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Abstract

After abstracting a system as a graph G, its complexity can be measured by using
graph invariants /(G), which represent the interactions within the system. An index of
intrinsic complexity is characterized as an invariant that increases in homologous
series such as paths {Pp}, cycles {Cy}, star graphs {Kj,}, and complete graphs {K,}.
Furthermore, it obeys the inequalities I(K,) = (Cp) = I(Ps) and I(Kx) = [(K1.a-1) = [(Py)
for isomeric graphs on n vertices. Extrinsic complexity indices, which are usually
based on information about how the system is constructed, often do not satisfy these
conditions. New complexity indices based on edge covers and partitions are
introduced, e.g., ks® the number of kinds of minimal edge biclique covers, k™ the
total number of minimal edge biclique covers, pr®, the total number of partitions of G
into bicliques, and 1L G)], the intersection number of the second line graph. Graph
invariants are used to induce partial orders on selected sets of graphs, and the
resulting posets are studied with the aid of Hasse diagrams.



1. Introduction

There has been a great deal of interest in complexity in recent years [1-13]. Physics,
chemistry and biology are increasingly being viewed in terms of hierarchies of
complexity characterized by emergent phenomena and broken symmetry [10-13]. The
two main approaches to measuring the complexity of an object are (i) to examine the
way it is constructed, either actually or conceptually, and (ii) to study the way its
components interact. The theme of this paper is approach (ii), which we call intrinsic
complexity. We use extrinsic complexity to describe approach (i). With either approach
a partial order [14-16] may result when two or more objects are compared. We
introduce several new intrinsic complexity indices and discuss some previous indices of
both kinds. Our method is to abstract the system under study—e.g., a molecule, a
synthesis plan for its preparation, or a map of its rearrangements—as a graph and then
use the tools of graph theory [17,18] and combinatorics [16,18] to understand the

relationships in it.

2. Definitions

2.1 Mathematical concepts

The definitions given below follow standard texts [15-19]. A graph G consists of a finite
set V(G) of vertices (or points) together with a set E(G) of edges (or lines), which are
unordered pairs of distinct vertices of V(G). If both V(G) and E(G) are the null set ¢, the
result is the null graph Go. Each edge x = uv = vu in G is said to join v and v. We say
that v and v are adjacent vertices. Two edges are adjacent when they share a vertex,
e.g., uv and vw. Vertex v and edge x are said to be incident to each other. (Many
authors also use adjacent here.) The degree d of a vertex is the number of edges
incident to it. In a regular graph all the vertices have the same degree. We use vertex

and point interchangeably and also edge and line, but try not to mix the two systems.

There are several variations on the theme of graphs relevant here. If the edges are
directed arcs, i.e., ordered pairs of distinct vertices, it is a directed graph or digraph D.
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An (undirected) edge in graph G can be considered to be a superposition of two arcs
pointing in opposite directions. In a multigraph more than one edge (i.e., a multiple
edge) joins at least one pair of vertices. A loop x = uu is an edge joining a vertex to
itself. When constructing line graphs (vide infra), we do not consider a loop to be
adjacent to itself. A pseudograph allows both multiple edges and loops.

A cycle Cn is a sequence of vertices vi, v2, va, ..., v, Which are joined by edges viva,
VaVa, ..., Vi - 1V such that the first vertex v and last vertex v, are joined by edge viv,.
Otherwise, it is a path on n vertices, P,. In this paper paths are simple or self-avoiding,
i.e., no vertex appears more than once in the sequence of vertices. In a connected (1-
component) graph all pairs of vertices are the endpoints of some path.

Agraph G is labeled when its n points are distinguished from each other by labels, say
A1, Az, ..., Ap. Each point has a unique label, e.g., used for isomorphism testing (vide
infra). Another common way to label graphs allows more than one point to have the
same label. To avoid confusion these non-unique labels are called colors, and to
assign them is fo color the points. A coloring of a graph assigns colors to its paints in
such a way that no pair of adjacent peints has the same color. If n colors are used, an
n-coloring results and partitions W(G) into n color classes, which are the sets of
(independent) points with the same color.

