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Abstract

Topological complexity of molecules was recently quantified by means of the total number of
subgraphs, and the overall connectivity (the connectivity of a molecular graph and all of its
subgraphs), as well as by the vectors of these descriptors. Hierarchically ordered partial sets of
molecules are defined on this basis and their properties are studied in a number of propositions,
theorems, and corollaries. The components of molecular topology are thus hierarchically ordered in
the sequence: size < multiple bonds, cycles < heteroatoms < vertex degree majorization (branching,
cycle redistribution) < centricity, elongation, clustering. The hierarchical ordering of the sets of C7-
C10 alkanes and the cyclopentane isomers is compared with their global ordering induced by the
numerical values of topological complexity indices. Some conclusions are drawn on the nature of

branching and cyclicity of molecules



1. Introduction.

Partial orderings of sets (posets) in chemistry have a long and distinguished history beginning with
Mendeleev's Periodic Table of chemical elements. The review of Klein and Babi¢ [1] is a good
introduction to the area, Mention should be made to the pioneering works of Ruch [2,3] and those
of Randi¢ [4,5]. Attention may be directed to the idea of constructing representative posets by the
superposition of several such sets based on essential graph invariants [6,7]

Posets reflect the inherent similarity in the set elements, however, they may also be regarded as
resulting from insufficiently discriminating criteria. The question whether every partial ordering can
be converted into a complete ordering has been solved and widely discussed in the mathematical
literature [8]. Isotonic functions (or “Schur convex™) from the poset to the totally ordered real
numbers exist at least for all denumerable posets

Due to the isomerism, chemistry commonly deals with sets of molecular structures which are only
partially ordered. Strategies for transforming less ordered sets of chemical structures into more
ordered and, possibly, completely ordered sets characterized by quantitative structural descriptors
are of certain interest for classification and coding of chemical compounds, as well as in the area of
structure-property and structure-activity relationships. An effective approach to the problem is the
introduction of hierarchical relationships between the elements of the set. Different types of hierarchy
may be used with that purpose. In this paper we deal with hierarchical partial orderings based on
topological complexity.

Topological complexity of a chemical compound is a very important component of the general
molecular complexity; other contributions emerging from the 3D-geometry, elemental compositien,
types of chemical bonds, etc.[9-12] The representation of topological complexity has evolved through
the years from measures based on the automorphism group of the molecular graph [13-18], through
some topological indices sensitive toward branching and cyclicity patterns [19-24], to the recent
extensive use of all substructures and their weightings [25-30]. Throughout this paper our analysis
of partially ordered sets is based on the concept of topological complexity as overall connectivity, and

on the underlying count of substructures of varying size [27,30]



2. Topological Complexity of a Molecule as Presented by the Number of Subgraphs and the
Overall Connectivity of Molecular Graph

Let G be a hydrogen-depleted molecular graph with N vertices, E edges, and a total of K(G)
subgraphs including G itself . Let also a, (G) and a,(G) be the degree of vertex i in G and in its
subgraph G, respectively. The set of connected subgraphs may be represented by an ordered set
K 1G) of terms °K each one being the count of e-edge connected subgraphs, and the sum K(G) of

these terms may be regarded as an overall measure for the topological complexity of G-

E
K1G) =KrK'KK,... K} KG) =X K (1)
e=0

The zero-order complexity in (1) is simply the number of graph vertices, and the first-order term
'K counts the number of bonds. The second-order complexity K is equal to the number of 2-edge
subgraphs (“propane” fragments in the language of organic chemistry) widely used in the past as a
structural index by Platt [31], as well as Gordon and Scantlebury [32], and as a complexity measure
by Bertz [9,15,16]. The third-order term K , the number of three-edge subgraphs, includes graphs
standardly denoted as K; and K,,,, and termed path graphs and stars, respectively The number of
K, graphs has been used in structure-property studues by Wiener [33] under the name “polarity
number”, as a second structural index along with his widely known "Wiener" number.

