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Distinction between modifications of Wiener indices

Damir Vukicevié
Department of Mathematics, University of Split, Croatia

Abstract

The Wiener index of a tree T is W (T) = % Z.,, d(1,7) = L. ni(e) ny(c), where n (e) and
nz (e) are the numbers of vertices on the two sides of the edge e. Recently, two modifications of this
index were put forward: "W, (T) = 2. (ni(e) 712)A and Wiy (T) = Z.; (d(z,]))'\ We show that
for each A),A2 > 0, the indices "W, and ™y, are essentially different, more precisely we show
there are two chemical trees that are differently ordered by the indices ™W,, and "W, We also
show that for each A;, A2 > 0, the indices W, and W, are also essentially different

(Received November 11, 2002)

1 Introduction

The molecular-graph-based quantity, known under the name Wiener index or Wiener number, is one of
the most useful and most thoroughly studied molecular-structure-descriptors [1-3] and it is still a topic
of current research. Details of the theory of Wiener numbers and an exhaustive bibliography is given in
the recent reviews [4,5].

A large number of modifications and extensions of the Wiener index was considered in the chemical
literature; an extensive list of references on this matter can be found in the reviews [6,7].

The definition of the Wiener index is given by

W(G) =3 d(ij)
{1J)

where the summation goes over all unordered pairs of vertices and d (i, j) denotes the distance between
vertices 7 and j. An immediate generalization of the Wiener number is

Wi (G) =Y (d(, )
{i.j}

where A is some real number. In an explicit form of this Wiener-type invariant was first put forward in
the works (8] and [9]

It is shown in 2] and (3] that the Wiener index of a tree (= a connected acyclic graph) satisfies the
relation

W(G) = ni(e) ny (e)
P

where 1y (¢) and ny (e) are the number of vertices of 7' lying on the two sides of the edge ¢ and where
the summation goes over all edges of 7.

This formula inspired another modification

SHA(G) = G (e) ()

first considered m [10]

It has been shown [8. 10! that for A > 0. both modification of the Wiener index are suitable measures
of branching. In [10] it s demonstrated that if all trees are ordered with regard 1o "1 (). then in
the general case this ordenug is different for different X This difference in ordering was demonstiated for
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pairs of trees with different number of vertices and maximal vertex degree much greater than -, hence
for trees that do not pertain to isomers. and that are not molecular graphs.

In this paper, we prove the analogous claim but for pairs of chemical trees with the sane number of
vertices. (Recall that a chemical tree is a tree in which no vertex has degree greater than 4 such chemical
trees are the graph representations of alkanes |2, 3].) Thus, the results conununicated m this paper are
much stronger than those in [10] and have an immediate chemical relevance. In addition to this. we also
show that the analogous statement holds for indices 1V,

More precisely, we prove:

Theorem 1 Let A\, \; € Rt . such that \| # \y. There are chemucal trees G and (5 unth the same

number of vertices, such that.

(G > W (G)

TG < T, (Ga) .

Theoremn 2 Let A\ Ay € RY . such that Ny # \y. There are chemical trees Gy and G, with the same
number of vertices. such that,

Wi, (Gh) > Wy (G2)

Wi, (Gy) < Wy, (Go).

1.1 Proof of the Theorem 1

Let a.b.c € {0, %) be any numbers, let ¢ be the greatest common divisor of their nominators, and let
n be an arbitrary natural number. Denote by G (n,q,a,b) the graph whose structure is shown on the
following diagram:

o<
oo <

where d(vy.vy) = nga, d(vy.v3) = ngc and d (vy. vy) = ng— 1. Also, denote by G (n. q.c) the graph given
on the following diagram:

°
(]

o
oo o
L]

L[]

3

where d (v vy) = ngb and d (vy,v3) = ng -~ |
We start with a few auxihary results

Lemma 3 Let A € RY and let a.b.c € (0.5)NQ such that a < b < ¢ and
3
: (( : 12) #0
There s a sufficiently large ng == ng (a.b.c, ) . such that for each natwral nwmber n > ngy , we have

sen [ (G (o goace)) =" TVA(G (n,g.0))] -

= sgn [2(0 - h")’\ - (a- “'1)-‘ - (« ('2)'\1



Proof.

Note that

It follows that

n—

so that there is

or

or

From (1). it follows
(1" are fulfilled
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We have.