A bipartite graph or bigraph has a 2-coloring in which every line connects a point in one
color class to a point in the other. A free is a connected graph without cycles. All trees
are bipartite.

A subgraph S of G is a graph that has all its vertices in V(G) and edges in E{(G). We
include G itself in the set of all its possible subgraphs. A spanning subgraph of G is a
subgraph containing all the vertices of G. A spanning subgraph that is also a tree is a
spanning free. The removal of an edge x from G yields the spanning subgraph G — x
containing all edges of G except x. For any subset S of V(G), the induced subgraph
<8> or subgraph of G induced by S is the maximal subgraph of G with vertex set S, i.e.,
two vertices of S are adjacent in <S> iff they are adjacent in G.
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If Gy is a subgraph of G,, then G; is a supergraph of Gy. If uv is not an edge in Gj, but
u is a vertex in this graph, then the addition of edge x = uv to G results in the smallest
supergraph G2 of Gy containing the edge uv. We write G2 = G; + x. When constructing
homaologous series, we often add a vertex v in this way (section 3.3).

Two graphs G and H are isomorphic, G = H, iff there exists a one-to-one
correspondence between their point sets that preserves adjacency. Isomorphism
testing requires labeling the points (vide supra). An invariant of G is a number {G)
associated with G that has the same value for any graph H isomorphic to G. As a
chemical example, two conformations of a molecule have isomorphic molecular graphs,
e.g., chair and boat cyclohexane (Cg) or trans and gauche butane (Fx).

Molecules are isomers whenever they have the same number and kinds of atoms (i.e.,
the same molecular formula) and the same number of bonds. By analogy, we call two
vertex colored graphs isomeric iff they have the same number of vertices of each color
and the same number of edges. Examples of isomeric graphs (one color) include Ps
and Kj 3, Caand C; + x, and Csand C3 + x.

The line graph L(G) of a graph (or pseudograph) G has the edges of G as its vertices,
and two vertices in L(G) are adjacent whenever the corresponding edges in G are
adjacent. Thus, the pairs of adjacent lines in G become the lines in L(G). This concept
is so natural that it has been discovered or invented many times and been given many
names [17]: the derived graph, edge-to-vertex dual, covering graph, adjoint, graph
derivative, interchange graph and, for chemical applications, the bond graph.
Repeating the process embodied in the definition leads to the iterated line graphs L"(G),
where LYG) = G and L'(G) = L(G). We consider L(Cy) = Py, L(P1) = P, and L(Pp) is not
defined. We refer to L(G) and L%G) as the first and second line graph, respectively.
(N.B., Beineke [20} used &D) and &*(D), where D is a digraph, and Menon [21] used
(G) and A G), respectively.) Pictures of a number of the line graphs discussed herein
have been published [22]. The introduction of the line graph enables multigraphs and
pseudographs to be treated by using indices defined for graphs (cf. section 2.2).
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A complete graph K, has every pair of its n points adjacent, i.e., each point is joined to
every other point by one of n(n — 1)2 lines. Following reference [18)], we allow the null
graph Ko = Koo = Po, which has V(Ko) = ¢ and E(Ko) = ¢. However, we do not ordinarily
include Ko in the set of all possible subgraphs. A cligue in G is a complete subgraph of
G. A complete bipartite graph or complete bigraph Kmn is a bigraph that contains m
points of one color, n points of the other, and all the possible mn lines. A complete
bipartite subgraph of G is a biclique in G. Examples of common bicliques in molecular

graphs include K22 = C4 (cyclobutane) and the star graphs Ki n.

An edge cover of G is any family € = {Sy, ..., Sp} of subgraphs S; of G such that every
edge of G is in at least one of the £(S)), i = 1, ..., n. In an edge clique cover each S;c €
is aclique in G; in an edge biclique cover each S; e € is a biclique in G. A set system is
an edge cover where no S;c S;foralli,j=1, .., n(i#}). A minimal edge cover does
not properly contain any other edge cover. Thus, in a minimal edge cover every S;e €
is essential, i.e., S; covers at least one edge in E(G) that is not covered by any other
subgraph Sj e € (i #j). As a test, the exclusion of one S; at a time results at each step
in a family of subgraphs that no longer covers £(G). A partition P is an edge cover with

the additional property that every edge belongs to exactly one S; € €.