When every vertex in each of the subgraphs is weighted by its degree a, (), the weighted sum of
all subgraphs 7C(() is defined as a more sensitive measure of topological complexity than K(G).
Being a generalization of the molecular connectivity indices of Randi¢, Kier and Hall [34-37), 7C(G)
has the meaning of overall conmectivity of (5. It can also be decomposed into topological complexities
oforder e, *TC(G) terms. In ascending order these include °7C as the zero-order complexity (vertex
connectivity), ‘7C as the first-order complexity (edge connectivity), “7C as the second-order
complexity (two-edge subgraph connectivity), etc. As an ordered set they form the vector of

topological complexity (overall connectivity) 7C 1G).
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E E K n
TC(G) =X°TC[G)= ¥ L X a(G) @
e=0 e=0 t=1 i=}
TC1G) = TC £1C, ITC, 4G, ETCH (3)

The summing in eq. (2) runs first over all », vertices of subgraph G, , then over all °K subgraphs
G, having e edges, and finally over all E classes of subgraphs having a fixed number of ¢ edges. When
the vertex degrees a, (G, are those from the individual subgraphs ‘G, having e edges, the second

version TCI(G) of the topological complexity index is defined:

E E ‘K n

TCHG) =Z°ICIHG) = XY X L afG) (2a)
e=0 e=0 =] i=]

TC11G) = TCI £TC1, 'TC1, *TCI,...*TC1} (3a)

The vectors of K (G), TC {G), and TC! (G). which are hierarchically ordered sets of graph
invariants characterizing the topological complexity of the individual molecule, provide a natural basis
for a hierarchical ordering of a set of molecules. Here, hierarchical is regarded in contrast to global
ordering of molecules, according to their total values of K(G) and T7C(G). Our idea of hierarchically
ordered overall connectivities (HOOC) may be regarded as an extension of the concept of

hierarchically ordered extended connectivities (HOC) by Balaban et al [38,39].

3. Definitions for Hierarchical Partial Orderings Based on Topological Complexities

Let G be a molecular graph, Denote the scalar complexity vectors K {G) or IC {G), as defined
by eqs. (1-3), by § 7G); denote also the complexity indices K(G) and TC(G) by S(G).

Definition 1: The intramolecular hierarchical order of topological complexities is defined as
Fls<isx,, <88 “



Let graphs G, and G, represent molecules 1 and 2, respectively. Let also the complexity vectors
$1G,) and 8 () be specified as

S1G,) =5 °S(G,), 'S(G)), *S(G))....FS(G )} (5a)

S1G,) =S {£8(G,), 'S(G,), °S(G.),... FS(G,)} (5b)
Then,
S1G,) <S1G,) if
a)  °8(G))<°S(G))or
b) if°S(G,) ="°S(G,), and 'S(G)) <'S(G,) or
¢) if°S(G,)) =°S(G.), 'S(G,) = '8(G,), and *S(G,) <°S(G,), etc. (6)

The comparison between the two sequences (5a) and (5b) continues until the first different pair of
corresponding terms is found. If the two sets (5a) and (5b) are identical, there is no seniority relation
between the two molecules. The satisfaction of the hierarchical condition (6) may be denoted as

G, <5 G, (6a)
where the relation <. is a partial ordering on S’ sequences

Definition 3: Graphs G, and G, are ordered by a complete ordering relation <. defined such that
G, <5 G, iff  S(G) < 8(G)) @)

4, Theorems for Complexity Factors Influencing the Hierarchical Partial Orderings of Sets
of Molecules

4.1. The Size.

We start our analysis with °X(G), the number of non-hydrogen atoms in the molecule (the number
of vertices in the molecular graph). Taken as the first criterion in our hierarchical ordering scheme, it

classifies the molecules in any set into classes according to their H-depleted size. From Definitions
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1 and 2 (egs. 4-6) we can formulate

Proposition 1: The molecules having a larger number of atoms are more complex than the ones with
a lesser number of atoms,

Wy & e ®

The importance of molecular size as complexity factor was analyzed in the studies of Bertz
proceeding from his "size term", based on two-edge subgraphs [15], and in his branching Theorem
1[20).