[V (G (1,q.a,¢)) =" W (G (n,q.b))] =

cqn- 1 bgn—1 cqn-1

Z [(t+ 1) (gu+ 1~ 1]]A - Z li(gn+2- z)]A - Z (2 +2) (gn - 1)}'\
owei N—_— i=byn
cqn -1

ban—1

cqu—1 ; A
Z [zqn -4 gn o+ l]A & Z [zqn -2 4 21]A = Z [ e £ ]
1=aqn i=agn

+2qn — 21
1=bqn

cqn-1 ) 5
¥, [1qn —i2 4 qn + 1]
i=agn

—_—_ =1
n—oc  cqn-—1

1=aqn

n-— . A n— - . . ™
- C">‘: ] [ L ] - qu l [ign -2 + '21]'\ = "l"z l [ g =P ]/\
tgn

tirani +2qn — 21

cqno1 [ jon _ 2 bgn—1 cqn-1 71 - 2 A
gn — 12+ 2 A ign — 1%+
= [ g+l ] - Y [ign-d*+ 21" -
lim =2

+2qn - 21

1=aqn

1=bqn
a sufficiently large n, , such that for each n > n,

cqn—1

gn 2 A bgnod qn 4 qnd St A
- - qn -1
sgn - . - =
S Z[—{-qn-{-]} Z[z7+21 Z[ Qqn-—ZzJ
1=aqn 1=aqn i=bgn
, e A ) o PIREY
qu:_] [ ign - 2+ ] B bqrzv:l [ iqn — i2 ] )
en | 1= n agn |2 Y
& C"g'[zqn~12+ ]A (')
s 2qn — 21
cqn-1 \ bl R
Yo lgn - g+l - % [tgn -2 + 2
lim i=aqn o 1=agn -0 (")
n—oc 9 . 9 A
-3 [zqn - 1%+ 2qn - ‘21]
1=bgn
cqn—1 N
ign %+ qnl]” - wn - 2+ u)t
1 q
i i=agn i=agn _ 1t
Jim cqn=1 , T 0 (")
> [1qn -+ 2gn - 2'/,1
1=bgn

that if one of the conditions (1”) and (1) is fulfilled. then both conditions (1”) and
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cqn ) 5 cqn—1 ) N
J g =i q) di— | Y [ign - d? 4 qn]
. i=agn 1=agqn
lim <
A BoRey s
; A
[zqn — 1?4 qn]
(cgn — agn) - MaXagn<i<eqn—1 ‘jl [ By ]A "
xqn — 2% + gn|” dx
< lim :
=  n=iee n-zx+|

- [1{]11 -2 4 qn])\ ;—
{an —~a? + qn] y

= lim { (cq - a max dx
n—oo (eq - ag) agn<i<eqn—1 / 72X
i
A
[yqn = y2 2 qn] =

. 9 A

. [uln g o qn]
< lim { (cq - aq) - max max o

n—oo agn<i<cqn-1 | i<y<i+l n

Using the Lagrange theorem of medium value, we get

[yqn -2+ qn] Ao [1qn -2+ qn]A B
y—1

where = = z(n) is some number from the interval (1, y)

A [:qn -2y qn]A_I - (gn - 2z2),

. It follows that

[yqn = yz i+ qu] A —lzqn -i% 4 qu] A _

i
5o n2
P A=
A [:qn -2+ qn} (qn —2z) - (y — 1)
= lim 5 = 0.
n—oc n
Therefore,
[ [cqn—1 % cqn . 2 1
< > [wn -2+ qn) ) - [ [ign —* 4 qn| di
. 1=agn i1=aqn
i meres <0
e,
[ [eqn—1 cqn 1
> [lq/l ~i%4 qn]'\ - [an -2 4 qn] A di
i i =aun 1=agn 0
S -
Denote

cqn-1

1=aqn
[, = lin

T

S fwm -+ qu]'\

n2Atl
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We have
cqn-1
S [ian -2+ qn]A
L = lim im’"—m >
n—oo Boy e
cqu-1 \
[i (gn-2)]
S iZagn
> g
ulil'gc n2itl
A
S (cqn =1~ aqn) [agn - (qn ~ (cgn - 1))]
7 on—ec AZNF
> 0.

From (2) and (3), it follows that

cqn—1 ) 5
> [u/n - 1% + qn]
lim — =
i cqn -
e | lign -2+ qn]'\ di
i=aqn
= lim

Y lign-it4qn)®

isaqn

n—oo can
ign—i+qn| di~
q

T ke
!
= 1 -
L +0
Analogously. we get
bgn -1 ) i
> [zqn -2+ 21’]
. izagn _
nlgm bqn N =1
[ lign — 42 + 2i]" di
agn
and
cqu—1
S [ign 4% + 2qn — 2i]
i=bqn
= —=1.
[ lign - 2 + 2qn - 2i)" di
ban

Combining (4), (5) and (6), we get

cqn—-1 iqn - 52 A bgn-1
+21 2qn - 2

iqn — 12 Aﬁ“"”” ign - 24
+qn

1=agn =agn 1=bqn

lim - o
n—no [ cqn [ - PRE - - — - .
~ rj’»' ign — 12 ] . "j’. [ ign - 2 Adz 7‘[ ign -2 i
- - 4 @
aqn +aqn agn +2 b | T200 - 2

so that there is a sufficiently large 1, . such that for each n > n, .