A set G of graphs has a composition series if there exists a countable sequence <G,
Gz, Gs, ...> of graphs in G such that each G;is an induced subgraph of Gi. 1 and every

G e G is the induced subgraph of some G, A homologous series {H} is generated by
incrementing a connected graph according to a recurrent rule. When a new vertex v is
added, one or more new edges are also added to join v to the other vertices as
specified by the rule. The sets of all paths {P,}, star graphs {Ki}, and complete graphs
{Kn} have composition series and are homologous series. The set of all cycles {C,} is a
homologous series, but does not have a composition series (of connected graphs). The
set of all planar graphs has a composition series, but is not a homologous series.



The ordered pair (S, R) is a partially ordered set or poset when S is a set and R is a
relation on S that is reflexive, antisymmetric and transitive. For our purposes the
relation will be the familiar > (greater than or equal to). For all X, Y, Z € S the reflexive
property is X > X (i.e., X = X); the antisymmetric property stipulates that if X> Y and Y >
X, then X = Y: and the transitive property requires thatif X> Yand Y> Z, then X > Z. If
the elements of every pair X, ¥ € S can be ordered by R, then (S, R) is a total order.

A Hasse diagram of the poset (S, =) is a digraph D with S = V(D) as its vertex set (s, {, u
e S, s=t s=u, t+u)and with a directed edge from s to tiff s > f, and also there is no u
in Swith s > u > t. The directions of the edges are customarily omitted as unnecessary,

since Hasse diagrams are drawn with their edges in conventional directions.

A molecule can be abstracted as a molecular graph M by representing atoms as
vertices and covalent bonds between atoms as edges. Chemical graph theory
ordinarily uses skeletal or hydrogen-suppressed molecular graphs, which do not include
any hydrogen atoms. They resemble the abbreviated structure drawings commonly
used in organic chemistry. Multiple bonds are represented by multiple edges and
unshared pairs of electrons by loops. Heteroatoms can be included by coloring the
vertices, where each chemical element is assigned a unique color. A synthesis plan
can be represented by a synthesis digraph, in which the points stand for molecules and
the arcs for reactions that convert one molecule into another [3,23). Since the arcs
always point in the forward (synthetic) direction, they are usually drawn without the
arrowheads in a synthesis graph, which is important for its symmetry properties [3,24].

2.2 Topological indices

A topological index is defined as a number (integer or real) that is a graph invariant or is
derived from one or more invariants. It does not change if the graph is replaced by an
isomorphic one, as happens when it is relabeled, redrawn or changed in any way that
leaves the adjacency relation intact. There are many papers on topological indices; we
only give leading references [25-31].



The intersection number i(G) of a graph G equals the minimum number of cliques
needed to cover its edges. (N.B., this is not its original definition, which was based on
intersection graphs [18], but an operational one that provides a way to count it [32].)
We define the bintersection number j(G) as the minimum number of bicliques needed to
cover the edges of a graph G. The analogy between (G) and fG) first arose in
computing the intersection numbers of digraphs [33-35). Table 1 summarizes L"(G)]
and IL"(G)], n =0, 1, 2, for important homologous series.

We introduce the number of kinds of minimal edge clique covers ks, the total number of
minimal edge clique covers kr, and the bipartite analogs, the number of kinds of
minimal edge biclique covers ks* and their total number ki®. Two covers are of the
same kind when they consist of the same cliques (or bicliques) in equal numbers. In
contrast to subgraphs (next paragraph) non-isomorphic covers can be of the same kind;
e.g., Kia+ Ki2 + K11 comprises two non-isomorphic minimal edge biclique covers of K4
- x (see unlabeled graphs, Table 4). For the total number, a graph is considered to be
labeled (cf. section 3.6). The numbers of kinds of partitions ps and ps® and the total
numbers of partitions pr and pr™ for cliques and bicliques, respectively, are also
considered. They are compiled in Table 2, except for ps and pr (see section 3.5).

