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Abstract

Reaction diagrams are considered especially for the circumstance
of progressive substitution (or addition) on a fixed molecular skeleton,
and it is noted that these naturally form Hasse diagrams for a partially
ordered set (or poset) of the substituted structures. Ultimately several
examples of such posetic reaction graphs are presented, but as a first
prototypical illustration the case of progressive chlorination of the
hexagonal benzene skeleton is described, and some ideas are mentioned
for the utilization of the reaction diagram’s posetic nature.

1. Introduction

There are many examples of reaction graphs occurring throughout chemistry. Those
involving degenerate rearrangements have received much formal attention by chemical graph
theorists, in as much as they can be rather large and seemingly involved whilst in fact being
much simplified because of the frequent occurrence of high symmetries. Many researchers have
made contributions in this area, but one of the first was Balaban, who also has recently reviewed
[1] work on a variety of such degenerate rearrangement graphs. But the degeneracy aspect
typically leads to undirected reaction graphs. Of course there are many other kinds of reaction
graphs which are directed, and perhaps they are even more common in current chemistry. For
instance, there typically occur directed reaction graphs in (directed) syntheses, as reviewed in
Corey & Cheng’s seminal book [2] The Logic of Chemical Synthesis. The structures of synthesis
graphs are crucial in differentiating between “linear” and “convergent” synthetic approaches (3].
though there has been only a little formal graph-theoretic work [4,5] on such graphs, so that there
could perhaps be some further investigation incorporating more fully the directed aspect of their
edges (and consequent possibility for being interpretable as posets). In many cases [2] it seems
these synthesis graphs are simply linear chains or nearly so, whence the posetic structure is
especially simple (a total order). The seemingly less common synthesis graphs for so-called
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“convergent” syntheses [3.4.5] feature some degree of branching, but still very often these graphs
are trees (even when the directions are eliminated from the edges), though this is not a logical
necessity. Another commonly occurring and important type of directed reaction graph is found
in molecular biological applications, often showing cycles (or “hypercycles™ say in the area of
“enzyme Kinetics”, again with directions on the edges. These reaction schemes have been much
considered. even in a formal sense, e.g., as in refs. [6,7]. But in these cases a posetic
interpretation is complicated by the general occurrence of cycles. General complex sets of
chemical reactions (as considered in [8]) typically similarly exhibit cycles.

Here it is pointed out that a fairly general class of directed reaction diagrams can be neatly
viewed as partially ordered sets, or posets, such as defined in the prolegomenon. That is, in
some cases there is an intrinsic natural order, say as for the possible results of substitutional
chiorination of benzene, as illustrated in figure 1. There only the hexagon of carbons is shown,
and the Cl-substituted carbon vertices are shown as (larger) black dots. An arrow is directed
from one structure £ to a second {, if { can be obtained from £ by the replacement of one H-atom
by one Cl-atom (without moving around any other Cl-atoms which might already be attached).
This arrow then represents a single minimal step of chlorination. And the diagram as a whole is
the Hasse diagram [9] associated to a poset of different chloro-benzenes. The ordering relation
£>( then means that there is some non-negative number of Cl-atoms which can be
(substitutionally) added to structure £ so as to obtain structure ¢,

The general class of posetic reaction diagrams are then those for which there is a
progressive degree of reaction (substitution, addition, dissociation, or local rearrangement). The
progressive substitution as in figure 1, is just one example, which is discussed further in the next
four sections (though somewhat tangentially in section 3), Progressive additions could also be
entertained. say involving the hydrogenation of benzene, as indicated in section 6, where also
other examples of types of reactions based on the benzene skeleton are mentioned.

Evidently there are many possible examples of progressive reaction graphs, which then
may be viewed to impart a posetic structure. It may be emphasized that the occurrence of posetic
reaction graphs is not limited to the identification of chemical species as graphs, but may also
incorperate geometric (or stereo-structural) information. Thence for substitutional chlorination
of at the comers of Ladenberg benzene, viewed as a trigonal prism of CH groups, one has the
result of figure 2, if one pays attention to the 3-dimensional structure, distinguishing
enantiomeric (or mirror-image) species (which otherwise have the same graph). Such benzene
substituent posets are discussed further in the next section, with special reference to distinctions
between the posets for the regular-hexagonal & trigonal prismatic skeletons, such as was of some
historical relevance in the valence theory of molecular structures in chemistry.

