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Abstract. A graph with no vertex of degree greater than f is called an f~graph. A probability
model for f-graphs called the Random f-Graph Process (RfGP) that generalizes the classical
random graph process introduced by Erd6s and Rényi has been defined. Here a survey of the
role of algorithms for obtaining insights and results concerning probabilistic and deterministic
properties of the RGP is given. This is done via a collection of algorithms, open problems
and a guide to known results on this topic.

INTRODUCTION

A simple graph on n vertices is called an f-graph, if it has no vertex of degree greater
than a positive integer f with 2 < f<n -1 (see [11[2]). A probability model for f-graphs on n
vertices that generalizes the random graph process (RGP) introduced by P. Erd6s and A. Ré-
nyi ([3]) is the random f-graph process (RfGP) ([4]). The RGP of order n is an absorbing
Markov chain with states corresponding to f~graphs and is defined as follows.

Starting with the graph Gy on n labeled vertices and no edges, obtain a sequence G,
G, ... of f-graphs. At each step 1 > 0, let E; denote the set of admissible edges (the edges of
Gf, the complement of G,, each of which when inserted in G, results in an f-graph). If E, # @,
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then obtain Gy, by selecting an edge uniformly from E; and inserting it into G,. The process
stops when E,= @.

The interest in such a model is not only in its generalization of the RGP, but also for
its importance in applications, where bounded degree graph models are the rule rather than the
exception. Consider, for example, reliability studies of communication, transportation and
electrical networks. In chemistry and physics, phase transitions have been compared to the
abrupt component order transitions in the RGP, however a more meaningful comparison re-
quires the bounded degree condition. Studies of similarity between chemical species are car-
ried out in bounded degree models. Although asymptotic analysis plays an important role,
there arc many applications that deal with finite order graphs. Thus, analysis of all aspects of
such models appears to be relevant and potentially useful.

One of the earliest implementations of bounded degree models in chemistry was de-
veloped by M. Gordon [5] and LJ. Good [6}. Branching processes originally devised to deal
with population statistics were adapted to deal with polymerizing systems and extended by
analogy to the vapor/liquid trausition by C. Cohen, J.H. Gibbs and P.D. Fleming [7] and J.W.
Kennedy [8]. Note that both the RGP and the bounded degree mathematical models in poly-
mer chemistry appeared in the 1960's. However, graph theory chemistry applications were
developed essentially independently until the mid 1970°s through the 1980’s when the link
between them was highlighted by a series of books and papers (see for example, [2][9]-[11]
and references therein). From the mid 1980’s to the present the awareness of the link between
chemical applications and mathematical random graphs developed rapidly. In the 1960’s al-
though individual researchers in chemistry, physics, percolation, probability, statistics, and
random graphs were aware of this link there was relatively little interdisciplinary communica-
tion and even less cooperation between researchers in these fields. In the 1990°s it would be
unusual for an active researcher in any of these fields to be unaware of their fruitful interrela-
tion.

A basic difficulty in the study of the RGP, when f < a — 1, is in handling the admissi-
ble edges in going from G, to G,.,. Here E;, can have more than one edge less than E,. That
is, the edge in E, selected to obtain Gy, may introduce one or two vertices of degree f in G
and thereby make nonadmissible, in addition to this edge, all remaining edges incident to such
vertices. This is dependent on the structure of G, in contrast to the RGP where the set of ad-

missible edges E, is the sct of all edges of G,". Additionally, the RfGP has not one, but a set of
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graphs in which the process can terminate. These terminal graphs are called edge maximal f-
graphs (EM f-graphs). Their size is bounded by Lnf/2].

Although the RAGP is described in terms of labeled f-graphs, its transition digraph
D(n, ), has as its node set the isomorphism classes of f~graphs of order n so that each state of
the RfGP is represented by an unlabeled f-graph G of order n and size t. Then, (G, G") is an
arc in D(n, f) if and only if an edge when inserted into a labeled copy of G results in a labeled
f-graph isomorphic to G'. The weight of (G, G') is equal to the rransition probabiliry.

