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The present paper is an attempt of a systematic mathematical study of the extent of reflecting
the 3D structural information by simple graph. The concept of two-dimensional graphs has
been introduced. The usefulness in ascertaining the relative contributions of different struc-
tural phenomena was shown. The real and imaginary parts of the invariants of the two-
dimensional graphs appeared to be mutually orthogonal.

The concepts of multi-dimensional graphs and universal algebraic models of molecules have
been discussed.

* The present paper is dedicated to Prof. Randi, outstanding scientist and generous person,

for his help in improving the presentation of the first paper of this series.
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Introduction

As is well known, the precision of the QSAR/QSPR studies essentially depends on the
accuracy of characterizing the molecular structure' . The perception of the latter occurs via at
least the four steps: 1) The number and the types of the atoms composing the molecule; 2) The
connectivity of the atoms and the bond types; 3) The localization of the atoms in space around
a chiral atom, a double bond or a rigid ring, and 4) The localization of the atoms in space
around a single bond. The constitution of molecules (composition and connectivity) can be
well described by means of graph theory. The invariants of the weighted graphs are frequently
applied in the QSAR/QSPR models despite the fact that they are unable to discriminate
among the different configurations and conformations at identical constitution and connec-
tivity. To overcome this inherent limitation of simple graph theory numerous molecular de-
scriptors have been suggested®'®. It is noteworthy that even the application of highly dis-
criminative indices does not always lead to a cardinal improvement of the model. To ascertain
the reason of this is important not only from the theoretical, but also from the practical stand-
point, as the calculation of most 3D descriptors requires much more efforts than of their sim-
ple analogues, at the conditions of relatively low extent of the model improvement.

Many publications were dedicated to the problem of the degree of conserving the in-
formation on 3D structure by applying simpler mathematical objects. As emphasized by
Robinson et al.'” "That exercise showed that most structural features were retained in the two-
dimensional picture including, to a surprising level of accuracy, the three-dimensional dis-
tance information”.

Our present task is a systematic mathematical study of this problem. We shall consider
the approach enabling one to separate the information on the molecular structure at least into
the two parts: the information on the molecular constitution and that on the spatial features of
the molecular structure. In other words, one needs to apply such a set of indices, that some of
them would characterize the molecular constitution only, being insensitive to the geometry
variations of the molecules (so far many indices of this kind have been introduced). The sec-
ond part, in contrary, would be zero for the molecules without chiral atoms and cis-trans
isomerism, but be able to describe the latter. Then, we would ascertain the relative shares of
the molecular constitution vs. the molecular configuration by employing the techniques of or-
thogonalization.

The present paper deals with an attempt to design such descriptors.
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Orthogonal Descriptors

Multiple regression analysis is widely used in molecular modeling. Here a molecule is
presented with a vector, the entries of which are independent topological indices. The latter
are usually based on identical sources of invariants, such as the adjacency and the distance
matrices. Therefore, they reveal high interrelation. Thus, the duplication of information oc-
curs. Lukovits'®, Randi¢ and Trinajstié have developed the concepts of the orthogonalized de-
scriptors enabling one to overcome the above-mentioned drawback. Randi¢ elaborated con-
ceptually the approach'®? of obtaining qualitatively new information ("... give us insight, not
numbers!"- Coulson). Trinajstié, Lu&ié and co-authors presented the unique possibilities™ >
of optimizing the QSAR/QSPR models using orthogonalized descriptors.

The technique of orthogonalization leads to stable regressions, enabling one to ascer-
tain the relative contribution of a given descriptor and to decrease the volume of calculations
by removing the insignificant indices. All this, finally, results in the best possible, optimized
models via applying relatively modern statistical techniques, see appendix.

One can find more details on the orthogonalized descriptors in refs 23, 25.