cqn—1 2 1A ban=l o 9 A eqn-l 5 A
yn — wgn -1 - g TE |
sgn E = g - 2 =
4 qn +2 2qn 2
1=aqn 1=agn 1=bqn
' byn cqn

o BPRL BERL g, 1A
S qn -1 di - wyn -1 di - g it Ui
+qn . +2 2qn - %

aqn ann byn
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or
cqn-1 ) \ o bun-t ) %
> [u/n i? 4 qu] - [an 2y '21] -
i =agn i=agn
ek cqn-1 _ N
-y [1qn ~ 12 4 2n - 21]
i=bqn
or
can ; A ban ; A
[ [ian -4+ qn) " di - | [ign — 2 + 2] di—
: agn aqn
e '

bqn

- f [1qn ~ 1% 4 2n - 'Zz] A i

(7)

()

From (7). it follows that if one of the conditions (7) and (7") is fulfilled, then both conditions (7")

and (7") are fulfilled.
Using Taylor's theoremn of medium value,

(1gn - % + qn)A = (
(ign — 4 21'))\ = (

(1gn — 12 4 2qn - Qi)A

N bgn
dv ~- /[

agn
agn

byn

aqn 2

cqn

(1qn — 1"))A + A (1qn - zz)Ai

(1qn - i?)A + A (qn - 17)A7
= A (A1) (ign=it 47y (2qn-20))"
+ 5

(an - z‘z)X + A (1gn - iz)
/ e n L gz "

(1qn - 12)A + A (1gn - 1‘2)/\7I
b / A(J\ﬂl)(x.,,mu.\(1(,».-»-.),1)‘ ‘
4 J

we get
LA (A-1) (:qu;r‘w.q,.]*' ‘ (gn

A (A1) (ign-i’42 .]* !
* ( ) '7"2 +2r; (21)

cqn

2 A
qn — 1
+2i } di - /
bgn

S
1)' qn )di—

cqr
(1qn - 12))\ + A (1gn
- o (A=1) (lqn;x"{»nqn)A . (qn)z

a S 204
di —
(20)°

(2qm — 20) 4

(2gn — ‘21’)2

) da

bgn
cqn

agn

byn

aqn
caqn

A (ign 13)

qn -+ -

T tm

A

A1) (g1 4 2gn '_),))\ ‘
7

iqn - 2 i —
+2qn — 2 -

(A= 1) (1gn—*+ 7'|q7l,)A ?

! gn+ )
2
)

(1qn - 12)A + A (ign - z'z)A”I S2i+ )
2

(2qn - 22) +
(2qn — 21)? '

where 7y = 7y (n).72 = ro (n) and r3 = r3 (1) are some numbers from the interval (0, 1) . Then

2

- 1) (wgn - 2 '.21'21)A ¢

2

(2gn -~ 27) 4

de.
(2gn - Qi)“) )

byn



Now, note that

‘}." (A A=1) (qn=i* 4 rigm)* ((171)1) i

3
lim 2 o <
n—o0 n -
A(A=1)- (i +rign)t
_ (A - ign — 2 + rign :
< (cq—-aq) max 2N =
s (e 1) xE(aqn,(;qn){ 2n2A-1 () '} 0.
Denote
cqn o
[ A (ign =7 ) qn-da
. agn
b= nlﬂgo n2A
Then we have
cqn
[ A (ign - i'z)AiI cqn - di
b= lim 4
: nl3 n2A 2

g 2580
(cqn — agn) - A - agn - min (nq n? - a’q’n ) ’
2.:2..2 !
(cg®n? — c?¢?n )
n2A 8

2 lim
n-—oo

so that

s . K1 AQA-1) (i r
f (A-(zqn—ﬂ) Sgn + iaind. L i '+xq" (qn) )(i

lim 2
e - A =
[ A (ign =) gn-di
agn
cqn coqee iqu—iteryqn A=
T a(an-it)* qnai 220 el (qn)idi
- = YL + == )
D a "
[ A (ign=i?)*~".qn.di
e
n?\
_ b+0 1
L . (8)

Analogously. we get

byn B ~ i) 2 .
I <)\- (:qn —12)'\ "oy M—-(?l)z) dr

agn
. by =1 9)
[ A Ggn -2 2 di
aqn
and
5
"’f"( A (wgn 72) ' (2qn — 21) + y
. A=) (gn—rt 4 (2qn-2i)) Y 3 i
o bgn \ 4 (e z' (2yn=20)) - (2¢gn — 21)2
lim =1 (10)

camn
- [N (g 1'1)x' ! (2qn — 1) - a

ban

e



it follows

From (8). (9) and (10).