Some previous topological indices are collected in Table 3. The Tutte (NTwan). Minoli
(xm) and Mowshowitz (H) approaches are discussed in section 3.1. The number of
kinds of (connected) subgraphs Ns counts distinct, non-isomorphic subgraphs, and the
total number of (connected) subgraphs Ny counts all possible ones [2,36]. (Note the
difference between kinds of subgraphs and kinds of covers.) Every point Py is
considered to be a subgraph, as is the graph itself. Defined in this way, Ns and Ny can
be calculated from concise formulas for specific homologous series (section 3.3). The
number of ways to ‘cut’ propane out of a molecule (N2, j) was an early branching index
[26]; it is one-half Platt's f index [27]. This invariant has been generalized to include
multiple edges with the aid of line graphs: the connections are the pairs of adjacent
edges in G or the edges in L(G) [37,38]. This identity is predicated on the definition of
the line graph of a multigraph that counts a double edge as one pair of adjacent edges
[37). (An alternative definition counts a double edge as two adjacencies [20,21].)



Equation 2.2.1 for C(n) is an extension of the ‘information entropy’ approach [39,40] (cf.
section 3.1), where n; is the cardinality of £, the th family of equivalent subgraphs, and
n is the total number of subgraphs. When the subgraphs are edges in L(G), n = n
(connections), n; = 1 (equivalent connections), and C(n) is calculated according to
equation 2.2.2 [38]. While n is an index of intrinsic complexity, C(n) is not, as it does

not strictly follow the hierarchies of homologous series (see section 3.4).

(2.2.1) C(n) = 2nlogzn - X njloga 0

(2.2.2) C(n) = 2nlogzn — Znilogz ni
2.3 Sample calculations for topological indices

We derive the above indices for C4, which represents the molecule cyclobutane. The
largest clique is K>, and four of these are required for the only minimal edge clique
cover, 4K,. Furthermore, 4K: is also a partition; thus, ks = ps = 1 and kr = pr = 1.
(Other edge covers are 4K; + Kj, 4K; + 2K, 4K; + 3K; and 4K; + 4K;; however, they
are not minimal.) By default, 4K; is the smallest edge clique cover, and {(Cj) = 4. Since
L(C4) = Ca, IL"(C4)] = 4 for all n.

The largest biclique in C4 is K22 = Cs, and it is @ minimal edge biclique cover. There are
two other non-trivial bicliques in C4 (K12 and Kj 1), and the five kinds of minimal edge
biclique covers (number of each kind) are Kz2 (1), 2Ki 2 (2), 2Ki 2 + Ki.1 (4), Ki2 + 2Ky
(4), and 4K, ; (1). Therefore, ks® = 5 and k™ = 12, which is the sum of the numbers in
parentheses. All these covers are partitions, except 2Ks 2 + Ky 1; therefore, psb‘ =4 and
pr” = 8. (If we were to include set systems, 4K » (1) and 3Kj 2 (4) would be added; see
also section 3.6.) Since L(C4) = Cs = K32, the minimum number of bicliques needed to
cover the edges of C4is j(C4) = 1. Indeed, IL"(C4)] = 1 for ali n.

Previous indices for C; are given for comparison. There are four (equivalent)
connections; therefore, n =4 and C(n) = 2 x 4 log2 4 — 4 logz 4 = 8. The kinds of



subgraphs (number of each kind) are P; (4), P2 (4), Pz (4), P4 (4) and C4 (1); thus, Ns =
5and Nr = 17. (Note the origin of the Ns =n + 1 and Ny = n + 1 formulas for C,; see
also section 3.3.) Finally, NTspan =4, ym=24.00 and H = 0 (cf. section 3.1).