Topological Representation of Cis - Trans Isomerism

It is well known that the simple graphs are unable to reflect the spatial features of mo-
lecular structure, as different configuration/conformation molecules having the same compo-
sition and connectivity are presented with the isomorphic graphs. Therefore they have identi-
cal invariants - topological indices. In order to overcome this inherent limitation of the classic
graph theory, which is devoid of utilizing the information on the 3D structure, we constructed
a new set of the pairs of vertices denoted by Q. The Q set consists of the pairs characterized
with the following peculiarities: they must be unbonded, connected with at least one path of
the length three (d=3), basic subgraph (BSG), which may be not the shortest path, provided
none of the vertices of the given pair is collinear with the central edge of this path. A pair of
the vertices can be connected with more than one BSG”".

We carried out the modification (reformulation) of the graph isomorphism and invari-
ant definitions, as well as of the adjacency and of the distance matrices’”*’. The elements of

these matrices, complex numbers, can be calculated as follows:

ay =ay +ify,



— 138 —

Where
P if {k1}eE.i.c.,if the k™ and 1" vertices are connected;
0, otherwise.
My is the edge weight, and
dy =d, +if;
Here d is the path length, and B is a characteristic value of the pairs connected by a BSG. In

case of double bonds as the central edges we can define it as follows:

-1 ifd, =3 and k" and1® vertices
are onthedifferentsides toward their central edge;
B.=9 L, ifd, =3 and k" and1” vertices
are on the sameside toward their central edge;
0, otherwise.

We demonstrated that one can obtain better correlations via applying the invariants of
the complex adjacency matrix, e.g., a Randi¢ type index**, than the descriptors based on the
simple one, e.g., the Kier-Hall index*'.

The model can function in the two following manners: first, one can apply only the
BSGs with the double central bond, as we did in the first paper of the series for modeling
standard entropies of alkenes. The second way of characterizing the geometry variations of
molecular structures implies also the use of the BSGs with the single central bond. It enables
one to consider also rotamers. We demonstrated the principal possibility of discrimination
among different conformers by applying our approach in the preceding paper, however a
genuine characterization of the molecular conformation requires some additional efforts, as
the both terminal vertices of a basic subgraph are embedded in the same plane with the central
edge in case when the central bond is of order two (see ref 32). The problem will be discussed
in great detail in a next paper of the series ****.

The consideration of the BSGs only with the double central bond is convenient also
because of another reason: mostly cis-trans isomers have different conformations. Therefore,
one has to define which conformer should be taken as the representation of the given geomet-
rical isomer. One has to be well aware of the fact that the longest conformations are not neces-
sarily of the minimal energy, even in case of saturated hydrocarbons. We suggested a methed

to overcome this drawback in our dissertation **, but the approach is computationally ex-
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tremely intensive and not applicable in praxis. Thus, we shall still use only the BSGs with the
double central bond formally considering the BSGs with the single central bond to be linear.

Below we shall employ the following complex topological indices:

y 1&g .
we =Ezzd}u’§ di) =dy, +ify,
TR
And
Z‘“ e 2(5‘51)-”2; 5! :Zaid i
bonds T

Wiener’® and Randié type invariants, respectively. The Kier-Hall index is a Randié-type in-
variant, which allows for consideration heteroatoms and bond multiplicity. The vertex degree
is calculated® as follows:

a:=z:_ht

Here, ka is the number of valence electrons of the k™ atom and hy is the number of the hy-

drogen atoms bonded with the k™ atom.

Results and Discussion

A close inspection of the x® index reveals that its real part is insensitive (see Table,
the dataset of alkenes is the same as in ref 27) to the geometry variations of molecular struc-
ture (cis-trans isomerism, in this case). It changes in the same way as the Kier-Hall x* index
having similar numerical values each time when the molecule does not possess cis-trans isom-
erism. Moreover, Re {"} correlates well with x":
Refx"}=0.9897x"-0.0464;
=0.9643,  $=0.1035,  F=6209.