cqn

94

A A1) (ign—1f 4rgn)t

Ik ()\ (2gn - i")'\" ! gt = S (qn)2> di—
agn
‘“I“ - =1t 4200 A= .
- </\- (ign - 2)*" 9p 4 2D (motten) (21‘)1) di-
agn
- “’i"( A (ign - 12)'\7l (‘Zq\n - 2i) + di
. o +A(,\-n(.qv.--.-;uuqn»z.)) (2qn — 21)1
o can bgn
[ A (ign - 1.2),\7 gn di— [ X\ (ign - 1"’)'\7‘ 221 di-
agn agn

cqn

= [ A (wn - iI)A;] (2qn — 21) - di

bgn

so that there is a sufficiently large n3, such that for each n > nj,

agn
bgn

agn

cqn —1)-(agn—i4r,gn)*7? P
| (A - (iqn - i2)*" qn + M_)_("‘z—*"”)_ . (q,,)‘?) o

2

A (ign - lz)A =¥, (2gn — 21) +

cqn
- f A(A—
bgn \ +

g (2an—2i)) 2 di
1) (1qn—i 2+ +(2qn-21)) (2gn - 21_)2 >

1
Sqn + 5

ban A=
gn di - [ A (ign—i*)" - 2i-di-

agn

(ign - 17)'\‘I S(2qn - 21) - di
A(A=1) (ign-t?4rign)*?

g ST oer e Pl »(21')2) di-

2

A (agn - 12)'\‘l (2gn — 21) +

cqn
( +,\(,\V|)(.qn7. + +(2qn-21)) - (2qn _21,)2 >

cqn
J A (iqn—i'z)'\il
g | @ e
= [
bgn
or
cqn o
| (A (ign - 12)
agn
bgn ‘ "y
iim - (’\ (1‘7”*12)
N agn
ban
or

cqn

Al
lin can

ben
From (11)
(11") and (11”) are fulfilled.

I A (ign - 1’2)'\7

~ [ A (ign - 2)*"

2

1 bym AT
cqn-di—~ [ A (ign - d?) 221 di-

agn ~ 0.

(2gn — 21)  d1

=L,

= - n—i?+2rn)*"? P
I (,\. (ign - i?)* gy 4 2D (len—it42r)” ~(21)2>di—- _

(11)

(11)

(1)

a1

it follows that if one of the conditions (11”) and (11") is fulfilled, then both conditions
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Now, we have

cqn bayn

[ A (ign - 12)A‘| qn-di — [ X (ign ~12)/\ "o di-
agn agn
cqn N
= [ X (ign - %) S(2qn —- 21) - di
ban
b cqn
= / A~ (ign - 12)*7I (gn - 21) - di — /)\ (2qn - iz)A“I (gn - 21) dr
agn bgn
g n? —biqin’ cqin? —ciqin?
= A / AT [\ e =
agrit o atgie bgtnt ~bigin?
= 2 (qunz - [)‘2q2712)A - (uqznl - azq“nl) - ((‘qzn2 - «“21]21{2) ’
Note that
sgn ['2 (bq277f2 - b'zqznz)A - (qu'zn2 = (12112712)A (cq"’n - rzqz”z) ] =
= sgn [2 (b- b?)X - (a - “'2)'\ = (c- 62)’\] . (12)
Since

2(0-1)" ~ (a=a?)* = (c= ) #0,
it follows that

cqn bgn

/A (zqn~i2)k) cqu-di— [ X (ign - 1'2)A'l 2 - di-
agn con agn £0
- [ A (ign—12 ) . (2qn - 1) da
bqn

Therefore the condition (11") is not fulfilled, and then (11”) is also not fulfilled. It follows that (7") is
not fulfilled, but then (7”) is also not fulfilled. This implies that (1) is not fulfilled. Therefore, (1'),
(7)., (11") and (12') are fulfilled.

From (1"), (7'), (11") and (12'), it follows that for each n > max {n,.ny, ny} . we have

sgn "Wy (n.g.a.c) - ™ Wy (n.g.b)| =

A A

= sgn [Q(b - 112)'\ = (a »n!)' - (e—- rz)

so it is sufficient to take ng = max {n;,ny. ny}. =

Lemma 4 Let A\. A\, € RY | such that \; # \,. There erist numbers a. b, ¢ ¢ (0. %> NQ. such that
a < b<cand either

2(1) bz)/\] ,(“,“ )A' = ({ = 12)A' 0
2= (a0
2(’) [}1))\' (u ”2)"' ({‘ r”)\i > ()
2 (b - bz)'\" (a - r:"’)\" (4“ 1“’)'\" < 0

Proof. Let ay and ¢g be any real munbers. such that ag < ¢y Note that the function f, : (\/ i)

-

ST s .
defined by fy (x) = 2 (x - 22)™" | is monotonically increasing. Then also the function fy : (0
defined by

Jolx) =20 - )% fag ) (e - Q)
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is monotonically increasing, and f (ap) < 0 and f(cy) > 0. It follows that there is a number by € (ag, co)
such that £ (by) = 0.
Let us prove that

2 (bg - ()(’,))" - (ao — ug)h - (co - (*g))\" #0.
Suppose to the contrary that
2 (b0~ 58)™ ~ (@0~ a§)™ = (co - )™ = 0.