Several further examples of posets are found in sections 6 & 7, first with reference to the
regular hexagonal benzene skeleton, and then more generally, so that one perceives some of the
numerous possibilities for posetic reaction graphs. Indeed one may find a number of such graphs
in the literature, including our benzene substituent example [10,11], but the emphasis (or even
mention) of the posetic nature seems not to have been previously made. Sections 4 & 5 focus on
two possible approaches to utilize such posets in forming correlations for molecular properties,
again in the context of the benzene substitution diagram of figure 1. But it is presumed that there
are many additional examples and also additional possible uses of such posetic reaction
diagrams.



Figure 1 - The posetic reaction diagram for successive chlorination of the
benzene skeleton, with black dots identifying Cl-substituted sites,
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2. Posetic Reaction Diagram & Chemical Structure for Benzene

An interesting question concerns how much the posetic diagram might determine about
the molecular structure of the species involved. In particular, what does the substitutional
reaction diagram for benzene imply about the skeleton being a regular hexagon? In fact the
overall question of the structure of benzene was of great historical relevance. with Kekule
arguing [12] for a regular hexagonal skeleton, as based on several points including:

* first, the atom-count formula;

* second, the various possible isomeric substituents; and

* third, substitutional reaction graphs ordered as in our posetic reaction diagrams.
The information from the first and second points concerning isomer counts have in fact received
much attention even in a general formal manner, in 1930 by Lunn & Senior [13], and Balaban
[14] has emphasized that the Polya-theoretic isomer counts ignoring chirality must be the same
no matter the number of substituents (because of the identity of the relevant “cycle indices” for
benzene and prismane). Even more recently Hasselbarth [15] emphasizes a general theorem that
the collection of isomer counts for all different degrees of substitution turns out to characterize
the molecular-skeleton permutation group in terms of the numbers of symmetry elements of each
different cycle type. That is, just from the isomer counts for all different degrees of substitution.
much of the nature of the permutational symmetry associated with the point group of the
molecular skeleton is determined. A second question concerns to what extent the numbers of
symmetry elements of each different cycle type determine the permutation group, and
Hisselbarth [15] suggests that this is fairly unique, for practical cases. Notably even in 1874
Kémer [16] investigated permutational questions for the case of benzene using (at least
implicitly) substitutional reaction diagrams with an effort to avoid inadverient geometrical
assumptions, though some of the details of the argument to make it “geometry-free” have only
more recently been completed by McBride [17]. (Indeed McBride establishes from purely
classical chemical arguments much about what the skeletal permutation group must be.) But
granted a permutation group one might inquire further as to what features (say as regards point-
group symmetry) of the underlying molecular skeleton might be determined. Perhaps the
reaction poset vields even more information. In fact. Heilbronner & Dunitz in their charming
discourse [10) Reflection and Symmetry indicate that such reaction graphs were crucial in making
the choice for Kekule's regular hexagonal skeleton in preference to Ladenberg’s proposal [18] of
a trigonal prism. In particular Heilbronner & Dunitz say that Ladenberg’s trigonal-prism
structure “gives the correct number of isomers but leads to a different reaction graph from what is
actually observed”. But there is some confusion here, because the counts of substitutional
isomers only match if mirror images are not distinguished, it being that when first the two
proposed structures came to opposition (in 1869). it was a standard view that it was overly
presumptive to make geometric interpretations (as implicit in making chiral distinctions).
whereas the graph-theoretic structures (i.e. connectivity patterns) were more chemically
accessible, and perhaps were sometimes believed to be all that was ultimately relevant. A view
of this sort was apparently taken by Kémer [16], and even after Vant Hoff [19] & le Bel [20]
proposed the tetrahedral geometric nature of carbon atoms (in 1874), there was often a significant
degree of reluctance to forego the simple austerity of the (non-geometric) graphical approach, as
discussed in section 1X.2 on “Opposition to directed Valencies™ in Russell’s history [21]. Indeed
there was even ridicule (e.g., in the writings of Kolbe. in [22]) of the geometric proposals, and
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more reasoned objections by others [23]. Surely the purely graph-theoretic view explained much,
and mirror image structures have many properties the same (i.e., all scalar properties are the
same), and the non-scalar property of rotation of polarized light presumably was at these early
times rather esoteric in the view of many. Even le Bel [24] had reservations for some time about
accepting what we now see as straightforward consequences of the tetrahedral model of carbon.
Anyway if one accepts the restriction to purely combinatoric ideas without reference to mirror
images, then not only do chlorobenzene isomer counts match, but also the reaction diagrams
match. To see this from the chirality-attendant figure 2 for the trigonal-prismatic skeleton,
condense the enantiomeric pairs (which are joined by horizontal dotted lines) to a single chirally
non-distinguished structure, whereupon the reaction diagram becomes isomarphic to that of
figure 1 (for the hexagonal skeleton). If on the other hand mirror images are distinguished
(which entails not only additional experimental evidence but also going beyond graphs in the
interpretative phase). then not only are the reaction diagrams non-isomorphic, but also the isomer
counts are different.

