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Abstract

Let G be a 2-connected plane bipartite graph with perfect matchings, with more than one cycle and
with minimum degree of interior vertices larger than 2. An edge of G is called non-fixed if it belongs
to some, but not to all, perfect matchings of G. Every component of the subgraph formed by all non-
fixed edges of G is called an elementary component. If each jnterior face of an elementary
component is a face of G, then this elementary component is calied an elementary block. It is known
that each elementary component of a hexagonal system is an elementary block. In this paper, the
concept of maximal fixed aliernating path, is introduced and will be used conveniently to simplify the
discussion of elementary components. In particular, we give a sharp lower bound for the number of
elementary blocks of G whenever G has a cycle as its elementary block. As an application, a stronger
result on the number of normal components of hexagonal systems is obtained.

Keywords:  Perfect matching, alternating path, elementary component, plane bipartite graph, non-
crossing partition

1. Introduction

In this article we consider plane bipartite graph G = (V, E) with perfect matchings, or Kekulé structures
in chemical context. If G is a bipartite graph we color the vertices of G with black and white such that adjacent
vertices receive different colors. A finite face f of a plane graph G is called a cell if the boundary is a cycle.
Denote by df the boundary of the face f. The boundary of the infinite face is called the boundary of G, and is
denoted by 9G. The vertices and edges not on 9G are called inrerior vertices and edges of G. For undefined terms
in graph theory, we shall refer to [1]

An edge of G is called a fived single or fixed double edge if it belongs to no or all perfect matchings of
G respectively. An edge of G is called fixed if it is either a fixed single or a fixed double edge of G. A connected
graph is elementary if the union of all perfect matchings forms a connected subgraph. It is well-known that a
connected bipartite graph with more than one edge is elementary if and only if each edge is not fixed; or if and

only if the deletion of any two distinct colored vertices results in a subgraph with perfect matchings. Also, any

" This work is partially supported by Research Grant Council Grant of Hong Kong. Faculty Research Grant of
Hong Kong Baptist University and Nationa al Science Foundation of China,
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clementary bipartite graphs with more than one edge 1s 2-connected. Other important properties on elementary
bipartite graphs can be found in [16, 17]. Let G be a plane bipartite graph with a perfect matching M. A cycle C
or a path P of G is called M-alternating if the edges of C or P, respectively, appear alternately in M and E(G)\M.
All non-fixed edges of G form a subgraph H, each component of which is elementary and is therefore called an
elemenrary component. Moreover, H is called an elemeniary block if each interior face of H is also a face of the
original graph G.

A hexagonal system with fixed edges is also called essentially disconnected. It has been proved''” that
all elementary components of a hexagonal system are elementary blocks, also called normal components in
chemical context. A hexagonal system, or a benzenoid system, or a honeycomb, or a benzenoid, is a finite
connected plane bipartite graph with no cut-vertices in which every interior region is bounded by a regular
hexagon of unit side!”. Since a hexagonal system with at least one perfect matching may be viewed as the
carbon-skeleton of a benzenoid hydrocarbon, various topological properties of hexagonal systems have been
extensively studied'® * ' 2. Normal components of hexagonal systems play a key role in resonance theory of
condensed aromatic hydrocarbons. The decomposition of benzenoids with fixed bonds into normal components

can simplify some calculation related to Kekulé structure number'®!

, Clar aromatic sextet lheory’Zi and Randic
conjugated model™®. Much contribution has been devoted to essentially disconnected benzenoids; for example,
see (46, 12, 20). A basic result is that an essentially disconnected benzenoid has at least two normal
components. Further, Hansen and Zheng''?! obtained the following result, which was used conveniently in some
small normal hexagonal systems determined uniquely by Clar covering polynomial'™ !

Theorem 1.1"* : Ler H be a hexagonal system with more than one hexagon. If H has a single hexagon as a

normal component, then H has at least three normal components.