A more complicated example is K4 — x, which represents the molecule bicyclobutane.
There are three kinds of minimal edge clique covers (number of each kind): 2K (1), K3
+ 2Kz (2) and 5Kz (1). Thus, ks = 3 and kr = 4. Furthermore, the latter two covers are
partitions, so that ps = 2 and pr = 3. The minimal edge biclique covers are summarized
in Table 4, from which we derive ks™ = 15, ps® = 6, k™ = 90 and p” = 24. (For the total
numbers k® and pr®, the graph is considered to be labeled; see also section 3.6.)

Since K4 — x is not a complete graph (bigraph), the smallest possible number of cliques
(bicliques) hypothetically able to cover its edges is two. There is such an edge clique
cover, 2Ks; consequently, {(Ks— x) = 2. Also, the smallest number of bicliques needed
to cover its edges is j{(Ks — x) = 2 (e.g., K22 + Kj 1, see Table 4). The line graph L(Ks —
x) is pictured in [22]; it can be constructed by joining a new vertex v to each vertex of
Cs. A smallest edge clique cover (e.g., 4K3 or 2K; + 2K3) has cardinality 4, which gives
{L(Ks— x)] = 4. Since Kz2 + K 4 is the smallest edge biclique cover, fL(Ks — x)] = 2.
The second line graph L%(Ky — x) is straightforward to construct and is also pictured in
[22]. It can be covered by a minimum of 5 cliques (Ks + 4K3) or 5 bicliques (e.g., K2 +
4Ky 5 0r Koz + 4K 3); therefore, [L7(Ks — x)] = AL(Ka = X)) = 5.

As far as the previous indices for K — x are concerned, n = 8 and C(n) =2 x 8 log,8 — 4
logz4 -2 log: 2 — 2 logz 2 = 36. (The number 32, a typographical error in the first full
paper on this index [4], was copied into a recent review [2]; it is corrected here.) The
kinds of subgraphs (number of each kind) are Py (4), P, (5), P3 (8), Ca (2), P4 (6), Ca (1),
Ki3(2), C3+ x (4), and K4 — x (1); therefore, Ns = 9 and Ny = 33. (By Cs + x we mean
the graph of methylcyclopropane, the smallest supergraph of Cs; see section 2.1.)
Finally, Nspan = 8, % = 42.22 and H = 1.00 (cf. section 3.1).

All the indices, new and old, discussed above give the correct order of complexity, viz.
bicyclobutane (K4 — x) > cyclobutane (C4) (see section 3.2), except for {G) and [L(G)].
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Table 1. Intersection and bintersection numbers for some homologous series.

G i(G) 1L(G)] 1LAG) AG) IL(G)] IL4G)
P4 1 1° -° 1 2 -
P, 1 1 9P 1 1 1°
P3 2 1 1 1 1 1
P4 3 2 1 2 1 1
Ps 4 3 2 2 2 1
Pe 5 4 3 3 2 2
P; 6 5 4 3 3 2
Ps 7 6 5 4 3 3
C 1 1 1° 1 1 4b
C, 2 1 1 1 1 1
Cs 1 1 1 2 2 2
Ca 4 4 4 1 1 1
Cs 5 5 5 3 3 3
Cs 6 6 6 3 3 3
Cr 7 7 7 4 4 4
Cs 8 8 8 4 4 4
Ky 9 1 1 b _c 1 1 b _c
Ky 1 1 1° 1 1 1°
Ki2 2 1 1 1 1 1
Kia 3 1 1 1 2 2
Ki.a 4 1 4 1 2 2
K1,5 5 1 sd.e 1 3d,f sd,g
Ky 1 1 b _c 1 1 b _c
K2 1 1 1b 1 1 1b
Ks 1 1 1 2 2 2
Ke 1 490 ot 54 otk gd!