One may wonder what happens if the reaction diagram idea is extended in some other
manner. For instance, the idea of a single-substituent reaction diagram could be extended to a
double-substituent diagram, say for Cl- & F- substituents on the hexagonal benzene skeleton.
This reaction graph is much more complicated with 92 nodes (as further considered in section 5).
so that this 2-substituent reaction diagram would seemingly contain much more information
about benzene. But notably it turns out that without distinguishing mirror images, this 2-
substituent reaction diagram for trigonal-prismatic Ladenberg benzene is in one-to-one
correspondence (i.e., is isomorphic) with that for hexagonal benzene. To proceed to explicit
reaction posets for even more substituents is daunting, there being 430 nodes for the M=3-
substituent case, and for successively higher numbers M of substituents there are 1505, 4291,
10528, 23052. 46185. 86183, 151756, efc nodes (such numbers scaling as ~(M+1)*/12 being.
¢.g.. determinable via standard Polya enumerative techniques [25,26]).

As an alternative to working through the detailed reaction diagrams for such different
(and evidently complex) cases with different numbers of substituents, one may make another
very informative argument that is fully conclusive. For C;H; there are 6 substituent positions,
and one may imagine a labelling as

fo L by 1 g
(sl 5y 83 5, 858 ,,) (5(6) = pli(6)|5(6))

to indicate that the ligand (or substituent) /; is to be located at the skeletal site 5; (and /(6) & 5(6)
are just abbreviations for the respective lists /, /,...Jy & s, 5,...5). But such permutamer symbols
are “redundant” in that several assignments of skeletal site labelling are equivalent because of
skeletal point-group symmetry (and several ligands may be equivalent because of their
“identity™). The effect of skeletal point-group symmetry is neatly described in terms of a
permutational group of skeletal sites. For the regular hexagonal skeleton H the skeletal sites may
be numbered in cvclic order, as in figure 3a, and permutations represented as a list of these site
labels enclosed inside a pair of parentheses being cyclically permuted, whence the permutational
image (or representation} of the point group is represented as

P{H: 2] = {1. (123436), (1354246). (14)(25)(36),(153)(264), (165432)} {1, (26)(35))
= PH: Dl
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C, = (123456) ~ oGy
D:  PHDI=P[TP,D.] « D,

Figure 3 - Site numbering for hexagonal (H) & trigonal-prismatic (TP)
skeletons ina & b.

Here it is realized that the larger point group 2, provides no further images of different
permutations of sites than does 2, That is, e.g., the reflection in the plane normal to the
molecular plane and containing sites | & 4 effects the same interchange of the same sites as does
the 2-fold rotation about the axis containing sites 1 & 4 - of course for the electronic wave-
function, there are electrons out of the molecular plane and these two point-group operations then
have different effects. For the trigonal-prismatic skeleton TP with the site labelling of figure 3b
the permutational images of the purely rotational and full point groups turn out to be

P[TP.2,] = {L, (135)(246), (153)(264)} {L, (14)(23)(56)}
P[TP; D] = {1, (123456), (135)(246), (14)(25)(36), (153)(264), (165432)} {1, (26)(35)}