We shall give a survey on the current status of the study of the RfGP, the role that al-
gorithms play in obtaining probabilistic and deterministic insights and results, and some of the
questions that suggested directions of investigation. We consider some probabilistic problems
such as the distribution of vertices of degree less than f in EM f-graphs, the probability of a
big cycle for EM 2-graphs, and the hitting time for the first cycle in the R2-GP. Among de-
terministic problems we present some results related to the order, size, node degrees of D(n, f)

and the diameter of its underlying graph.

ALGORITHMS

Two classes of algorithms have been used ([12]): exact and randomized. The exact al-
gorithms are based on D(n, f). They generate all nodes and calculate the corresponding state
probabilities. The (numerical) distribution of any random variable on f-graphs in the RfGP can
be obtained and enumerative/structural problems for f-graphs and D(n, f) can be solved. The
main exact algorithm, IMAGES, uses the Breadth First Search (BFS) method for generating
and visiting nodes of D(n, f). It has been extended for constructing the underlying (undirected)
graph U(n, f) of D(n, f). The exponential growth of the number of nodes limits the application
of this algorithm. Specialized exact algorithms calculating the probability distribution of a
chosen random variable are applied to R2GP’s with large order.

The randomized algorithms we use are based on sampling, i.c., generating samples of
random walks in D(n, f) and approximating, i.c., calculating coefficients of the chosen ap-
proximation functions for studying probabilistic properties of the RfGP as functions of n and

£ These algorithms are polynomial in n.
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First we describe the main exact algorithm, IMAGEf. The RfGP is a Markov process
and its transition digraph is bipartite; thus, in each step of the algorithm it is enough to con-
sider two consecutive levels of D(n, f). Let G and G' denote f-graphs such that G' can be ob-
tained from G by the addition of an edge. Then, G — G'is a transition of the RfGP. For each
transition G — Gy, i 2 0, let ¢; denote the number of admissible edges for the /-th transition,
and p; = eife — the transition probability with e being the total number of admissible edges for
G. If e = 0 for G, then this graph corresponds to a terminal state of the process.

The state probability, denoted by pr, is the probability of reaching this state from the
initial state of the RAGP. If pr and pr/ the state probabilities for G and G/, then pr;’ = p;pr. If
G' is obtainable from a number of states G, k >1 then its state probability is pr' = Zy (px pri).

The transition rule for G is as follows. Using cach admissible edge {v. u}eG" con-
struct graphs G/ = G w {v, u} with attributes ¢;=1 (j =0, L, ..., e). [f any two of these graphs,
say G} and G’ (0 <j < k < ¢} are isomorphic, then add 1 to ¢; and remove Gi'.

The algorithm IMAGEf can provide the probability distribution for any random vari-
able with the probability space being the set of all labeled f-graphs of order n, or a chosen
subset (e.g., EM jf-graphs). This algorithm also generates data for solving counting problems
for D(n, f) on level ¢, such as N(1, n, ) — its order, A(t, n, f) — its size, the maximum outdegree
M1, n, f) of nodes, and NT(¢, n, f} — the number of terminal nodes. Moreover, it can be used

for constructing the whole structure of D(n, f) and the transition matrix of the process.

ALGORITHM IMAGES (n, )
Inpur: n — the number of vertices, f — the maximum vertex degree.
Output: H = P(V; 1, n, f) — the probability distribution of the random variable V,
N(t, n, f) — the number of f~graphs of order n and size ¢,
Al(t, n, f) — the number of arcs between levels ¢t and ¢ + 1 of D(n, f),
M(1, n, f) — the maximum outdegree of nodes on level ¢ of D(n, f),
R — the set of terminal graphs.
Method: Let X and X' denote sets of all states on level ¢ and £ + 1, respectively, and § — the set
of G' fora givenG € X.
Step 1. Initialization of H and: N(0, n, f):=1, A0, n, fy:=1, M(O, n, f):=0, R := B,
G:=K', priG):=1.X:=G, t:=1.
Step 2. Create X’ for a given X as follows. Set initially X" := @ and then for each G € X:
(a) Define § using the transition rule and calculate the transition probabilities.
(b) For each G’ € S:
if G" is isomorphic to K € X', then pr(K") := pr(K") + pr(G) p(G, G");
otherwise calculate pr(G') and add G’ to X".
(c) Update H using pr{G"),
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(d) Update A(t, n, f} and M(z, n, f) using IS1, the number of transitions for G,
(e) If $ = @, then update R by adding G to R.
Step 3. Nt n, f):=1X", X :=X', increase 1 by 1, and repeat Steps 2 and 3 until ¢ = | 72,