It follows that

X PP I _2\Ae
b b3 = K/(“O ag) '2*‘(00 %) ) )
From f (bg) = 0, it follows that
2\ 2)M
P Al lag — a + (co — ¢
o = \/(u IRETEE i) o

Relations (1) and (2) imply that

,\V(ag - ag)A' + (co — cg)'\' _ *(/(“0 - ag)h + (co — cg)’\'
2 2 ’

Note that ap — u% # co — cg, but then the latter equation cannot hold. Therefore,
2 (b~ 8) ~ (00— )™ - (co - &)™ £0.
Define the functions f3. f4: (0,3) x (0,3) x (0,3) — R by
iy 2 A A
fiwys) = (p-2)" 4 (=) + (- 22)
2y Az 2y A2 A
filxy.2) = (2- :L'z)A -+ (-7
Distinguish two cases:

1) CASE 1: 2 (bo - 03)™ = (ap - a3)™ ~ (co - &)™ > 0.
Since f; is continuos. there is a sufficiently small £ > 0. such that

S\ A AL 5
2(bo =)= b0 - ") " - (a0~ )"~ (e~ )™ > 0
bp—-¢ > a.
We have

falao.by ~ c,ec0) <
falag,bo — <,c0) >

Since fy and f; are continuos functions. there are rational numbers a, b and ¢ sufficiently close to ag, by — €
and ¢g, such that

0
0.

fs(a,be) < 0O
fi(a,boe) > 0.

1
oo € i
ab.c € <0 2>

which proves the claim i this case

1) CASE 2 2 (b - )™ (ag -~ al)™
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Since fy is continuous, there is a sufficiently small = > 0 such that

o\ Az S AL "
'2((b" + o) — (bo +5)1) ~fag ~ @)™ < (w-&) > 0
bote < ¢

We now have

f3(ao,bo + €,c9) > 0

filao,bo +£,c0) < 0.

Since f3 and f, are continuous functions, there exist rational numbers «,b and ¢, sufficiently close to
ag, bp + ¢ and ¢, such that

fa(a,b,c) > 0
fa(a,bic) < 0
a,bc € <0= é>
a < b<e

which proves the claim in this case. m
Now, we can prove Theorem 1. From Lemma 4, it follows that there are numbers a,b.c € (0, %) nQ,

such that a < b < ¢ and
2(!)4‘7'2)*‘ — (afaz),\’ — (c - l‘Z)A' < 0
2(b- )™ - (a—a?)™

or

26—~ (a-a)M ~ (c-A)M < 0
Without loss of generality, we may assume that
200- )" —(a-a®)M ~(c-A" > 0
2 -8~ (a-a)™ - (c-A)M < 0
From Lemma 3 it follows that there is a number ng (e, b.c, A;), such that for each n > ng (a. b.c. \)),
sen["Wa, (G (n,g.a,¢)) =" Wy, (G (n,q,b))] =
sen [2(0 -8 - (a- )™ ~ (e~ )]
Therefore. for each n > ny (a.b.c, \y), we have
Wy, (nhg, e ) =T Wy, (1,9.0) >0 .
From the same Lennma. it follows that there is a number 1g (a,b. c. A2) . such that for each n > ng (a.b.c. \y) .
sgn [, (G (g, a.0)) =" Wy, (G (n,q,b))] =
] O B LR R N I
Therefore. for cach 1 > ng (a.b.¢, Ay),

"Wy, (G gaase)) =™ Wy, (G (g b)) <0
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and

ML (G (max {ng (a, b, e, Ay)  ng (a, b, ¢, M)} 4 1ogoa,c) S 0
="y, (G (max {ng ((z,b‘c M) .ono(a,be,A2)} +1.¢,0))
( VAL (G (max {ng (a,b,c. Ay)  ng (a,b,¢, M)} + 1, q a,c)

)

)

)= < 0
="y, (G (max {ngy (a,(),r,A ).ng (a,b,e.\y)} 4+ 1.q,0)) .
In view of this. it is sufficient to take

Gy = G(max{ng(a.b,e,\).ng(a,b,c, )} + 1.q,a,¢)
G, = G(max{ng(a.b,c.X\),ng(a,b,c.Ay)}+1,q,b).