On the contrary, the imaginary part of the index is always zero at the absence of the
cis-trans isomerism describing only the spatial features of the molecules. Therefore, one can

conclude that Re{x"} presents the molecular constitution only, while Im{x‘"} is solely re-

sponsible for the information on 3D structure.
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Table
The Topological Indices and Some Physical Properties of the Set of 25 Alkenes
# Compound bp, [sg ) WO YD %"
I lethene <0 |55.45 |1 [0.5000 0.5000
2 propene <0 [63.80 |4 |0.9856 0.9856
3 butene <0 [73.04 |10 [1.5236 1.5236
4 cis-butene 0.88 [71.90 |[10+(1.2304-0.3718i 1.4881
i
§ trans-butene 3.72 |70.86 [10-i|1.2304+0.3718i 1.4881
6 2-me-propene <0 [70.17 |9 [1.3536 1.3536
7 ntene 29.9 |82.65 |20 |2.0235 2.0235
8 cis-pent-2-ene 36.9 182.76 [20+1.8085-0.4282i 2.026
i
k4 trans-pent-2-ene 36.4 [81.36 |20-i{1.8085+0.4282i 2.026
10 2-Me-butene 31.2 |81.73 |18 [1.9143 1.9143
11 2-Me-but-2-ene***) 38.5 180.92 |18 |1.8661 1.8661
12 3-Me-butene 20.1 |79.70 |18 |1.8963 1.8963
13 hexene 63.3 [91.93 [35 |2.5235 2.5235
14 cis-hex-3-ene 66.4 190.73 [35+12.3867-0.4848i 2.5639
i
15 trans-hex-3-ene 67.1 |189.59 |35-1|2.3867+0.4848i 2.5639
16 2-Me-pentene 60.7 191.34 |32 [2.4143 24143
17 3-Me-pentene 54.1 190.06 |31 |2.4342 2.4342
18 4-Me-pentene 53.9 [87.89 [32 |2.3794 2.3794
19 2-Me-pent-2-ene***) 67.3 190.45 |32 [2.4040 2.4040
20 cis-4-Me-pent-2-ene 56.3 |89.23 |32+|2.2125-0.3140i 2.3988
i
21 trans-4-Me-pent-2-ene  |58.6 188.02 [32-i(2.2125+0.3140i 2.3988
22 2-Et-butene 64.7 [90.01 |31 [2.4750 2.4750
23 2,3-diMe-butene 55.7 [87.39 |29 [2.2971 2.2971
24 3,3-diMe-butene 41.2 182.16 |28 [2.1969 2.1969
25 2,3-diMe-but-2-ene***) [73.2 86.67 [29 [2.2500 2.2500
) Taken from ref 11; we used only 21 compounds (with positive values of bp-s) in

modeling bp-s.
) Taken from ref 35a.
*kk)  See ref 32.

In order to ascertain the relative shares of each structural phenomena (constitution vs.

configuration) in the selected physical property (here: S0 °®) we constructed the following
model:

Snzn=aA+bB+C,
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Where A=Re{y"} and B=Im {x""},
a=17.5246; b=-1.4642; c=47.8449;
r’=0.9710; S=1.6979; F=367.9

Next we started to orthogonalize B against A to find out the extent of content of the
information on 3D structure in A and that on connectivity in B. The result was quite unex-
pected: B has turned to be already orthogonal to A, ie., r(B,A)=0.0000! Therefore, we ob-
tained the stable models without additional efforts:
8hop=aA+ c,
a=17.5246; c=47.8449;
=0.9697; $=1.6969; F=735.69.
and
8%98= bB+c,,
b=-1.4642; ¢,=81.9924;

'=0.0013; $=9.7399; F= 0.030.

As one can see, the introduction of the information on the 3D geometry variations of
the structures has not led us to a sufficient improvement of the model, in contrary, the S value
along with the F ratio decreased.