And it may be seen that the permutational images P[H: 2] & P[TP:2,,] are isomorphic.
whereas P[H: 2] & P{TP. )] are clearly distinguishable, having different numbers (12 & 6)

of elements. That is, if mirror images are not to be distinguished, then the skeletal permutation
groups of relevance to identifying different permutational isomers are essentially the same (e.g.,
with the same isomer counts for each degree of substitution). Of course, the geometric
symmetries D, & s, are different (while their permutational representations are the same).
But the isomorphism of the permutational groups P[H; 2] & P[TP;2),,] implies that as
abstract combinatorial structures these two cases are the same and indistinguishable (within this
context). In fact it should perhaps be mentioned that the cage for the historically considered
Claus-Armstrong [27] “centric” formula (often depicted with bonds between para carbons rather
than with double bonds) also gives the same permutational group result - indeed quite clearly
because the geometry naturally imagined for this case is also regular hexagonal.

This permutational-symmetry result implies that the single-, double-. triple-, & further-
substituent reaction posets are isomorphic, and do not then aid in choosing between H & TP
skeletons for benzene. To be a little more formal about this point one can explicitly characterize
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a general progressive reaction poset in terms of these permutation representations. As a first step
toward this we consider the equivalence of the different permutamers p[/(N)|s(N)] for an N-
vertex skeleton S with geometric symmetry group §. First there is equivalence, as already noted.
under the action of the permutation group P[S:G] on the positions of the site labels. That is.
permutamer labels obtained from one p[/(N)|s(N)] via permutation of the skeletal positions s(N)
about via any n=P{S:G] are equivalent. But there is generally additional equivalence from
permutations of the /(N) if some of the ligands are nondistinguished. Most simply the ligands are
cach independent each making connection to a single skeletal site (i.e., they are monodentate),
whence the equivalence amongst ligands is specified by a second permutation group P[L] which
is simply a product of disjoint symmetric groups each such component symmetric group
associated to a set of nondistinguished ligands. If the ligands themselves have more complicated
structure as connections between pairs, then the group P[L] can have a more complicated
structure. Anyway there is equivalence amongst all permutamer labels obtained from
p[I(N)|s(N)] by permuting the ligand positions /(N) about via any meP[L]. And finally the
permutamer labels p[/(N)|s(N)] are equivalent under simultaneous permutation of ligand & site
label positions by the same permutation = for any 7 in the full N-index permutation group §.
Because of this last feature we can re-express the effect of the site-symmetry group P[S:G], and
fix by convention the ordering of the site labels in p[/{(N)|s(N)). Then the equivalence classes of
permutamers are in one-to-one correspondence [28,29] with so-called P[S:G).P[L]-double cosets

P[S;GlpP[L] = {npo|neP[S;G]. 0sP[L]}  , peSy

That is, the application of any permutation in P[S;G]pP[L] to the ligand positions in p[/(N)'s(N)}
gives the equivalent permutamers (with the same fixed ordering for the site labels s(N). And the
different P[S;G],P[L]-double cosets (of equivalence transformations) partition §y into disjoint
parts each in correspondence with a possible isomer (for the given P{S;G] & P[L]). Now for the
case of a single-atom substituent (replacing H-atoms, as in benzene), the form of the ligand
svmmetry group is

P[L]= 5,%Sn-n
if there are n substituted sites (and N-n unsubstituted ones). In dealing with the progressive
reaction poset we might identify this P[L] as that P,,,[L] for a reactant species. With further
substitution one of the unsubstituted sites is singled out to be replaced by the substituent, and at
an intermediate stage the effective ligand-symmetry group can be identified as
PLIL] = 8.8 *Sn-n1 = 50X 1% Eninn
And a final product species has a ligand-symmetry group

o 1 ) LR S VI

Evidently the criterion that a given reactant permutamer equivalence class (i.e., a given n-fold
substituted species corresponding to a particular P[S;G],P,fL]-double coset) can give rise to an
intermediate (associated with a P[S;G],P.,[L]-double coset) is that the P{S;G],P,.,,(L]-double
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coset contain the P[S;G],P,,[L]-double coset. Likewise, the condition that a product can arise
from a given intermediate is that the P[S:G],P . [L]-double coset contain the P[S;G],P,.[L}-
double coset. Thence the overall condition that a reactant with double coset P[S;G]pP, .. [L] can
give rise to a product with double coset P[S;G]0P ,,4[L] is simply that the intersection