2 Proof of the Theorem 2
We start with a few auxiliary results.
Lemma 5 Letp.q € R, such thatp # q andp,q > 1, and let ¢, € (0. 3). There is a number a; € (0,3),
such that
(-a)” -t (1-a)" o
A -arT T -

Proof. Suppose. to the contrary. that for each a; € (0, %), we have
Q-a) - aa) e

1_(]_C)p [ # - |_(17C,)q 1

This is equivalent to the requirement that for each a; € (0, %) R

e g o)

a‘,’-‘—(l-al)q*‘ c']’_]—-(l»c;)q”'

Note that the function f; : (0, 5) — R, defined by

7 (1 -ay)!
h (01)3“1(1—I)_y

7 (1 -ay)?
is a constant Therefore f{ (a,) = 0 for each a; € (0, 3), and consequently,

[(P-Dd 24 p-n0-ar?] [ -0y

- nat s @ na-a) ) [l 0w -0

for each a, € <0. %) e

RS G T N TR
u'l'“I) + (1 - a,)""2 p-1 al N
(1',’"2 + (1 - 111)"‘2 g1 ) & ! - (- (',)";__l_
@l (1 —ay)? pobodt e

for each a, € <() %> It follows that the function fs : (()4 ‘—;_> - R . defined by

al” 2 + (1 7{11)"",
a1 ay)

f2(ar) =
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15 also a constant on the interval ((]A %) , but

and 5
2 2 p- -G
lim — +(-a) :(’ (12) :(1)1 I#l
nw«ﬁa,’zﬁ(l-—a jo=2 QV(%)"VZ 2

which is a contradiction. m
Lemma 6 Letp.q € R. such thatp # q and p.q > 1. There are numbers a.b.c € (0,3} . such that either
a"+(1-a)’ +(1=c)’ +c# =20 -2(1 -b)" > 0
A"+ (1-a)"+(1-¢)T+c?=20"-2(1-b)" < 0
or
a®+(1-a)’ +(1-c)’ +cP =20 -2(1-b)" < 0
A+ (1-a)’+(1-¢)"+c"=207-2(1-b)" > 0
Proof. Let a; and ¢, be the numbers that satisfy the conditions of the previous lemma. Consider
the function f3:(0,4) — R defined as
fa(x) =2+ (1 ~2)°
Note that
filw) =part —p(1-2)""" <0,
which means that f3 is a strictly decreasing function. Now, consider the function f; : (0, %) — R, defined
by
fab) =al + (1 —a))? + (1 =c;)? +c§ - 267 —2(1 - b))P.
It follows that f, is a strictly increasing function, that
li b)) <0
bllﬂ‘oh( 1) <
and
lim fy(by) > 0.
by —1
Therefore there exists a number b, € (0. %) such that
fa(ba) = 0.
We have to distinguish three cases:
CASE L:af + (1 —a)" + (1 =) +¢] 203 - 2(1 - b)" >0
Denote by f; : <(). %) - R the function defined by
fole) =af + (1 a)” + (L))" + et =20 =201 - 2)"

Obviously,  f5(b2) > 0 Since f; is a continuos function and fy is a strictly increasing function, for
sufficiently small = > 0. we have
A (e a (L) b 2y - ) -2 = (b 2)) <
Al b (U a)) + (=) 4l 2y - 2) - 200 (b - )T >

Taking o = ay.b = b, = and ¢ = ¢; . we prove the clain.
CASE 2: af + (1= a))" 4 (1= )"+ ¢ =200 = 2(0 = by)" < 0
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Denote by f; - (0. %} + R the function defined by
f5(x) = u',' +(1=a) +(1-c)"+ o 2 = 2(1 = )t

Obviously. fs (by) < 0. Since f5 is continuos and fy is strictly increasing, for sufficiently small € > 0, we
have

Ay +(1—a)" +(1=c))P +cf =2(by +)" = 2(1 — (by +€))" >
al +(1-a)"+ (1 -c))"+c] -2(br+2)"~2(1 - (bate))! <

by +e <

ol—- o o

Taking a = a,, b = by + €, ¢ = ¢;, we prove the claim.
CASE3: al+(1—a)'+ (1 -c)"+c] 26§ -2(1—by)" =0
Distinguish 2 subcases:
- (1=ay)* " —al! (1-a,)" " =a?”!
SUBCASE 3,1.4. '—(l—ml’)‘" > c‘,’"—(l—c.)‘:" :
There 1s a nummber k. such that

(1-a)" —a?! k> (1-a)?' -t
A7 (=) e

1_
fe [O,min{2 kcl, ~ﬂ|}> - R

fo(x) = (ar+ )" + (1= (ay +2))" + (c1 +kx)” + (1 = (o1 + ka))? — 265 — 2(1 — by)P.
We have