The classification of larger molecules as more complex than the smaller one seems natural, but
perhaps the connectedness is more essential for complexity than size. Shouldn't we regard a smaller
molecule with a complicated structure as more complex than a larger molecule with a simple
architecture? We point out that both size and connectivity have their importance for structural
complexity. The orderings produced relying more heavily on connectivity, like those resulting from
the overall indices K(G) and TC(G), classify in many cases the smaller molecules with a higher degree
of branching or/and cyclicity as more complex than the larger molecules with a limited atom-atom
connectedness

The ranges of values of the two overall indices in alkanes illustrate the point. They are shown in
TABLE 1 along with the ranges of a number of physicochemical properties of these compounds. The
comparison shows that both types of ordering, the hierarchical which favors the size, and the overall
one which gives preference to connectivity, have their analogs in alkane properties. Thus, for molar
volume, molecular refraction, and heat of atomization, the ranges corresponding to different nuribers
of atoms are narrow and clearly separated, it is the number of atoms that matters rather than their
connectedness. Conversely, for the heat of vaporization, critical pressure, critical temperature, surface
tension, and boiling point (beginning with C9), the span and the overlap of ranges shows that the

structural complexity of the highly branched molecules is frequently more important than their size.



TABLE 1. Ranges of values of some physicochemical properties of alkanes and those of the
complexity indices K and 7C.

Indices and Properties Co Cc7 Ccs8 c9

K(G) 21-30 28-49 36-86 45-124
TC(G) 100-181 154-369 224-798 312-1303
Boiling point®, °C 57-69 81-98 99-126 122-151
Heat of vaporization®, kJ/mol 277-316 320-36.6 35.1-41.5 38.1-46.4
Critica] Temperature®, °C 216-235 247-268 271-305 297-330
Critical pressure’, atm 29.9-31.0 27.1-30.0 245-29.0 22.7-27.0
Surface tension®, dyn/cm 16.3-18.4 18.0-22.0 188-220 204-238
Molar volume?, cm*/mol 130-133 144-149 157-165 169-181

Molecular refraction’, cm¥mol ~ 29.8-29 9 343-346 38.7-39.3 43.0-439
Heat of atomization®, kJ/mol 1797-1801 2078-2082  2358-2362

*Data taken from [40]; "Data from [36].

The ranges of values of the two overall indices in alkanes illustrate the point. They are
shown in TABLE 1 along with the ranges of a number of physicochemical properties of these
compounds. The comparison shows that both types of ordering, the hierarchical which favors the size,
and the overall one which gives preference to connectivity, have their analogs in alkane properties
Thus, for molar volume, molecular refraction, and heat of atomization, the ranges corresponding to
different numbers of atoms are narrow and clearly separated, it is the number of atoms that matters
rather than their connectedness. Conversely, for the heat of vaporization, critical pressure, critical
temperature, surface tension, and boiling point (beginning with C9), the span and the overlap of
ranges shows that the structural complexity of the highly branched molecules is frequently more

important than their size
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4.2. Adjacency

Within each class of molecules with V atoms we continue the hierarchical classification by the first
level of molecular connectivity which is measured either by the number of graph edges £ = ‘K, the
first-order K-index, or by the graph adjacency 4 = 2E = °TC, which by definition is the zero-order
overall connectivity. Adding one edge to a graph with a fixed number of vertices means a formation
of either a cycle, or a multiple bond. Therefore, although this factor does not add to the complexity
of acyclic molecules with single bonds, it hierarchically distinguishes them from the large classes of
molecules with multiple bonds and those of cyclic molecules. Actually, from a graph-theoretical point
of view, the multiple bonds are cycles of two vertices, a fact correctly recognized by the hierarchical

ordering based on 'K and °7C. Our Definitions 1 and 2 thus provide

Proposition 2, 'K, (simple acyclic graphs) < ‘K (multigraphs; cyclic graphs) (%a)
°TC, (simple acyclic graphs) < °TC,(multigraphs; cyclic graphs) (9b)

Proposition 2 confirms the similar conclusions of Bertz [15, 29] about the larger complexity of
multigraphs and cyclic graphs relative to that of acyclic graphs.