1. Gutman'™ ® and P. John'"" defined a cell polynomial or a resonant ring polynomial for polycyclic
unsaturated alternant hydrocarbons, extending the concept for sextet polynomial of hexagonal systems to plane
bipartite graphs. Certain correspondence between the resonant or Clar patierns and perfect matchings was
revealed'™ & ' %\ Elementary plane bipartite graphs were considered in [27, 28] The above results on
elementary blocks have also been extended to plane weakly elementary bipartite graphs, in which all elementary
components are elementary blocks. In general, an elementary component of a plane bipartite graph is not

necessarily an elementary block, However, the following two results were obtained in [21]:

Theorem 1.2 : Let G be a connected plane bipartite graph with perfect matchings. If all vertices with degree one

of G are of the same color and lie on the bowndary of G or if §G) 2 2. then G has at least one elementary block.

Corollary 1.3: Let G be a plane bipartite graph with perfect imatchings. If all vertices with degrec one of G are
of the same color and lie on the boundary of G or if §G) 22, then for any perfeci maiching M of G, G contains a

cull vwhose bonndary is M-aliernating.

In this paper we attempt 1o estimate the number of elementary blocks of plane bipartite graphs having a

e cycle us an elementary block. [n Section 2. o concept for maximal fixed alternating path is introcduced to

simphly the discussion ol elementary components. In particular, we obtain the following unexpected result,
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which is a complete extension of the result in Theorem 1.1 to plane bipartite graphs. The proof will be given in

Section 3.

Theorem 1.4: Suppose that a 2-connected plane bipartite graph G has a perfect matching and more than one
cyele. Moreover, all interior vertices are of degree 2 3. If G has a cycle as an elementary block, then G has at

least three elementary blocks.

In Theorem 1.5, we obtain a sharp lower bound for the number of elementary blocks, which depends on

the number of vertices of degree at least 3 lying on the single cycle

Theorem 1.5: Let G be a connected plane bipartite graph with perfect matchings, more than one cycle, §G) >2
and degrees of interior vertices > 3. Suppose that G has a cyecle C as an elementary block and let §{C) be the

number of vertices of C with degree 23 in G. Then the number of elementary blocks of G has the following sharp

lower bound:
min”%{éﬂ(‘) + I)]+ l.%|V(C)l+ l].
Theorem 1.5 is an extension of Theorem |4 since 8,(C) = 2 if G is 2-connected. For hexagonal systems.

the following stronger result is obtained.

Theorem 1.6: Let H be a hexagonal system with more than one hexagon. Suppose that H has a single hexagon h
as a normal component and let Si(h). where 2 < 8i(h) < 6, denote the number of vertices of hexagon h with

degree 3 in H. Then H has at least 8i(It) + | normal components.

Proofs of Theorems 1.5 and 1.6 will be given in Section 4 and 5 respectively. The lower bounds for the

number of elementary blocks in these two theorems can be achieved. For example, see Figures 1.1 and 1.2.

Figure 1.1: A plane bipartite graph with four elementary blocks

(Heavy Imes indicate fixed single edges)
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Figure 1.2: A hexagonal system with seven normal components.

(Heavy lines indicate fixed single edges and double lines indicate fixed double edges).
2. Maximal fixed alternating path and some Lemmas

In this section we only consider bipartite graphs with fixed edges. Proof of the following basic result
can be found in [12].

Lemma 2.1: Ler G be a bipartite graph with perfect matchings. An edge of G is not fixed if and only if it belongs
10 an M-alternating cycle for any perfect matching M of G.

Definition 2.1: Let G be a bipartite graph with fixed edges, implying that G has perfect matchings. A path P of
G 1s called a fixed alternating parh (FAP), if the edges of P are alternately fixed single and fixed double edges of
G A fixed alternating path P of G is maximal if it is not a proper sub-path of any other FAP of G.

® e @,

Figure 2.1: A maximal fixed alternating path P of a plane bipartite graph.

The following lemma follows from definition.
Lemma 2.2: Ler G be a bipartite graph. If e is a fixed edge of G, then G has a maximal FAP conraining e.

Lemma 2.3: Let G be a bipartite graph with fixed edges. Then each end-vertex of any maximal FAP of G is

cither of degree one or in some elementary component of G.