The similar results were observed when using the correlation of A and B with the
boiling points of alkenes®®®.
bp=aA+bB+c,
a=51.3617; b=1.4525; ¢=-61.8016;
r'=0.8499; $=8.4817; F=50.94.
bp=aA+c,
a=51.3617; c=-61.8016;
1#=0.8495; $=8.2649; F=107.27.
bp=bB+c,,
b=1.4525; ¢,=46.6715;

'=0.00032; $=21.3016; F=0.0061.

Qur next experiment’’ was aimed at obtaining an empirical equation describing the
statistical dependence of $%sg0n W®. Below these equations are given:
S%0s=aW+bB+c,
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a=0.8634; b=-0.5988; c=62.2712,
’=0.9266; $=2.7001; F=138.83;
Shgs=aW+ ¢,

a=0.8634; ¢=62,2712;

’=0.9253; 8§=2.6643; F=284.8;

and

S%05= bB+c),

b=0.5988; c,=81.9924;

#=0.0013; $=9.7399; F= 0.030.

Also here W index is orthogonal to B.

One has to emphasize that the share of molecular constitution did overweight that of
configuration in each of these cases. Thus, this formalism could be useful in searching for
leading substructures. This corollary also demonstrates that the role of the 2D indices in the
QSPR researches did not vanish.

As is evident, we have solved the task of our paper: a systematic mathematical study
of the extent of reflecting the 3D structural information by simple graph. Nevertheless, the
obtained results enable us to explore some other benefits from our efforts.

A careful consideration of the results reveals that the real part of the W index is the
classical Wiener number®, an invariant of the simple graph {V, E}, where the set Q does not
take part. Thus, as was expected, the invariant of the simple graph characterized the molecular
connectivity. Analogically, the imaginary part of the W™ index is an invariant of the {V, Q}
object. It stores the information on the spatial features of molecular structure (‘localization’).
As one can see, something akin of ‘the information decomposition® effect occurs, i.e., we can
evaluate the contributions of connectivity and of localization separately. It is important either
from practical and theoretical standpoint. In order to get acquainted with the nature of the {V,
Q} object, we need to recall that the elements of the set Q present the pairs of the elements of
the set V, which (the vertices making the pairs) are in the binary relation to each another.
Therefore, the {V, Q} object satisfies the definition of graph. Indeed, a genuine analogy is ob-
served. The set E contains the pairs of the vertices being in the binary relation’® of binding. To
discriminate among the different bond types and heterobonds, the weights may be employed:

¢:E->W(E)
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Here E is the set of edges, ¢ is the surjective mapping of the elements of E onto weight
set W(E).

In the same manner, one may consider the set Q as the set of edges, with the difference
that the elements of Q are in the binary relation®® of localization to each another. The pair of
vertices v; and vj is said to belong to the set Q if at least one path d(i, j) exists such that d(i,
j)=3, and none of the vertices v; and v; is bonded and collinear to the central edge of this
path?”. Obviously, we have to employ a set of weights also here to discriminate among differ-
ent alignment of the terminal vertices relatively to the central edge:

¥Q-W(Q)

In our experiments, the set W(Q) contains two elements —1 and 1, but in case of the
single bond as the central edge one needs to use a more sophisticated system of weights®.
Also here, vy is the surjective mapping of the elements of Q onto the weight set W(Q).

Of course, we can construct a simple graph {V, E+Q} and handle the objects {V, E}
and {V, Q} as its subgraphs (note that ENQ=0), but it looks like ‘a violation’, while the sets
E and Q model the molecular-structural phenomena of completely different physical-chemical
nature. We shall suggest a different approach. As it will be shown below as well as in other

publicalions,”‘ 34, 39,41

this approach is a convenient starting point to create a universal alge-
braic model of molecule and retains the information decomposition effect.

Let us create the two-dimensional graph, as an abstract algebraic object G={V, E,,
E;}, where V is the set of vertices and E, and E; are the sets of edges constructed via two dif-

ferent binary relations®®*?