The worst case time complexity of the algorithm IMAGES on level ¢ of D(n, f) depends on
N(t, n, f), M(t, n, ) and the complexity of the algorithm for testing the isomorphism of two
graphs. The space complexity depends on the maximum value of N(r, n, f).

The main randomized algorithm is DISTRV that generates samples of f~graphs and ap-
proximates the data concerning distribution of a given property of these graphs. Each sample
is a realization of the RAGP of a given order. If a chosen property V has to be studied as a

function of », then the algorithm DISTRYV is as follows.

ALGORITHM DISTRV (N, f, 5)
Input: N — the chosen sequence for n — the number of vertices, f — the maximum degree,
s — the sample size.
Output: Qv (n) — the number of EM f-graphs with property V for each n from N, and the val-
ues of coefficients of the chosen approximation function.
Method: Let ¢ denote the degree sequence and G” — a labeled EM f-graph of order n repre-
sented as E, the sequence of edges marked "retained".
Step 1. Initialize Qy.
Step 2. For each n from N repeat s times:
Step 2.1. Initialize E as a sequence of all edges on n vertices.
Step 2.2. Generate G" as follows.
() Set lyax = n(n — 1)/2 and mark E; "not retained" (1 € j < [ya). Set ;=0 (1<i<n).
(b) Set I = gy and repeat the following until / = 0.
Select at random an integer z from among 1 to [, E,= (x, y).
If c. < fand cy<f, then mark E. "retained" and increase ¢, and ¢, by one.
Interchange E. and E; and decrease ! by one.
Step 2.3. 1f G” has property V, then update Qy(n).
Step 3. Using the method of least squares for Qv (n)/s calculate values of coefficients of the
chosen approximation function.

The worst case time complexity of Step 2.2 is O(n’(1+ f/n)). In what follows we dis-
cuss three probabilistic problems: the probability distribution of orexic vertices, the probabil-
ity of a big cycle and the hitting time to the fist cycle.

DISTRIBUTION OF OREXIC VERTICES

Vertices of degree less than f are called orexic. First we cite the following theorems on
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EM f-graphs with m orexic vertices.

Theorem 1. ([1]) Let G be a graph of order #n. Then G is an EM f-graph having m orexic ver-
tices if and only if G has n — m vertices of degree f and its orexic vertices induce a complete
subgraph of order m.

Theorem 2. ([1], Proposition 3) Let G be an EM f-graph of order n and size ¢. If G has m
orexic vertices, then (nf —m(f + 1 —m))2 < 1t < (nf — m)/2.

If fn is even, then EM f-graphs with the maximum size are f-regular graphs (m = 0) and
if fn is odd — the almost regular f-graphs with only one orexic vertex of degree f~1 (m=1).
Theorem 3. ([13]) Let G be an EM f-graph of order n having m orexic vertices, then

m<min {n(n—f-D/@2n-H-1), ).
Corollary 3.1. If an EM f-graph of order n having m orexic vertices is sparse, i.e., f < (n-1)12,
then 0 <m < f; otherwise, 0 <m<n(n—f-1)/2n-H-D<f Iff=n—-2then0<m<
n/3.