Proof: Let £ be a maximal FAP of G. Let x be an end-vertex and xu an end-edge of P. Suppose d (x) 2 2 and x
belongs 10 none of elementary components of G. Then all edges incident with x are lixed and one must be a fixed
double edge. If xi is a fixed single edge, let xy be such a fixed double edge of G. Then y does not belong to P.
Otherwise P(x, ¥) and xy form an aliernating cycle with respect 1w a perfect matching of G, where P(x, v) denotes
the sub-path of P from x 10 v, which coniradicts Lemma 2.1. Thus £ + xy is also a FAP, which contradicts the
maximality of P If xu is a fixed double edge, lel xy be any fixed single edge By the same reasoning, we can

show that P + xy is a FAP, which is also a contradiction
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Lemma 2.4: Let G be a bipartite graph swith perfect matchings. Then G is elementary if and only if, for any
perfect matching M and any nwo distinct coloved vertices w and v of G, there exists an M-aliernating path P

connecting u and v with both end-edges belong 10 M.

Proof: A bipartite graph is elementary if and only if the deletion of any two distinct colored vertices results in a
subgraph with perfect matchings'"”". Suppose that G is elementary and M is a perfect matching of G. Let 1 and v
be any two distinctly colored vertices of G and let G* =: G\[{u, v}. Then G” has a perfect matching M'. The
symmelry difference M @ M" =: (M w MM n M") forms a subgraph of G consisting of M- and M -alternating
paths and cycles; exactly one M-alternating path exists, as required. Conversely, suppose that for any two
distinctly colored vertices « and v, G has an M-alternating path P connecting « and v with both end-edges belong

to M. Then M @ E(P) is a perfect matching of G - {u, v}. I

Lemma 2.5: Let G be a bipartite graph with fixed edges. Then the end-vertices of any maximal FAP of G do not

belong to the same elementary component of G.

Proof: Let P be a maximal FAP of G. Suppose that the end-vertices x and y of P belong to the same elementary
component G, of G. Since both end-edges of P are fixed single edges, P is of odd length and the end-vertices x
and y of P are of different colors. By Lemma 2.4, for any perfect matching M of G, there exists an M-alternating
path P’ connecting x and y with end-edges belonging to M. Thus P and P’ induce an M-alternating cycle in Gy,

which is a contradiction I

Corollary 2.6: Let G be a plane bipartite graph with fixed edges and §G) 2 2. Then any maximal FAP P of G is
of odd length, the end-edges are fixed single and the end-vertices lie on two different elementary components of

G. Moreover, any internal vertex of P does not lic on any elementary component of G.
3. Proof of Theorem 1.4

Using the concept of maximal FAP and the related results obtained in Section 2, we shall now prove Theorem
1.4. Let C be a cycle which is an elementary block of G; that is, all edges outside C incident with the vertices of
C are fixed single edges of G and there is no vertices and edges in the interior of C. For any u € V() with dg(u)
23, let ¢, be a fixed single edge incident with 1. Then ¢, € E(C). By Lemma 2.2, G has a maximal FAP, denoted
by P,. containing e, By Corollary 2.6 let G, denote the elementary component of G to which the end-vertex of
P, different from u belongs. An elementary component G, for such a vertex a in C is called a concennared

component. We shall first establish the following claims.
Claim U [f w and v are different colored vertices in Cwith degrees 2 3 then P, P, = ()

Suppose that £, 7 Py# O, Let w be the first vertex of P, meeting P, when one traverses P, from ., By
Corollary 2.6 was neither inor v Let Polr.w) and P(vow) denote the sub-paths of 2, and £, from wcand v o w,

respectvely. Let s be an end edge of P, w) 1w’ is o fixed double edge of G, then wse must be an edge of
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P,. which contradicts the choice for w. Thus it follows that both end-edges of the FAP P,(«, w) are fixed single
edges and thus the length is odd. Since w and u are of different colors, v and w are of the same color. So an end-
edge of FAP P,(v. w) incident with w is a fixed double edge, and consequently P' = P (1, w) v P.(v, w) is a FAP
connecting two vertices of the same elementary component C of G. Since both 1 and v are end vertices of

maximal FAPs. P’ is also maximal. This is a contradiction to Lemma 2.5.

Claim 2. If i and v are mwo different colored vertices of C with degree 23, Then G, and G, are two different

elenientary components of G, ie., G, NG, = @.

