relation depends strongly on the Randi¢ constant of T

at vertex v, which we introduce in Definition 2.2. As a consequence of this
result, we determine y (U) in Corollary 2.4, for trees U which are obtained
from basic tree operations, such as linking vertices of different trees by a
path.

2 Recursive formula for the Randié¢ index

Let T be a tree and v € V (T). Consider the set P, (T) of all subtrees of T
which have v as a pendent vertex. If P and @ belong to P, (T"), then the
relation P € @, i.e., P is a subtree of @}, is a partial order over P, (T"). A
subtree M € P, (T) is maximal if M C N and N € P, (T) implies M = N.
It is clear that if v is a vertex of degree k, then there are exactly k maximal
subtrees T1,..., Tk in P, (T).

Example 2.1 Consider the tree T shown in Figure 1. The vertez v has
degree 8 and Ty, Ty and Ty are the mazimal subtrees of P, (T).

T T Ty T3
Figure 1
In our next result we express x (T) in terms of Z x (T}). As we shall see,

this relation depends strongly on a constant assocnated to the vertex v of the
tree T, which we next introduce.

Definition 2.2 Let T be a tree and v € V (T'). The Randi¢ constant of T
at v, denoted by Ry (v), is defined as

RT(U)=Z\/15_

zeN,

where N, denotes the set of neighbors of v.



Now we can state and prove the recursive formula for the Randié index
of a general tree, in terms of the Randi¢ constant.

Theorem 2.3 Let T be a tree and v € V (T) of degree k. If Ty,.. ., T} are
the mazimal subtrees of P, (T) then

k
1
T) = L)+({—=~-1]R
X =3 x(@) (1)~
Proof. We can express the Randié index of T" as
1
x(T)= Y — Z
TyeE(T) \/_ "/_
r#V,yFY
On the other hand, since v is a pendent vertex of each 7} we obtain
1 1
T)) = —_—
x(T)= ) e

zyeE(Ty)
z#v,y#Y

where k; is the degree of the unique neighbor of v in 7;. Hence
k
2x(@)= 3 =+, \/3—
i=1 zyeE(T) !’ zZEN,
THVYFY
and consequently

() -3 x (@) = (ﬁ—l) Rr (v)

i=1

Consider a tree U which is obtained from the trees S and T, by linking
the vertices w of S and v of T by a path 7 (see Figure 2).



Figure 2

We next determine x (U) in terms of x (S) and x (7).
Corollary 2.4 Let S and T be trees, w € V (S) of degree ¢ and v € V (T)
of degree k. If U is the tree obtained from S and T by linking vertices w and
v by a path T of length r, then

1. Ifr =0, that is, if v and w are identified, then

1 1 1 3 |
X (U) = x (S)+x ‘T)*"(m - ﬁ) Rs “”’*(\/m s "72) Rr (0)

2 Ifr=1 then

X(W) = x(3)+x(T)+(\/é%*%)Rs(W)+
1 1
( VE+1 ) o T
3. Ifr > 1 then
X0) = x(6)+x()+ (7 - 72 ) Ratu) +

(er=30) 0+ i) 5

Proof. Let Sy,...,S; and Ty,...,Ti be the maximal subtrees of P, (S)
and P, (T), respectively (see Figure 2).
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1. If r = 0 then by Theorem 2.3 we have

q k 1
§x<s.-)+;xm)+( ,-k—+q—1)Ru(‘U)

= x6)- (1) B +x@- (2 -1) Re+

1
-1]R
(1) e
The result follows from the fact that
Ry (U) = Rs (w) + Rr (‘U)

2. and 3. The maximal subtrees of P, (U) are T Tk, S, where S° is
the tree obtained from S by adjoining the path T at vertex w. Hence, by
Theorem 2.3,

x(U)

k
X0 =Y x@x)+ (-1 R0 @)

i=1
In order to calculate ) (5*), we note that the maximal subtrees of P, (5*)
are S1,..., 8y, 7. So, again by Theorem 2.3,

q

X(5) = 3 x (89 +x(0)+ (g~ 1) Re-

=]

Since
1 ifr=1
Ro- )~ Rsw)={ 3 377
and
P 1 fr=1
XATL= \/§+5;—2 fr>1
we deduce

o x(8)+ (Zr-%5) Rs (w) +7e i
X (8)+ (741—+r - L) Rs(w)+% (7;—+, + 1) +52 ifr>l

Finally, it can be easily seen that

1 ifr =
Ru(v)—RT(v)={7§_fT i 3)
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and so the result follows by substituting (2) and (3) in (1). =
In particular, equation (2) in the proof of Corollary 2.4, gives the variation
of the Randi¢ index when we adjoint a path to a tree.

Example 2.5 Let S* be the tree obtained from S by adjoining the path T of
length 2 at vertex w, as shown in Figure 3

Figure 3
Then

wor-x0= (2 -30) (3) 2 ()
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