The presence of cycle(s) or multiple bond(s) in a molecule increases the number of subgraphs of any
number of edges considerably stronger than the presence of a branch. As a result, the hierarchical
precedence order induced by the size of the molecule is more frequently reversed by the overall
ordering imposed by the K(G) and 7C(G) indices. We prove below this assertion for the case of chain

molecules with N atoms, as compared to monocyclic molecules with (N-1) atoms.

Theorem la: The number of subgraphs in a path graph with ¥ vertices, P, is always smaller than that

of the monocyclic graph with (N-1) vertices C,., .

Proof: From the formulas for the index K, previously derived [30],

K(@P)=NN+1)2 , K({Cp))=N+1 (10a,10b)
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one obtains
K(Cyo)-K(PY=(N-3N+42>0 (1)

Theorem 1b: The overall connectivity 7C of a path graph with N vertices, P,., is always smaller than

that of the monocyclic graph with (N-1) vertices Cy,,

Proof. From the formulas for the 7C index , previously derived [30],

IC (Py) = N(N-D(N+413 ; TC(Cy)=NN + N ~2) (12)
one obtains

TC(Cy) - TC (Py) = 2N-D(2N* - AN + 6):3 > 0 a3)

The competition between the size and adjacency factors in molecules with cycles or multiple bonds
may be illustrated with several properties of cyclohexane and 1-hexyne molecules [41]. Thus, for the
boiling point, a property for which the value ranges of different sets of isomers are well separated up
to C9 alkanes, the hexyne with a triple bond and a boiling point of 71.3 °C lies outside the 57- 69 °C
range of the C6 alkanes, whereas the value of 83°C for cyclohexane overlaps with the 81-98°C range
of C7 alkanes. Even more impressive is the example with molecular volume, a property which depends
strongly on the number of atoms. The values 108.7 cm*mol and 115.7 cm*/mol for cyclohexane and
I-hexyne, respectively, go below the range of 116-123 cm*mol of the three acyclic pentanes.

The competing complexity factors of branching and cyclicity of the molecular skeleton will be
briefly analyzed by a comparison of monocyclic graphs and star graphs the ordering of which is shown
below to depend on the total number of graph vertices. More specifically, we show that monocycles

are more complex than the respective stars.

Theorem 2: The number of subgraphs in 3-arm stars and 4-arm stars is smaller than that of the
corresponding monocycles having four and five vertices, the 5-arm star and the hexagonal cycle have
the same number of subgraphs; monocyclic graphs having more than six vertices have less subgraphs

than the stars with the same number of vertices.



Proof: From (10b), and the previously derived formula (14)

K@y =2"~N-1 (14)
one obtains
K(Cy)-K(Sy)=N-N-2-2% (15)

wherefrom Theorem 2 immediately follows

4.3, Heteroatoms

The presence of heteroatoms does not change the total number of subgraphs in a molecular graph,
therefore the K index cannot be used as an additional criterion for ordering of heteroatomic molecules
having the same number of atoms, cycles, and multiple bonds. However, one may use the overall
connectivity indices as recently modified by replacing the vertex degrees &, in formula (2) by the

valence connectivities §; of Kier and Hall [42]:

E E K »n
TG) =2 ‘TCG) E &(G) 2 (16)

e=0 e=0 t=] i=]
TG) = TP, '1C, ’1C, .., ETCY) (16a)

For main group elements, §, is equal to the number of valence electrons diminished by the number
of adjacent H atoms. Thus, for the nitrogen atom in -NH,, ¢* = 3, in -NH- and =NH it is 4, in =N- it
is 5. For the oxygen atom in -OH, ¢" = 5, whereas in =0 and in -O- itis 6, etc.