Suppose that G, = G,. Let «' and v’ be the other end-vertices of maximal FAPs P, and P, different from
end-vertices n and v, respectively. Thus both u’ and v’ belong to G,. By Coroliary 2.6 both P, and P, are of odd
length and colors of u and v are different from that of «' and v' respectively. Since « and v are of different colors,
u”and v' are of different colors also. Let M be any perfect matching of G. Since both G, and C are elementary
components of G, so by Lemma 2.4, G, and C have M-alternating paths P, and P,, with end-vertices u’, v' and
u, v respectively, and with end-edges belonging to M. In addition, by Claim 1, P, and P, are disjoint. Then P, U

P, U P,uU P, forms an M-aliernating cycle, which contradicts that both P, and P, are FAPs.

Claim 3. G has ar most one concentrated component G, such that C lies in the interior of a finite face of G,

where u € V(C)and dgfu) 2 3.

Suppose the G has two distinct concentrated component G, and G, where v, u' € V(C), dg(u), dg(u’)
23, and C lies in the interior of finite faces fand f of G, and G, respectively. Since df ™ df = @, we may
assume without loss of generality that f lies in the interior of f. Thus G, lies in the interior of f. Let P, be a
maximal FAP connecting «” and a vertex of df. By Corollary 2.6, each internal vertex of P, does not lie on G,.
But this contradicts the Jordan Curve Theorem'"!,
Claim 4. Suppose G las a concentrated componenr G, with u € V(C), dgfu) 23 and C lies in the exterior of G,
Then G has an elementary block which is an elementary block of 1[G, ], the subgraph of G formed by the cycle

G, together with its interior.

Suppose that G, is a concentraled component such that C lies in the exterior of G, Then G' = /[dG,] is a plane

bipartite graph with perfect matchings and with 8(G") 2 2. Moreover, each finite face of G is also a finite face of

G. By Theorem | .2, G has an elementary block., which is an elementary block of G.

We shall now prove the theorem. Since G 1s 2-connected and conlains more than one cycle, there are at
feast two vertices v and y in C with degree > 3. Then there exists a path P from x 1o y in C the edges of which
does not belong 1w the boundary of G, Thus C has at least two different colored vertices, say i« and v, with

degrees 2 3 By Claim 2, ¢ has at least two distnet concentrited components G, and G,
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If G has at least threc concentrated components, by Claim 3 G has two concentrated components, say G,
and G, such that C lies in the exteriors of G, and G,. By Claim 4, there are two distinct elementary blocks of G
which are those of I[0G,]) and /[dG,]. respectively. Since C is an elementary block, G contains at least three

elementary blocks.

So we may suppose that G has exactly two concentrated components G, and G, and C lies in the interior
of a finite face f of G, and lies in the exterior of G,. Since P, connects r and a vertex in G,, by Jordan Curve
Theorem, G, lies in the intertor of £. Since all vertices of C are interior vertices of G, the degrees of them are 2 3.

Thus if x, y € V(C) are of the same color, then G, = G,.

Let @, 3, yand 7 be four consecutive vertices of C. We may assume that G, = G, = Gyand G, = G =
G. A maximal FAP P, connects a vertex Tof C and a vertex of df. Maximal FAPs P, and P, connect vertices
aand y of C with vertices of 9G,, respectively, which are disjoint with P.. Then af3y. Pe, Py and a sub-path 9G,
form a cycle C' the interior of which lies in the exteriors of both € and dG,. On the other hand, from Claim 1 Py
and any one of Py and P, and 9G, are disjoint. Moreover 3 is the unique common vertex of Pgand C. Then P -

Band C’ are disjoint. By Jordan Curve Theorem it is impossible. The proof is completed I
4. Proof of Theorem 1.5

For positive integers @ < n, let [a. n] = {x: x is an integer and a € x <n} be the totally ordered set with the
natural order; and [#] be an abbreviation for [1, n]. Let F = [, L...., I,} be a partition of [n]. Each /; is called a
part of F. Two parts /) and [, of F are called crossing parts if there exists {a, ¢} < /) and {b, d} < 1, such that a
<b<c<dorb<a<c<d The partition F is called non-crossing if F has no crossing parts. Moreovet, if each
part of F consists of elements with the same parity, then F is called & non-crossing partity partition or for

simplicity, an NPP

Let p, =: min{|F|: F is an NPP of [n]}. Note that parity partition of [n] and p, can be extended to
arbitrary [a, n] in a natural way so that the number p, ., only depends on the length n - a + 1 of [a. n]. We have

the following result

Lemma 4.1: For any positive integer n, p, = {%(u + 1)1.