P[S:G1PPwall] 1 P(S:GlOP,[L]

is nonempty (i.e., that it contain one or more P[S;g],P,[L]-double cosets). Indeed we may even

view the order of this intersection as a “symmetry number” for the reaction, with steps having
higher symmetry numbers being entropically more favored. Evidently the intersection criterion
depends solely on the permutation-group-theoretic structure. And the argument directly extends
to multi-substituent cases, with for the two-substituent case ligand-symmetry groups of the form
$.8,%S.np and intermediates singling out one of the unsubstituted sites to be shifted in the
product to one of the other sets of ligands. That is, if for a given N two skeletal groups are
isomorphic, then all multi-substituent reaction posets are isomorphic too. In particular so long as
chirality is not considered, the multi-substituent reaction posets for hexagonal benzene and for
the trigonal prism are the same.

3. More on Benzene Structure

To distinguish between the regular-hexagonal & trigonal-prismatic skeletons something
beyond isomer counts and (achiral) reaction diagrams needs to be done. One approach would be
to count stereoisomers, with some substitutional patterns being chiral for the TP case, whereas all
are achiral for the regular-H case. But so far as we know this recourse to chiral structures (and
the relevance of the distinct groups P[H; 2] & P[TP;2]) had little early impact. The
convoluted history of the problem of benzene structure is reviewed by Rocke [30] and by Brush
[31]. From an extensive collection of experiments A. von Baeyer [32] argued that some
chemical reactions could be better understood if the two substituted sites in the ortho isomer
were geometrically adjacent (the ortho derivatives being distinguishable as that giving two
trichlorobenzenes upon further chlorination, as seen in our reaction poset). Brush [31] suggests
(on page 33 of his review) that “no one else had a precise understanding of Baeyer's argument”,
though Brush notes that several textbook writers of the late 1800s acknowledged Baeyer’s
contribution. In fact these and related arguments seem to have convinced Ladenburg (who was
intensely involved), since in his generally very interesting chemical history [33] of 1886 he
acknowledges such geometric arguments and accepts benzene as hexagonal - and Rocke [30]
says that Ladenburg [34] had reasons even in 1874 to view Kekule's formulation to be “at least
as appropriate, if not more so than the prism”. Balaban [14] who also has looked into the
historical aspects agrees that Baeyer's arguments largely convinced his contemporaries. Another
piece of evidence (intimated on page 33 of Brush, and discussed by Balaban) concerned the
hvdrogenation of benzene to add two more H atoms, whereafter what remains seem to be two
ordinary localized double bonds. Brush's generally substantive historical account [31] continues
up to present times, through electron- & x-ray diffraction experiments and quantum-theoretic
developments. It seems to us that Kekule’s hexagonal formula was widely accepted even before
1900 (though often there were qualifications).
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Perhaps arguments of historical impact for the preference for the regular-H skeleton were
via a sort of chemical consistency for a wide range of chemical phenomena, with geometric
considerations entering in different subtle manners. Baeyer’s arguments [32] that the ortho sites
be adjacent is one example of this nature - with Baeyer’s repeated such examples being overall
convincing. Further, for instance, with the regular-H view one might suspect just one
naphthalene, whereas with the TP view one might suspect three naphthalene isomers, as in figure
4. Geometry enters here in that rather naturally one might (inadvertently) exclude other
~geometrically peculiar” alternative naphthalenic structures, say with an ortho-pair of one
benzene fused to a meia- or para-pair of another benzene. But there are many such chemically
plausible considerations based on the hexagonal pattern - and though the implicit assumptions
contrasting with the TP case seem often not to have been explicitly made, such comparisons
perhaps were not published because everything turned out (ultimately) so neatly consistent within
the regular-H case. E.g., the oxidation (by acidic chromate) of naphthalene yields o-phthallic
acid, with o-phthallic acid having a position in the reaction diagram with just two ways to add a
chloro-substitutent to the ring, and ¢-phthallic acid being the one dicarboxylic benzo acid to form
an acid anhydride (as expected on geometric grounds if the two carboxylic acid groups are
adjacent). Another geometric argument notes that no enantiomeric substituted benzenes are
observed as should be possible were it to have the prismatic structure - but here the first such
argumentation which Brush [31] notes is in a text-book of Markwald in 1898. It seems to us that
various (sometimes implicit) geometric reasons played an important role in the preference for the
regular hexagonal structure. Of course there were complications: the absence of two ortho
disubstituted derivatives (across single or double bonds), often imagined to be accounted for by
oscillations between the two possibilities; the fact that the properties of benzene were not like
that of (a mixture of two) conformations with localized double bonds; and the difficulties with
the centric formula in that reliance solely on the connectivity pattern would indicate that ortho &
para disubstituted derivatives should be equivalent. The fully unambiguous verification of the
hexagonal skeleton would await the development of x-ray diffraction, and a full understanding of
the behavior would await quantum mechanical insight. All this is discussed by Brush [31].