We may extend our graph theoretical analysis by representing the molecules with heteroatoms by

vertex-weighted graphs, considering valence connectivity §, as a weight of vertex /.

Definition 4: In sets of graphs having the same number of vertices, multiple edges and cycles, as well

as having their vertices weighted by the valence connectivity weights §,, graph G, has a precedence
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over (is less complex than) graph G,,

TC(G,) < TCY(G,) if
a) TG < TC(Gy orif
b)  CTC(G,) = TC(Gs), and 'TCYG,) < ' TCYG) or if
Q) TC(G) = °TC(GY), 'TC(G) = 'TC(G,), and *TCY(G,) < “TC(G), ete 7

Proposition 3: The overall valence connectivity of a graph, TC*((G) is not smaller than its overall
connectivity 7C(G):
1C(G) s TC(G) (18)

Since d,> a, , the inequality takes place if at least for one of the G, vertices i the inequality d, > a,
holds. The condition for partial ordering is thus met

Notably, the presence of heteroatoms in a molecule affects the zero-order overall valence
connectivity “7C'(G), so that it appears as a complexity factor of importance comparable to that of
the multiple bonds and cycles, which affect the zero-order overall connectivity °7C((G). We may
summarize the first part of our analysis of complexity factors that hierarchically order molecular graphs

into the precedence relationship

size < multiple bonds, cycles < heteroatoms

We shall turn now to complexity factors on the next hierarchical level determined by the first order

overall connectivities ' 7C or/and the second order complexities K.
4.4. Branching
The number of branches is the next important complexity factor which imposes additional ordering

inthe subclasses of graphs with a fixed number of vertices, multiple edges, cycles, and heteroatoms.

The creation of a branch at the cost of the shortening of the longest chain changes the degrees of the



two vertices to which the transferred terminal vertex is attached.
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Creating a vertex / of a higher degree increases the number of two-edge subgraphs ‘K. We may

summarize several branching patterns, related to changes in the vertex degrees, into
Theorem 3: Any change in the structure of a graph that preserves the number of vertices and edges,
and the vertex degrees of all but two vertices v and v, increases the graph complexity by changing
a) the number of two-edge subgraphs by
ANK=a, -a, +1 (19)
b) the first-order overall connectivity index by

ATC=2(a, -a, +1)=20K (20)

Proof: a) Denoting the initial and final vertex degree of v and v by the subscripts in and f,

respectively, we have
AK =K+ K- K- Ko (20

The number of two-edge subgraphs °K, which include vertex i is calculated according

to the formula [20]
‘K.=a,(a-1)2 (22)

The only option for « and v to change their degrees is the increase in a, to be exactly
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compensated by the decrease in @, . For simplicity, we assume that the vertex degrees change by one,
because the larger changes can be presented as a total change in two or more consecutive steps of

structure modification:
. q,, t1 5 a,.a,-1 (23)

Substituting (23) and (22) into (21 ) one arrives at eq. (19).
b) The first-order overall connectivity is the sum of vertex degrees over all edges in the
graph:
TC= Yoty (@ + @) (24

Since only the vertex degrees of « and v alter, we have
NTC=a,’-a,’ +a}-a,’ @)
Substituting (23) into (25) one obtains eq. {20).

Coroflary 1: When in a graph, a branch is formed at the expense of the shortening of the longest
chain or at the expense of the shortening of a cycle: a) the number of two-edge subgraphs increases
by one, and the first-order overall connectivity increases by two, when the new branch is attached at
a vertex of degree two, b) the increase in these two quantities is twice as much when the new branch
is formed at a vertex of degree three.