Now we consider the P(m; n; f) — the probability distribution of orexic vertices of EM
J-graphs generated in the RfGP. This problem (posed by P. Erdés in 1985) has been studied
using several methods. For fixed n, it is easily seen that sequentially generated random EM f-
graphs and uniformly generated random EM f-graphs have different distributions for the vari-
able m (see [14]). The algorithm DOV (with time complexity O(n")), proposed by P. Szmanda
[15] calculates P(m; n; 2) using the Depth First Search (DFS) method for creating and visit-
ing nodes of D'(n,2)  D(n,2). It finds an active path of D'(n, 2) recursively, going from the
initial node to the terminal nodes and calculates the state probabilities when it returns. From
running the algorithm DOV, we have found the exact distribution P(m; n; 2) for each n <
1532. For example, for n = 500, 1000 and 1500 it is P(m; 500; 2) = 0.8792, 0.1007, 0.0201
(for m = 0,1, and 2, respectively), P(m; 1000; 2) = 0.8894, 0.0937, 0.0169 and P(m; 1500;2) =
(.8946, 0.0900, 0.0154. Note that P(0; n; 2) grows very slowly with n. Using extrapolation we
can show that P(0; #; 2) reaches 0.9 for a = 2000.

For f > 2 and small values of n the algorithm IMAGEf has been used and then — the
randomized approach DISTRV for studying P(m; n; f) as a function of n and f (for n <247 see
[16]-[18]). The following functions have been considered. X,,s(m) = P(m; n; f), 0 < m < f(for
fixed n and f), Yoy (n) = P(m; n; f), n 2 f+ | (for fixed m and f), and Z,,,(f) = P(m; n; f), 2<f<

n =2 (for fixed m and n). We have proposed the following approximation functions: Y(n) =a
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—be“"and Z() = A f ® ¢/, From the results of the experiment ([12]) it follows that for a
range of values of n and f, X,, (m) appears to have a normal distribution.
Problem 1. Determine for what values of f and s (if any) a normal distribution provides a
satisfactory approximation for X, z(m)?

The algorithm DISTRm (with the use of algorithms Y and Z) for generating data on
RF(m; n; f) and calculating coefficients of the approximation functions ¥(n) and Z(f) for the

P(m; n; f) problem is as follows.

ALGORITHM DISTRm (n, £, s).
Input: s — the sample size and
(a) Y(n): fixed f and a" — the maximum value of a, or
(b) Z(f): fixed n.
Ouiput: parameters of the approximation function for RF(m; n; f)
Method: For a chosen approximation function:
(a) ¥(im)=a—be ", or
M ZH=Afte’
generate data RF(m; n; f) applying the algorithm DISTRV with
(a) f+1<n<n" or
(b) 2<f<n-2
and calculate values of coefficients of the chosen approximation function for all values of m.

ALGORITHM Y.

Input: F — the chosen sequence for f, n” — the maximum value of n.

Quiput: a, b and ¢ — coefficients of the approximation function.

Method: Using the algorithm DISTRYV for each f from F generate data y,,{n) = RE(m; n; f),
f+1 <n<n" and calculate values of coefficients a5 bpys and ¢ for each m (0 <m <f when
fniseven and | <m <f, otherwise).

ALGORITHM Z.

Input: N — the chosen sequence of values for n.

Output: A, B, C — coefficients of the approximation function,

Method: Using the algorithm SGappr for each n from N generate data 2,,,(f) = RE(m; n; f), 2 <
f<n -2 and calculate values of coefficients A, By, and Cy,, for each m (0 <m < f when
fisevenand I < m < f, otherwise).

The concept of predominant types of EM f-graphs of order n with respect to the num-
ber of orexic vertices was introduced in [17]). For each f and n, there exists a nonncgative in-
teger T = T(n, f) such that P(T; n; f) = P(m; n; f) for all m. An EM f-graph with T orexic verti-
ces is called predominant of type T. Predominant type T =0, 2, ..., 10 of EM f-graphs of order
n (fn even) for the RAGP is given in Figure 5.16 of [12] for n < 100.
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Observation. If f is fixed, then T(n, f) is a decreasing function of n and if n is sufficiently
large, then T'= 0 (fn even) and T = 1 (fn odd). If f = f{n) is an increasing function of n with2 <
fin) <n =2, then T(n, fin)) is an increasing function of n and T(n, n —2) < n/6.