] - .

Figure 4 - Three naphthalenic analogues for the trigonal-prismatic skeleton.
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4, Molecular Properties & the Substitution-Reaction Poset

The posetic reaction diagram for progressive reaction, as for the substitution of chlorine
on benzene, may be correlated with various properties, in different ways. For instance, the
presentation of figure 1 may be viewed to be correlated with (mean) polarizability & (molecular)
dipolarity in the vertical & horizontal directions, respectively. First, mean polarizability is
generally accepted to correlate roughly with molecular volume, as in the present case increases
with the number of Cl atoms. (The full polarizability is a tensor so that the mean considered here
is just 1/3 the trace of this tensor.) Second, the dipole moment may be viewed to be (at least
approximately) a vectorial sum of bond dipoles, which are most significant for the C—Cl bonds.
and the molecular dipolarity would be the magnitude of the net molecular dipole. (Evidently the
dipolarity is more than a graph invariant since it depends on some aspects of the geometry.) In as
much as the strength of intermolecular interactions should increase with increasing polarizability
and with increasing dipolarity, one then expects that the boiling points of chlorobenzenes should
be increasing as one moves either downward or to the right. Such a correlation is indicated in
figure 5, where in fact we have entered the boiling points, from the 78tk CRC Handbook of
Chemistry & Physics [35]. It seems from this figure that the polarizability aspect is more
increases in the rightward direction, whence we have added the left-downward slanting lines to
indicate that the boiling point increases in the downward direction typically outweigh those in the
rightward direction, thereby suggesting a fuller possible poset. The boiling point for the 1,2.3.5-
tetrachlorobenzene is enclosed in parentheses because it is out of order with the 1,2,4,5-
derivative, and because the boiling point of the 1,2,3,5-derivative is not in the recent Handbook
but instead was taken from an older edition [36]. These two “anomalies” together suggest that
this value for the 1,2,3,5-derivative may be treated with some suspicion. In figure 6 the boiling
points (of [35]) for methyl-substituted benzenes are displayed, and it is seen that here there is full
compliance with our partial ordering, even as regards the extension with lines slanted downward
to the left. In figure 7 critical temperature values for the methyl-benzenes are inserted into the
poset, with the upper value at each position being from one reference [35] while the second value
is from another reference [36]. Here it is seen that though there is rather frequent disagreement
in values between the two references, all is in agreement with our partial ordering. We have not
found a very complete set of critical temperatures for any other substituents, and so do not
presently display any further such diagrams with critical temperatures.

For boiling points we have found in [35] one other substituent such that most of the
positions of the poset are filled in, this being for the fluorobenzenes. excepting the 1.2.3-
derivative for which we did not find a boiling point. However, these fluorobenzenes evidently
are exceptional in as much as there is frequent disagreement with the posetic ordering patiern. so
that we do not presently illustrate it. Though the poset of figures 5, 6. & 7 is not the same as that
of figure 1, it is clear that the two are intimately related, and evidently the boiling points &
critical temperatures often are ordered in accordance with the present reaction-graph-derived
posets.

Of course the general idea of correlating molecular properties with different aspects of
molecular structure (or geometry) goes far back in history, with some notable works in the first
half of the 1800s, even pre-dating the now conventional structural formulas. The book Chemical
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Figure 5 - Boiling points (in °C) for the various chlorobenzenes (situated as in
figure 1).



Figure 6 - Boiling points (in °C) for the various methylbenzenes (situated as in
figure 1).






















