2Chemists N.B.: Py = Ky0= Ky = methane, P; = K1y =Kz =ethane, Pa=Kj 2=
propane, Ps = butane, Ps = pentane, Ps = hexane, P; = heptane, Ps = octane, Cq =
methylene (carbene), C, = ethylene, C3 = K3 = cyclopropane, C,4 = cyclobutane, Cs =
cyclopentane, Cs = cyclohexane, C;7 = cycloheptane, Cg = cyclooctane, Kjz = 2-
methylpropane (isobutane), K 4 = 2,2-dimethylpropane, Kj s = pentamethylmethane
(hypothetical), K4 = tetrahedrane. ®The index is given for Pp = Koo = Ko. “Not
defined. “This is the smallest number of covering cliques or bicliques we have been
able to find; there may be a smaller one. eE.g., 5K, fE.g‘. Kaa + Koo+ Kipor 2Ky 3 +
K|_1 or 3K2.z, gE,g., 5K:‘4, hE.g.. 4K;. IE.g., 6Ka. 'E.g., 2K2.2‘ kE.g., K2_4 * Kz‘z or
2Kza 'E.Q., 4Ky + 4Kz or BKa3 + 2K 1.
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Table 2. Indices based on minimal edge clique and biclique covers and partitions.?

G ks(G) ki(G)  ks(G)  k(G)  peiG)  priG)
Py 1 1 1 1 1 1
P2 1 1 1 1 1 1
P; 1 1 2 2 2 2
Py 1 1 3 4 2 3
Ps 1 1 4 7 4 5
Ps 1 1 5 13 5 8
P, 1 1 7 24 9 13
Ps 1 1 8 44 12 21
Cy 1 1 1 fl 1 1
C: 1 1 2 3 2 3
C3 2 2 3 7 2 4
Cs 1 1 5 12 4 8
Cs 1 1 5 21 3 11
Cs 1 1 7 39 5 18
Cr 1 1 8 71 5 29
Cs 1 1 10 131 8 47
Kio 1 1 1 1 1 1
Ki1 1 1 1 1 1 1
Ki2 1 1 ) 2 2 2
Kia 1 1 4 8 3 5
Kia 1 1 9 49 5 15
Kis 1 1 20 522 7 52
Ky 1 1 1 1 1 1
Kz 1 1 1 1 1 1
K3 2 2 3 7 2 4
Ks 5 16 =0 g0 7 70

’Chemists NB.: Py = K1.u =K = methane, Pz = K1‘1 =Kz = ethane, P; = K1.2 =
prapane, Fs = butane, Ps = pentane, Ps = hexane, P; = heptane, Ps = octane, C; =
methylene (carbene), C. = ethylene, Cs = K3 = cyclopropane, Cs = cyclobutane, Cs =
cyclopentane, Ces = cyclohexane, Cy = cycloheptane, Cs = cyclooctane, K3 = 2-
methylpropane (isobutane), K 4 = 2,2-dimethylpropane, K; s = pentamethylmethane
(hypothetical), K4 = tetrahedrane. PNot yet calculated.
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Table 3. Previous indices for some homologous series.”

G n C('l) NS Ny Nrspan xmg)_
Py 0 2 1 1 1 0

P, 0 = 2 3 1 0.67
Ps 1 0 3 6 1 3.60
P4 2 2.00 4 10 1 10.29
Ps 3 7.51 5 15 1 2222
Ps 4 12.00 6 21 1 40.91
P; 5 19.22 7 28 1 67.85
Ps 6 25.02 8 36 1 104.53
Cy 0 = 2 2 1 0
(o 1 0 3 5 2 2.00
Cs 3 475 4 10 3 9.00
Cs 4 8.00 5 17 4 24.00
Cs 5 11.61 6 26 5 50.00
Cs 6 15.51 7 a7 6 90.00
Cr 7 19.65 8 50 T 147.00
Cs 8 24.00 9 65 8 224.00
Kio 0 zal 1 1 1 0
1.1 0 =D 2 3 1 0.67
Ki2 1 0 3 6 1 3.60
Kis 3 475 4 11 1 10.29
Kia 6 15.51 5 20 1 2222
Kis 10 33.22 6 37 1 40.91
K 0 > 1 1 1 0