For acyclic graphs cases (a) and (b) are exemplified by graphs 1, 2, and by graphs 3, 4, respectively.
For cyclic graphs, this corollary is illustrated by graphs 5 - 6 - 7,and 6 ~ 8, respectively.

5 6 7 8

- oQ»—o —»o—&)—o - o?&
K5 6 g g
1Tc 20 22 24 26



Corollary 2: When in a graph having a fixed number of branches a branch is displaced to a vertex of
a higher degree, the number of two-edge subgraphs increases by one, and the first-order overall
connectivity increases by two.

This corollary can be traced down from the direct comparison of the cyclic graphs 7 — 8 and the
acyclic2 - 4 ones. We may denote this type of branching pattern as 3,3 ~ 4,2, in contrast to the 2,2
~ 3,10r3,2 - 4,1 vertex degree redistributions, the presence of "1" in which indicates the formation
of'a new branch. The new branching pattern3,3 - 4,2 may be called after Klein & Babi¢ {1] a "vertex-
degree majorization". This pattern of increasing graph complexity appears also in cyclic graphs
without any relation to branching; in these graphs it is a pattern of cyclic complexity that may be

termed cycle redistribiition.

Corollary 3: When in a cyclic graph a vertex-degree majorization occurs between two vertices without
forming a branch, the graph complexity increases (the number of two-edge subgraphs increases by one,
and the first-order overall connectivity increases by two).

We illustrate this pattern of partial orderings in cyclic graphs by graphs 9-10.

33> 42
>

TC =30 K=10, 'TC =32

Our analysis of the factors that affect the next hierarchical level of topological complexity is thus
completed. We may summarize our findings by expanding the hierarchical complexity relationship

established in the previous subsection to

size < multiple bonds, cycles < heteroatoms < branching, cycle redistribution

It should be emphasized that Theorem 3 seems to summarize or generalize a number of previously

specified branching patterns, such as branching rules 1-4 and 8 of Bonchev and Trinajstic [19], the
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branching extent theorem of Ruch and Gutman [43], some of the branching theorems and analyses of
Bertz [20], the generalized branching rules G1-G4 of Bonchev [21], and it is close to the branching
extent definition of Ktein and Babic [1]. On the other hand, Theorem 3 treats in a similar manner
complexity in acyclic and cyclic systems thus creating bridges between the traditional separate
treatment of acyclic and cyclic complexity termed branching and cyclicity.

We shall now turn to the more subtle complexity factors discriminated by the next hierarchical levels

of the overall connectivities ‘7C and complexities ‘K

4.5.Subtle Branch Patterns: Centricity, Elongation, and Clustering

To avoid the mixed influence of several factors we consider singly-branched graphs.

Theorem 4. The shifting of a branch from a position J to the neighboring more central position j

along the longest chain increases. a) the jth order complexity index K by one; b) the (f-1)th order

overall connectivity 7C by two:

(@) AK =+1; (b) A'TC=+2 (26)
j: 11 g 12 813 g H
> : -
K=4 K=5 K= 6 K= 17
TC=29 71C =31 3TC =56 ITC=58

The proof of (26a) follows directly from the fact that the only change in the jth order complexity index
K upon thel transformation described by Theorem 4 is the emergence of one more subgraph with j
edges, namely, the subgraph connecting the terminal vertex of the branch to the closer terminus of the
longest chain
In proving (26b) we first derive by induction the formula for 'K in singly-branched acyclic graphs
having 2j vertices:
K, (singly-branched) = + 2 a 27
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Next, we prove that j of these (f + 2) subgraphs preserve their (j-/)th order overall connectivity,”
TC, because the latter is a sum of the same summands in which only the order of summing is changed
Each of the remaining two subgraphs increases its*/7C by one: the first one, due to the inclusion of
a vertex of degree two instead of the terminal vertex of degree one, and the second one, due to the
inclusion of the branched vertex of degree three in one more (j-/)th order subgraph - that one starting

with vertices j, j+1. A'TC = +2 is thus proved.