Proof: Clearly p, = 1, p> = px = 2 and the Lemma holds forn = 1.2 and 3 For n >4, put fy = {xv: x < n, x 15 odd)

and }, = {2r) forr=1. [%J to obtain an NPP of [1. a] consisting of {%(u + I!] parts Sop, € L_]’w(n + l)} It

is also clear that p, < p, for all w2 2. Therefore if we can show that p, s < p, - | for even i 2 4, then we can

| .
deduce that p, 2 ’V?(u + 1) and the Lemma s proved,
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Now suppose n 24 is even and p, = r. Let F = (/|, I, ", /,} be an NPP of [n]. Without loss of
generality, we assume thatn € 1, If I, v [n-1) = @, then F ' = F\{/,) is an NPP of [n-1] with r - | parts and so
poaSr-1=p,- LLIfL, N [n-1] 2 @, thenleta =min (x: x€ /,}). Becausea € /,\{n).botha-)and a+ | are
odd; and they belong to two distinct parts of F other than /.. Assume that @ - | and a + | belong /, and /;
respectively. We construct F = {{',, [, ", I} as follows: I'y =1y I, Iy = {a}, I, = L\ a),and I, = I, for k =
3, ,r- 1 Then F'is also an NPP of [a] with r parts, n € I’, and I, < I,. This procedure can be continued until /',

N [n-1]=@. The proof is completed. I

Proof of Theorem 1.5: Let V4(C) (v € WCO) : dg(i) 23). Each vertex n of V3(C) is connected to some
elementary components, denoted by G,. of G by maximal FAPs. Note that one vertex u of Vy(C) may correspond

to more than one elementary components G, of G in the above way. Let G = {G, : u € V5(C)}. We shall assert
1
that |G| 2 |F| 2 h(&;rcw 1)].

If V45(0) = V(C), let Py = C - e for an edge ¢ of C. Otherwise, deleting all vertices of V(C) with degree 2,
we get a subgraph of C, the components of which are paths and denoted by P, ... ,P,. We have

wer=U v

Suppose that r = 1. Let Py = wyn; ~ wg, where 8 = 85(C). Note that V(Py) may be viewed as the order set
[&3] of subscripts of vertices. Let F be the union of all maximal FAPs each of which has an end-vertex in C. We
now define a partition F of V(P)) as follows: ; and «; belong to the same part of F if and only if «, and «, belong
to the same component of F. Then |G| 2 |F|. By Claim 1 in the proof of Theorem 1.4, distinctly colored vertices

of V5(C) must belong to the different parts of F. Further, by the planarity of graph G (Jordan Curve Theorem), it

can be shown that F is an NPP of V(P)). Thus by Lemma 4.1 we have |G| 2 |F| 2 "%(E]KC) i+ 1]]

Suppose that r 2 2. Let G' = (G.:ue V(P)). where | <i < rlt follows that {G'.",G" } is a partition

of G. For each P;. the above discussion is still valid. Thus

, T
k=Yl EIV—(—;E >%(«53(C)+l)
i=l

i=l

If C lies in the exterior of all members of G, then by Claim 4 of Section 3 each /{6G,) has at least one

elementary block which is also an elementary block of G Then G has at least ’V%

(8,(0) + ])] +1 elementary

blocks. Otherwise, by Claim 3, G has exactly one member G, such that C lies in its interior. and thus the other

members of G other than G, are contained in the interior of a finite face f of G,. Thus each vertex of C is an

interior vertex of G and Vy(C) = V(C). Further, we have that |G| > %LV(CJ[ + 1. For other member G, of G other

= |
than G, 1dG, ] has an clementary block which is also an elementary block of G. Thus G has at least = VO + 1

clementary blocks, Therelore the theorem is proved I
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5. Proof of Theorem 1.6

Let H be a hexagonal system, e an edge of 4 and s a hexagon of H containing e. Throughout this
section, we use Ly . to denote the segment perpendicular to e which starts from the midpoint of e, passes through
the central point of s and ends at the boundary of H, and is totally contained in the interior region of i, By

Lemma 3 of [24] we have the following:

Lemma 5.1: Ler H be a hexagonal system with a perfect marching M. Suppose thar a hexagon s of H contains a
fixed single edge e of H. If nvo edges of s adjacent 10 e belong to M, then all edges intersecting L, . are fixed

single edges.