Define the function

W =

by

Jo@)=plar+ )™ =p(1 = (@ +2))" " +pk(cr + k2" = pk(1 = (e + k),
and therefore

lim fi () =

I

pd 7t —p(1-a))P 4 [pc’,kl -p(1 ~cl)"—l]k

S S -
<0

-1 pi

N il p=1 - pot] (1=a))””" —d]

pal” —p(1-a)) +[c’ -p(l-¢y) J»*—A —

o M N

=0

Define the function

1.
fr: [O,min{2 k(l"_i ~a|}> —R

f(@)=(ar + )" + (1~ (ay + )"+ (er +hx)? + (1~ (e + ka))? — 203~ 2(1 ~ by).
We have

by

Frla) = qta 4 0) =g (1= (a4 @) 4 gk (en + k) = gk (1= (e + ka))' ™t
implving
lim f2(r)
o
= gl g =)™ [t g )k
(L-a)™' -’

il g (- a) [rlf'.’"' -q(l f'l)""]'Tr-T7ﬁ
i - ¢
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Therefore there is a sufficiently small =, such that for each x € (0,¢)

Since
for each 2¢ € (0,¢),
fo(xo) > 0
fr(xo) < 0,
i e.,
(1 = (ay +%0))" + (1 + kzo)” + ) S

(ay + 20)" +
(1= (c1 + kag))? — 205 — 2(1 - by)?

(@1 + )" + (1 = (@) +0))" + (1 + ko) ) <0
b)’ o

( (1= (c1 + kag))? - 263 — 2(1 -
£) we prove the claim.

al~ ' (l=a,)""'=a '

so by taking a = a; + zg, b = by and ¢ = ¢y + kzq for any z¢ € (0

(e

SUBCASE 3.2 §=pd i

There is a number k such that
(1-a))"' —a®! Sk & (1-a)"' —at!
&l (=) A -(1-¢)"!
Define the function
5 - o C1 1
fe: {O,mm{—2 ra A01}> - R

by

fo () = (ar +2)" + (1 = (a1 + 2))" + (o) + kx)” + (1 = (c1 + ka))" — 265 — 2(1 - by)?
We have
fi@) =pla+2)"" = p(1 = (a1 +2))""" +pk(er + ka)" ™" - pk (1= () + k)7,

and thus
lim f§(x) =
0+
paf el a) [pc’.’“ -p(1 —r.)""’]k
..
<0
- P
. 1 p1 ] (o a) T d
< pa -p(1 —a + [ s -p(l-c ] _—
P p(l —ar) pey P( 1) PRI
= 0.
Define the function
0 i=9 1 R
g, -
ify s min etk 1)
as
fr(x) = (ay+ )"+ (1 (ay + )"+ (e + k) + (1~ (e + ka))! 25 - 2(1 = by)?
We then have
9! - g1~ (ay + )" 'y gk (¢t ha)? ! qh (1 (g L.l))"’lA

f1(x) = qar + )
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and thus
h ‘12
oy f7 ()

qu'l"] —g(1=a)" "+ [q(;'[’_] —q(l-¢)? ']A-
R S
<0

> qal —q(1-a)" " + [qc"" -q(1 —C,yf"‘] —a) ey
! L ("1771 -(1 7(,‘1)"-1
= 0
Therefore. there is a sufficiently small ¢, such that for each x € (0.¢) .

fi ()
f1 ()

€T

0
0.

AVARNAN

(s
(x
Since

f6(0) = f2(0) =0,

for each xg € (0.€) . we have

fo (20)

0
f7 (o) 0

<
>

(a1 + 20)” + (1 = (@) + x0))” + (1 + kxo)” + 0
(1= (c1 + kg))” = 268 — 2(1 — by)? <

(a1 +20)* + (1 = (a) + 20))" + (c1 + kag)? + S 0
( (1= (e + kag))? 263 — 2(1 - by)? S

so by taking a = a; + zg, b= by and ¢ = ¢; + kzg for any xg € (0,z) . we prove the claim. m
Because the functions f7, fs : (0. 3) x (0, 3) x (0. 3), defined by
fr(a,bc) = a’+(1—a)’+ (1 -c) +cP -26F —-2(1 - b)°
fa(abc) = a®+(1-a)?+(1-c)?+c?-267 -2(1 - b)*

are continuos, from the last lemma it directly follows:

Lemma 7 Let p.q € R. such that p # ¢ and p.q > 1. Then there are are numbers a,b.c € <0. %) naQ,
such that either

A+ (1=-a) + (1) +c” =20 -2

A+ (1-a)'+(1-e)"+ =27 -2(1--b) < 0

o1

@ (L—a) t (1) b -2 2(1-b)" < 0
@l (L-a) + (1= )" b= 267 - 2(1-0)7 > 0.