Asymptotic properties of the RfGP have been found using a differential equations
technique which we refer to as the kinetic approach. For the RGP, we have derived the as-
ymptotic vertex degree distribution with its expectation and variance ([19]20] also see [21]).
In [20] the kinetic approach is applied to the R2GP to obtain the distributions of the number
of paths and cycles of a given order, and the number of components. In the RGP, if f denotes
the proportion of edges that have been inserted in G, then we have the following theorem.
Theorem 4. ([19]) In the RAGP of order n, let X,(t) denote the number of vertices of degree i
in a graph G and = [E(G)/(nf/2). Then, for Xi(t)/n = x(t), when 0 < { < | and n — oo, we have

x(t) = xokt) (—In xo()) " fi!, i =1, 2, .., f— |, where xo(1) is the proportion of vertices of degree

Oand x;(r) =1 72_#"‘.’(‘)-

i<t
Corollary 4.1. ([20]) If D(r) is the degree of a vertex in G and ¢ = |E(G)/(nff2), 0 <t < 1, then
D(t) is a random variable with range {0, 1, 2, ..., f} having expectation equal to fi and vari-
ance Var(D(1)) = (1 — xp— x-4) n’ Xo+ ft— (fr)ZA

The asymptotic solution (when n — oo and ¢t —1) to the P(m; n; f) problem for any
given fixed f is obtained in the following sense. In the limit r—1, the proportion of vertices of
degree fis 1, that is, a limiting graph is essentially f-regular and asymptotically m = 0. How-
ever, note that terminal graphs in the RAGP appear in a range of sizes prior to and including
Lnf 7 2] and that the asymptotic parameter  docs not distinguish between these terminal levels.
Also note that, if nf is odd, then a limiting graph cannot be f-regular, thus in this case m > 0.
Nevertheless, asymptotically the orexic distribution is m = () with probability one. The asymp-
lotic probability distribution for the random variable m in uniformly distributed EM f-graphs
was determined in | 14] and as expected is different from that in the RfGP,

The interest in the asymptotic degree distribution is in the information obtained by fol-
lowing ¢ from O to 1. At 7 = 0, clearly all vertices are isolated and xo(0) = 1. For any value of ¢
= r* < | the proportion of vertices of a given degree is obtained. Geometrically the intersec-

tion of the line ¢ = t* with the curve defined by xi(f) yiclds the propoertion for vertices of de-
gree i. This means that Z‘{_;)lxi (¢*) is the proportion of orexic vertices in a random f-graph G

of normalized size r* as it evolves to a terminal state.
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The above confirms that initial patterns obtained computationally correctly suggested
the asymptotic result. With respect to the P(m; n; f) problem note that for fixed » and f no ex-

act formulas are available for the distribution of the number of orexic vertices in the RfGP.

THE PROBABILITY OF A BIG CYCLE

Let M be the order of a largest cycle in a random EM 2-graph of order n generated by
the R2GP. A cycle is called big, if its order is greater than n/2. Consider py(n) = P(M > n/2;
n) — the probability of a big cycle (PBC) in an EM 2-graph for the R2GP of order n (see
[22)).
Exact algorithms for calculating this probability are based on DM(n) < D(n,2). Let k =
[n2]. 1t is enough to consider only these nodes for which the corresponding 2-graphs fulfil
two conditions:
(1) the number of vertices in paths is bigger than k, and
(2) no path is of order bigger than k.
Condition (1) is obvious; (2} follows from the fact that for a 2-graph with a path of order big-

ger than k, a big cycle will be created later in the process with probability one.
Let c(n} denote the number of nodes of DM(n). Then, c(n) = g(n, k) + Zzwa q(j.k)‘

where g(a, b) is the number of partitions of ¢ with no part bigger than 4. In [12] values of ¢(n)

with 7 up to 70 are given and it is shown that c(n) — 0.102 exp (2.5651 n”z):‘n”2

) as n—»00,

In the algorithm imPBC, the representation of a state is G = (P1,Pa,..., Pi), where P; is
the number of paths of order j, and pr(G) — the state probability of G. When the algorithm
reaches a state for which condition (1) is not fulfilled, then the probability of creating a graph

k

with a big cycle from such a state is equal to zero. Thus, Zi:!

iP; > kis the condition for a
state to be included to DM(#n). The probability of obtaining a graph with a big cycle from G is
PG =Z::l pie; /e, where p; is the probability of obtaining a graph with a big cycle from G