(the latter are defined on the set V). At molecular modeling, the set
E; is given as the relation of binding, and the set E;=Q - via the spatial location of atoms
(q={vivj} € E,, if dj=3 and v;, v; are neither bonded nor collinear to the central edge of this
path). Therefore, an invariant of {V, E;} becomes a characteristic of the constitution, while
that of {V, Ez} presents geometrical variations of molecular structure.

Let us consider another experiment. The first descriptor is the Kier-Hall index, the best
Randi¢-type invariant for the weighted graphs. The second one is the same halfsum of the ad-
jacency matrix elements of the {V, E;=Q} graph, hereafter denoted as T. Below the statistical
equations are listed:

S%0s=ay " +bT+c,

a=17.7917; b=-0.5988; ¢=46.1308;
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=0.9852; $=1.21; F=730.81;

Shes=ay ¥+ c,

a=17.7917; ¢=46.1307;

'=0.9839; S=1.24; F=1401.9;

and

Snmssz+c1,

b=0.5988; ¢,=81.9924;

°=0.0013; $=9.7399; F= 0.030;

(%", B)=0.0000.

We see that the information decomposition still has place.

A question arises: may we consider the invariants of the (sub) graphs {V, E;} and {V,
E,} strictly orthogonal?

We would like to answer in the following manner: firstly, the orthogonality of these
descriptors is a statistical fact, as well as actually all of the QSPR/QSAR relationships are sta-
tistical, and as such, (the orthogonality) depends on the quality of the training dataset. How-
ever, it is not a disadvantage, as the quality of the datasets is always crucial in the
QSPR/QSAR studies. We shall once again emphasize, that the task of this study is to design
not simply 3D indices, but the descriptors, which reflect the information on the molecular
connectivity and on configuration separately. Nevertheless, the orthogonality of these de-
scriptors, even statistical (once, no other-type-relationships are available in QSPR/QSAR), has
obvious theoretical importance. Note, that we have applied the same dataset, as three years
ago, therefore, it was not prepared specially. Next, the T index is designed in the way that it
differs from zero only at the presence of cis-trans-isomerism. More important is that the tradi-
tional adjacency matrix does not take part in constructing the T number, if we may neglect the
fact that the distance matrix is required to create the set E;=Q. The latter matrix can be re-
duced to the adjacency matrix. Much more significant is that none of the pairs of vertices can
belong to the sets E| and E; at the same time as it follows from our method of constructing the
set Es.

In order to test the orthogonality of these descriptors in a more profound manner, we
carried out another experiment. The 3-, 4- and 5-vertex chain configurations were studied (the
same as on Fig. 7 in ref 5). The structures and the corresponding values of the W and T num-

bers are given on Figure. As was expected, these descriptors are orthogonal, (W, T)=0!
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That means that one has to consider our task to create a 3D model of molecule with the

separated information on the constitution and the configuration to be solved.

Concluding Remarks
Thus, the two-dimensional graphs present the sources of the molecular de-
scriptors of the principally new type. The entries of these descriptors, i.e., their real and
imaginary parts reflect separately the molecular connectivity and the features of stereostruc-
ture, respectively. Such graphs enable one to design sets of linearly independent descriptors.
Apart from the theoretical importance, our method is practically valuable. As mentioned
above, many highly discriminative 3D descriptors fail to achieve any significant improvement
of the QSPR quality in comparison with their simple analogues. Sometimes the former are
even inferior to the latter> That is why one may need a method to foresee the extent of im-
proving the QSPR quality by substituting simple (basic 2D) indices with their 3D analogues.
Obviously, an improvement of the correlations (if any) is conditioned by the contribution of
the structural spatial features relatively to the molecular constitution. We suggest a method
that works as follows: subtract a smaller training dataset from the real training one, keep it
balanced (the methods of making high quality datasets are considered in any textbook of che-
mometrics), calculate the basic 2D index and the T number. If they are already orthogonal,
one has the desired evaluation of the contribution of the structural spatial features to the given
physical property/biological activity. If these indices are not orthogonal, one needs to find the
dominant descriptor and carry out the orthogonalization by the standard techniques®™~*. This
will lead one to the desired evaluation. E.g., considering the results of our study, one may
conclude that a substitution of the Kier-Hall index with its 3D analog cannot lead us to a suf-
ficient improvement of the QSPR correlations in the alkenes series. Indeed, Estrada"' gives a
correlation bp~Q), Q is an excellent 3D analog of -xv, here Ar=0.0018, AS=-0.31, AF=165,
n=53.
Taking into account the above-mentioned one can make another important conclusion.
We can consider (di)graphs as particular cases of universal algebras (V, ) **, when the set
(system) Q2 of the latter consists of one binary relation only. This is of certain importance for
computational and for mathematical chemistry indicating a new way to modernize and to gen-
eralize chemical graph theory. Indeed, the newly introduced two-dimensional graph should be