Denote the graphs G (1, q.a.b) and G (1. q.¢) as in the previous section.
Now, we can prove Theorem 2. Replacing p = Ay + 1 and ¢ = Ay + 1 in the previous Lemma. we get
that there exist numbers a,b, c € <(). %)H Q. such that either

PR IR R Ll o I RLLINTFLE LD VLR S Y8 I ) I

D R T S R I s LDV GTR L ¥ 6 IS L |
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or
”,\|+| 4 (1 _ u)»\.+l n (1 _ (_),\; t1 4 (;,\,;1 x_)[),\,+| . 2(1 _ b)/\y‘fl

et I = (L)»\;+1 S (01 o C)A_:H 4 Ml _gpretl 2(1 - b)/\_m'»l

Without loss of generality, we may assume that there are numbers a, b, ¢ € <(‘)
aMH L Q)M (1 - M M mgprett g - pyMe!

A (=M (1= M e g g )t

Note that
" Wi, (G (n,g.a. b)) = Wy (G (n,q.¢))
My oo
M+l VAt oyt
(a +a-at (10 +)_(nq).\‘+,

FerFl _ophitt (g - !

nqa ng—(nga-1) nqe ng-(nge—1)
St o+ S St + DI
=1 =l =1 =1
nqb nq—(ngb—1)
=25 M -2 S M
1 =]

It

< 0
> 0

.3y Q. such that

> 0
< 0

lim o Y
e A (0 I O IS M N
FeMtl gpritl »_2(1417)/\&1 ‘(nq)

nga ng--nqa+1 nge

/ ardx + / aMda + f M dr+

0 0 0
g—riged nqb+1 ng—nqb+2

+1

+ [ a2Mde-2 [ aMda-2 [ aMd

0 1 1

B lim

Fehtl gt (1~ o)

n—oc A+1 PR YE S gt
(a + (- 4 (1-0) +),(nq)x.+1

YR PYER] PYES] 5y

_olngbtl Mg 2 _ o(ng—ngby2)*1 7!
TN H

A+l al A +1

2

(nga)*1*! (ng—nga+1)*1*! (nge)* 1t (ng—nget )M "
iy ¢ + i+ )

N 41

= lim

1 (.)A.H . 2b*‘“‘2(1~b)A‘+'
1
M+

Thus, there exists a sufficiently large n; € N, such that for each n > n,,

Wy, (G (n.q.a.b)) = Wy, (G (n,q,c))

A -t -t A+l
P YRR 2(1 [))M +1 (”"l)

>0

It follows that for cach 1 > n,.

Wi (G (negoab)) Wy, (G(n,q,¢)) >0

n—co e g (1Mt e A
+( -(ng)
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Also, note that

lim,, .

{l)/\_v+l

Wi, (G (n.q,a.b)) - Wy, (G (n,q,c)) _
at (1 (1=t .
( et _ophatl 9] - ‘("‘I)A'H

b)A1+l
nqga nq—(nanl) nge
Z ey T Y My
ng- (nqr—l)

1=] =]
s an(ru,b—l)
2 Z DB
= lim i=1 i=] i=1

At (1—a)M (1= oMt ¢ At
el gpretl ~’2(1—b)*'+' “(nq)
vly~n‘qa+2 ngc+1
T+ hdr+ [ atdat
1

ngb nql1lqb+l
atdr -2 [ atdz-2 [
0 0

Ay

xtdx

’\’+'+(1—a)A'H+(]— )'\‘+l+ Aol
crrtl _gpratl o= b)A,+1 - (ng)

(nga+)*2*' i (ng—nga+2)*2*!
,\,+1 Ay +1 Nogii
gngc+1) 2
XG4T +| + A+l +
+£ng—nxgc+‘2!*’“ _ _?(nqb)*n' 2@1 n@u)
2+ 2+ 1
n=200 A+l +(1—a)'\'+l + cretly Ngzl
(- C),\,H _gpretl ~2(1vb)’\‘+' - (ng)
1

A+ 1’

/\;+l

so that there is

is a sufficiently large ny € N, such that for each n > ny, we have

Wi, (G (n.q,a,b)) — V), (G (n,q,c))
( et 4 (1

A+l Azt =
—a) +(1-¢) + A+l
A+l _gpratl _ 9 (] - p)et! - (ng)

It follows that for each n > ny

Wi, (G (n.q.a,b)) = Wy, (G (n,q,c)) <0.

Therefore,

5, (G (max {n;,ny} + 1.¢q

.a, b)) >
1y, (G (max {n;.n2} + 1.g

Wy, (G (max {n)., ny} + 1.¢.¢))
Lab)) <

Wi, (G (max {ny,ny} + 1.q4.¢))
so that it is sufficient to take
G =
G~1 =

W, (G (max {ny.ny} + 1.g,a,b))
WA, (G (max {ny.np b + 1.g,¢)).
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