(see [12] for the transition rules for the PBC). The algorithm imPBC is as follows.
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ALGORITHM imPBC (n)
Input: n — the number of vertices,
Ouiput: pyln) = P(M > n/2; n) — the probability of terminating the R2GP of order n with an
EM 2-graph having a big cycle.
Method: Let X, X', and S be the sets as in IMAGES. A path of order bigger than n/2 is called a
big path.
Step 1. Initialization: py:=0, G:=n0—-2,1,0,..,0), pr(G):=1, X:=Gandr:=1;
Step 2. Create X" for a given X as follows.
(a) Set initially X" := @.
(b) For ecach G € X: generate all G’ but include in § graphs that fulfil (1) and (2).
If a transition results in a big path, then py := pa + pr(G').
(c) Foreach G' e §:
if G" is isomorphic to K" € X', then pr(K’) := pr(K’) + pr(G"); otherwise add G' to X'.
| Step 3. Set X = X', increase 1 by | and repeat Step 2 until7=n-2.

The time complexity of this algorithm is 01.’cxp(nm)m”2

). The space complexity de-
pends on the number of nodes on the level of DM(n) that has maximum order. There exisls a
recursive algorithm PBC (a variation of DOV) based on the DES method for DM(n). The ex-
ponential growth of the dictionary size (all states of DM(n)) limits its application (it has been
implemented for n < 62). The algorithm imPBC uses the BES method for DM(r) and needs a
dictionary only for two consecutive levels. Another advantage of this algorithm is that it gives
an insight into the level contribution to the PBC problem ([12]).

In [22] we showed that the asymptotic distribution of cycles of a fixed size in uni-
formly distributed EM 2-graphs is the same as that in uniformly distributed 2-regular graphs.
This is not surprising since EM 2-graphs differ from 2-regular graphs only by the possibility
of having one or two vertices that do not lie on a cycle. However, the proportions of graphs
with given cycle distributions come from entirely different sample spaces and the 2-regular
graphs asymptotically contribute only 40% to the set of EM 2-graphs of order n (for the latter
see [14]). It is also shown in [22] that for both, the uniform distribution of EM 2-graphs and
the uniform distribution of 2-regular graphs, {int y—.o P(M > n/2; n) = ln(2”2+l) =(.8814.

Comparison of the computational results of the PBC algorithms in the R2GP with the
analysis of the PBC problem in the above two uniform models allows us to conjecture that the
answer 1o the following question is yes. This would be the first known property of the asymp-

totic equivalence of these three probability models.
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Problem 2. Is it true, that the probability of terminating the R2GP of order n with an EM 2-
graph having a cycle of size bigger than n/2 tends to In(2'?+1) (from above if n is odd; other-

wise — from below) as n tends to infinity?

HITTING TIME TO THE FIRST CYCLE

Two random variables for the R2GP: h — the hitting time (i.c., the number of steps) to
the appearance of the first cycle in G and L — length of the first cycle have been studied with
the algorithms IMAGEf and CYCLES (see [12]). Their probability distributions are calculated
by collecting the probability of the first cycle of any length in G in the triangular matrix
H(n)=(H,j), 3 <t<n, 3 <j<tcalled the hitting time matrix for the first cycle in G. Thus,

Pth=t:m) =37 H,. 3<t<nand PL=jim) =} H, 3<j<t.

The algorithm CYCLES is an extension of the algorithm DISTRYV for collecting data
concerning the hitting time to the first cycle in R2GP and the cycle analysis for EM 2-graphs.
If G is a 2-graph of order n and size t, then its components are cycles of length 3 <i <1, or
paths of length O < i < — 1. Each path in G can become a cycle in the next step or, if its
length is O or 1, can remain unchanged up to the end. Thus, an active component of G in the
R2GP is a path of length i, 0 < i <t < n— |. The list of the n—t active components of the gen-
erated graph G is organized. Worst case time and space complexities are O(n?). Computa-
tional results on the probability distribution of the hitting time to the first cycle and its length
for R2GP are shown in [12] as functions of .

Problem 3. (P. Erdés, 1996) In the RfGP of order n what is the hitting time to

(a) the first vertex of degree f,

(b) the first edge that has to be rejected because its violates the f-degree restriction?