K> 0 _u 2 3 1 0.67
K3 3 475 4 10 3 9.00
Ky 12 43.02 10 64 16 72.00

3Chemists N.B.: P, = Kip = Ki = methane, P, = Ky 1= Kz = ethane, P3 =Kz =
propane, P4 = butane, Ps = pentane, Ps = hexane, P; = heptane, Ps = octane, Cy =
methylene (carbene), C; = ethylene, C; = K3 = cyclopropane, C, = cyclobutane, Cs =
cyclopentane, Cgs = cyclohexane, C7 = cycloheptane, Cg = cyclooctane, Kj 3 = 2-
methylpropane (isobutane), K 4 = 2,2-dimethylpropane, Kj s = pentamethyimethane
(hypothetical), Ky = tetrahedrane. PNot defined.
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Table 4. Minimal edge biclique covers for K4 — x (bicyclobutane).

entry” cover unlabeled” labeled®
1 Koz + Kia 1 2
2 K22 + K12 1 4
3 (partition) Kaz + Ki 1 1
4 2Ki3 1 1
5 Kia+2Ki2 3 8
6 Kiz+ Kig+ K 2 8
7 (partition) Kiz+ Kiz 1 2
8 (parlition) K1>3 & 2K1.1 1 2
9 4Ki2 1 1
10 3K12 5 16
11 3Kiz2 + Kia 2 8
12 2Ki2 + 2K14 6 18
13 (partition) 2Kz + Kia 4 10
14 (partition) Ki2 + 3K14 3 8
15 (partition) 5K14 1 1

2The highest entry number is ks®. "The column sum is k®. “The column sum is k™.

3. Complexity
3.1 Previous approaches based on graph theory

Three early approaches to the complexity of graphs were Rashevsky's ‘information
entropy’ H [39], which was associated with complexity by Mowshowitz [40], the number
of spanning trees NTmn, which was used to measure the complexity of networks by
Tutte [41], and the combinatorial complexity function xm(G) of Minoli [42]. In equation
3.1.1 for ym(G), n is the number of vertices, e is the number of edges, and oj; is the
number of paths between vertices i and /. Minoli's function is constant for isomeric trees
(e.g., xm = 10.29 for P4 and Ki3), but increases with the size of the tree (number of
vertices, see Table 3). Trees have but one spanning subgraph, the tree itself, hence,
N'gpan = 1 for all trees. The ‘information entropy’ H is based on Shannon's equation
3.1.2, applied to families F; of equivalent points [39] (orbits of the automorphism group
[40)), where p; = n;/n, n; is the cardinality of £, and n is the total number of points. This
index is zero whenever all the points are equivalent, no matter how many there are or
how they are connected [5], e.qg., H(K,) = H(C,) = 0 for all n.
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(3.1.1) wm(G) =[nefn+e) Zi<joi;

(31.2) H=-%,pilogz p;

3.2 Complexity factors

Our approach abstracts the system to be studied as a graph G and then uses graph
invariants G) as indices of the complexity of G and the system it represents. At the
very least, a complexity index must increase monotonically with those factors that
contribute to complexity [2-4,37], viz. path length, branching, cycle size and cyclization,
the number of cycles divided by the number of points. Some of these factors can be
isolated in homologous series [2,4,36], e.g., path length in {P,}, cycle size in {Cp} and

branching at a point in {K1.n}.

Branching is dependent upon the degrees of the points, and it is often associated with
the highest degree of the graph. Cyclization is impossible to isolate, since creating a
new cycle by joining two points with a new line also increases the branching at both of
the points. Branching and cyclization have long been recognized as complexity factors
[8,37,38], and several branching indices [26-28,43,44] and cycle indices [45,46] have
been devised. Multiple lines are a complicating factor discussed briefly in sections 2.2
and 3.6. Considering all the relevant factors, it can be concluded that Ky — x
(bicyclobutane) is more complex than Cs (cyclobutane); in section 2.3 these graphs
were used fo illustrate the calculation of a number of topological indices.

3.3 Homologous series

We discuss homologous series in some detail, as they are the keys to measuring the
complexity of graphs and the molecules represented by them. Starting from a single
point Py, {P.} is the homologous series formed by joining a new vertex v to a point v of
lowest degree in F; with a new edge x = uv to obtain P;. 1. Thus, P;. 1 is the smallest
supergraph of P; that is also a path. Upon joining v to P;, we obtain P,, which has two

























