considered as another particular case of universal algebras with the set Q containing the two
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binary relations. The first serves for presenting connectivity while the second for configura-
tion/conformation.

In the future, the two-dimensional graphs will be generalized further to N-dimensional
(N>2) graphs via describing new binary relations, e.g., for hydrogen bonds, molecule-
molecule alignment, etc. Moreover, we are able to define ternary (N=3), quaternary (N=4) re-

lations presenting molecular topological forms* > #, 5

-ary relation for modeling tetrahedral
chirality”' 4 11-ary relation for describing metalocenes®' and so on. We can quantify N-ary
(N>2) relations applying the techniques of hypergmphs‘M being another particular case of uni-
versal algebras. The use of universal algebras as the universal algebraic models of molecules
has two important advantages: first, we can employ the universal algebras in the form required
by the given task, i.e., constructing the set Q in the convenient form to avoid the use of insig-
nificant structural phenomena. In other words, we can optimize molecular models. The second
positive feature is that universal algebras seem to be able to produce linearly orthogonal sets
of descriptors.

Therefore, a further work on multidimensional (N-dimensional) graphs and universal

algebraic models is of practical and theoretical importance.
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Appendix
We have not used the following equation in our study:

_ @ -vy
Fepr m

Here Y is experimental physical property (biological activity), ¥ is the one estimated with the
model, M is the number of objects (observations) in the dataset.

It is evident, that to add a new descriptor causes the S to decrease, independent on the good-
ness of the descriptor. Therefore, S of the equation (1) cannot preserve the model from over-

fitting.

Instead of eq 1, we applied the following expression:

@

Here Y, ¥ and M are the same as in eq 1, and ‘I’ is the number of descriptors (predictors) in
the model. Now, if we add a new descriptor to the model, there’s no guarantee that S de-
creases, as both the denominator and numerator are diminished. Thus, adding only a good de-
scriptor can improve the model’s quality (evaluated via the standard error of estimate). It is
clear, that S of eq 2 is much more useful in QSAR/QSPR studies. Furthermore, many standard
statistical packages use eq 2 to calculate S, e.g., ‘Datafit Engineering’ Shareware

(http://www.oakdate.com ), which was applied in our experiments.
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Note, that eq 2 is useless, when I-1>=M.

Luc¢i¢ and Trinajsti¢ often use another equation to get the S value:

M{-R")
M-I-1 @

S =Std(Y)
Here Std is standard deviation. R is correlation coefficient. The efficiency of eq 3 increases if
it is used with mean-centered and scaled data, as Std('Y) becomes unit and thus, vanishes. If

the predictors (descriptors) are orthogonal,

R =R} @

(Check eq 4 for our studies!) Now eq 3 can be rewritten in a very convenient form:

. MQ-TR)
T )

Only introduction of a good (relevant) descriptor can decrease S of eq5. The calculations us-

ing eq 2 and eq 3 produce similar results for our experiments.
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