Proof of Theorem 1.6: We keep the notations used in Section 3. Let /i be a hexagon and a normal component of
H. It is sufficient to prove that if i and v are any two vertices of h with degree 3, then #, N H, = (.

Suppose & and v are two vertices of & with degree 3. If they are of different colors, then from Claim 2 of
the proof of Theorem 1.4, we have H, m H, = @ Suppose they are of the same color and H, = H,. Then H has
maximal FAP's P, and P,, connecling u to a verlex v’ € 9H, and v' € OH, respectively. Note that 1' = v' is
possible. A path Q from u to v in hi, P,. P, and a path of dH, between u’ and v' whenever P, » P, = @, forms a
cycle C', the interior of which lies in the exteriors of both h and 9H,.

Let Q = uxw ™ v. Note that v = w may be allowed. Thus x lies in the interior of the cycle C’' @ h, which
implies that x is an interior vertex of H with dg(x) = 3. Let s and 5" denote two hexagons of H other than /i which
contains edges xi and xw, respectively. Let e = xv € E(s) M E(s). Obviously dg(3) = 3. Let y"and y" denote the

vertices, other than x, adjacent to y such that yy" and yy" are edges of s and s’ respectively - Figure 5.1.

Figure 5.1: Hustration of proof of Theorem 1.6

(Heavy hines indicate some matched edges).

Since his o normal component of Hoovoas o lixed single edge and s an alternating hexagon with

respect o any perlect matching of /1. Let A be a perfect matching of H Suppose sa" € M (The proof is simlar if
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yv" € M). We may also assume that ux € M, otherwise consider 2 new perfect matching M* = M @ h. Denote by
L the set of edges of H intersecting L, .. Then L, . intersects the cycle € and thus L ~ E(C) # @. Since L does
not intersect /1, L must intersect one of P,, P, and dH,. Since xy is a fixed single edge and ux, yv'€ M, by Lemma
5.1 all the edges of L are fixed single edges. Since each edge of H,, is non-fixed, L m dH, = Q. Further. the edges
belonging to M incident with end-vertices of edges in L are determined uniquely and illustrated in Figure 5.1.

We now assert that L N P, = @. Otherwise, let ij denote the first edge of P, entering at L when one
traverses P, from w such that u is nearer to i than j. Thus ij € L is a fixed single edge of H. Then « and j are of
the same color. whereas « and i are of different colors. Since the sub-path of P, from « to j is an FAP with even
length and the end-edge incident with « is a fixed single edge, the other end-edge ij must be a fixed double edge,
which is a contradiction. So the assertion is proved.

Thus L P, # @. Let ij" denote the first edge of P, entering at L when one traverses P, from v such that
v is nearer to j' than i". The sub-path P(v, i) of P, from v to i’ is a FAP. Since the end-edges of P (v, i) are fixed
single edges, its length is odd. It follows that P(v, j) = P(v, i) - i"is a FAP of even length and both v and j' are
of the same color. Let P'(x, /) denote the M-alternating path from x to j' formed by xy and some edges adjacent to
the edges of L. Then P'(x, j) are of odd length and the end-edges do not belong to M. Thus P'(x, j) WP (v, j) is
an M-alternating path connecting two different colored vertices v and x such that its end-edges do not belong to
M. There is an M-alternating path P(x, v} in i which connects x and v such that the end-edges belong to M. Thus
P(x, j) WUPJv, j) UP(x, v) is an M-alternating cycle, each edge of which is non-fixed, which contradicts that
both P, and P, are FAPs.

6. Conclusion

In this paper, we have demonstrated that the concept of maximal fixed alternating path may be used
conveniently to simplify the discussion of elementary components. In particular, we have given a sharp lower
bound for the number of elementary blocks of G whenever G has a cycle as its elementary block. As an

application, a stronger result on the number of nermal components of hexagonal systems has been obtained
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