Coroliary 4: The elongation of a branch up to half the length of the longest chain in an acyclic graph
increases : a) the jth order complexity index ‘K by one; b) the ith order overall connectivity '7C by
two:

(@) AK=+1, (b) ATC=+2 (28)

Relations (28a) follow directly from Theorem 4 when presenting the longest chain of the graph to
pass through the branch. This shows that the branch elongation is equivalent to a branch shift to a

more central position.

gls N %1"; %17 . §18

Theorem 5. Clustering of vertices of an acyclic graph (shifting them closer to each other), without
changing their position with respect to the center of the longest chain, increases : a) the third order

complexity index 'K by one, b) the second order overall connectivity *7C by two:
(a) AK =+1; (b) A’TC=+2 (29)
Proof: The number of subgraphs with three edges increases by one, namely by the new three-edge

subgraph that includes the two branches. The overall connectivity of two-edge subgraphs remains the

same except for the two species incorporating one of the branches and the root vertex of the second
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branch, each of the species increasing one vertex degree from two to three,

19, 0 21 22

0—3—0—3—0“0} ;0—0—8—0—3—0—0—0 +O—O—g—-g—0—0—0—0
K= 3 IK=09 K =11 K=12
1IC=50 71C = 52 TC - 64 TC =66

Theorem 5 with its three corollaries confirms the previously specified branching rules 5-7 of Bonchev
and Trinajstic [ 19], based on the Wiener number, and the generalized rule G5 of Bonchev [21], based
on the number of self-returning walks. Similar results have been obtained by Bertz [20] by applying
the methodology of line graphs of higher order.

This concludes the analysis of the branching patterns that impose additional precedence order within
the subclasses of graphs having the same number of vertices, edges, and two-edge subgraphs. More
examples and subtle patterns will be analyzed in the next section. All the hierarchically ordered criteria
of partial ordering of a set of chemical compounds, according to the topological complexity of the

respective molecular graphs, may be summarized as follows:

size < multiple bonds, cycles < heteroatoms < vertex degree majorization (branching,

cycle redistribution) < centricity, elongation, clustering (29)

The larger variety of finer patterns of cyclic complexity will be not be specified here. In Section 6, we

will discuss some of them proceeding from the ordering of the cyclic graphs with five vertices.
5, Hierarchical Versus Global Ordering of C7-C10 Alkanes Based on Topological Complexity

Theorems 1-5 derived in the previous section enable the transformation of the partial alkane
orderings, based on a limited set of criteria, into a complete ordering. Our analysis of the C7-C8
alkanes is based on recent data for the complexity indices ‘K and overall connectivities ‘7C [27]. The
topological complexities of the C9 alkanes are given in TABLE 2. We shall also use the data for C10
alkanes, which will be published elsewhere [44]
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FIGURE 1. Hierarchical ordering of the nine C7 isomers according to the values of topological

complexity indices ‘X (second and third order) and *7C (first and second order).

As seen from FIGURE 1, due to the fact that for acyclic isomers the number of atoms (°K) and the
number of bonds (‘K) is constant, it is the number of the two-edge subgraphs (the propane fragments
count) ’K, that imposes the isomer hierarchical grouping into five subsets. The hierarchical ordering
continues within the subsets with cardinality larger than one, according to the count of the three-edge
subgraphs ’K. Exactly the same ordering is obtained, according to the
values of the first and second order overall connectivities ‘7C ‘and *7C. Thus, the use of two
consecutive orders of the complexity indices °K, *K or 'TC, “TC suffice to transform the partial
ordering of the C7 isomers into a complete one. The same complete ordering is provided by the overall
indices K and TC:

K(C7): 28<32<34<36<37<40<41<44<49
TC(C7)y 154 <194 <213 <234<245<276<286<314 <369

It will be shown in this section that in higher alkanes the hierarchical ordering and the ordering
















