Problem 4. (M. Simonovits, 1996) In the RfGP of order n what is the hitting time to the first
Hamiltonian f~graph?
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THE STRUCTURE OF THE TRANSITION DIGRAPH

Studying the structure of D(a, f) involves a number of deterministic problems which

have been approached with a combination of algorithmic and theoretical methods. The num-
ber N(t, n, f) of nodes on level ¢ of D(n, f) is by definition the number of unlabeled f-graphs of
order n and size 1. For the case f =2 we have:
Theorem 5. ([23]) If n > 2, then the number N(t, n) = N(t, n, 2) of nodes of D(n, 2) on level t,
1 <7< n—1is given by the recursion N(t, n) = N(t, n — 1) + N(2t — n, 1), where N(x, y) =0 if
x<Qorx>y, NO,n)=1n21,and N(n, n) = Hn, 3), the number of partitions of n having no
part less than 3.

Using this theorem N(1, n, 2) and consequently N(n, 2) — the order of D(n,2) can be
calculated (e.g., N(20,2) = 3592). However, it is an open problem to determine a closed form
solution for this recursion. Formulas for the size of D(n, 2) are given in [23]. For the cases f =
3, 4 and 5, some data concerning the order and size of D(n, f) and the number of terminal
nodes (for 3 <n < 14 and 2 <f < 13) (from IMAGES) can be found in [12]. For the number of
terminal nodes the following is available for f=2 and f=n - 2.

Theorem 6. ([23]) The number of terminal nodes of D(n, 2) on levels t = n and t =n -1 is
NT(n, n, 2) = r(n, 3), NT(n— 1, n,2) = r(n-1, 3) + (n-2, ) where r(k, 3) is the number of parti-
tions of k having no part less than 3. Their total number is NT(n, 2) = r(n, 3) + rin—1,3) +
r(n—2, 3) or using p(k) — the number of unrestricted partitions of k: NT(n, 2) = p(n) — p(n -2)
—p(n —3) + p(n =35).

Theorem 7. ([13]) Let Win, m) denote the number of unlabeled n vertex EM (n-2)-graphs
having m orexic vertices. Then,

2':63'" sz pm(2k) n+mis even

(n-3m-1)/2
k=0

| niseven

0 nisodd W (n.m)=

W(n,0)= {
P2k + 1) n+misodd
where p,(x) is the number of partitions of x into at most = parts and W(n, m) =0 if m > n/3.
Problem 5. For 3 < f<n -3, determine formulas for NT(z, n, f) — the number of terminal
nodes of D(n, f) on level ¢ (the number of unlabeled EM f-graphs of order n and size r).
In [24] the outdegree properties of D(n, f) are studied for f=2 and f=n — 1; in [25]
we obtained results for 3 < f < n -2 on the determination of the maximum outdegree among

all nodes of D(n, f) having size ¢.
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The distance properties of the underlying graph U(n, f) of D(n, f) are of interest in me-
dicinal chemistry [26]. In [27] results concerning the diameter of U(n, f) for both finite n and
n going to infinity are derived.

Theorem 8. ([27]) Iff=2orf> (n — 1)/2, then diamU(n, f) = Lnf/ 2] and
1< 2(f =D If+1) S lim oo diamU(n, f) [(nfI2) S2f(f+1) < 2.
Problem 6. What is the diameter of U(n, f) when 3 <f < (n —1)/2?

CONCLUDING REMARKS

The algorithms and methods we have developed can also be used to study other probabilis-
tic properties of the RfGP and to generate subclasses of f-graphs, such as f-~trees or regular
graphs. An extension of the RfGP studied in [28] is the model called the Reversible Random f-
Graph Process (RRfGP) being an ergodic Markov chain. It starts with an f~graph and gener-
ates a sequence of f~graphs obtained by uniformly either inserting or deleting an edge.

Another variation on the RfGP is obtained when the selection of edges is non-uniform. This
is a physically based assumption and chemists have used the Law of Mass Action to derive
the degree distribution of an f-graph generated under these conditions. In [29] the kinetic ap-

proach is used to derive this degree distribution.
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