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Abstract

We consider partial ordering of folded structures using several
numerical techniques that have been developed previously. In particular we
consider a set of folded chains of equal length superimposed on the Cartesian
coordinate grid, their coding and subsequent ordering. For linear structures
we propose different codes which are used to derive partial orders for
structures.  Structure labels in partial orders obtained are subsequently
replaced by numerical parameters of individual structures in order to see if
there is some regularity in numerical data. In particular we considered
regularities for the leading eigenvalues of the D/D matrices and the leading
eigenvalues of the line-adjacency matrices selected folded curves. We have
also illustrated use of partial order in structure-property activity-

relationships.
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Introduction

Folded structures are of considerable interest in chemistry, physics and
mathematics. One of the central topics of biochemistry and molecular
biology concerns folding of proteins, relationship between molecular shape
and molecular structure. Besides the studies on the formation and the
mechanism behind protein folding, that may yield to a prediction of the
folding pattern for a known primary sequence of amino acids, of considerable
interest is characterization of the geometrical patterns of already folded
structures. In Fig. 1 we illustrate model proteins consisting of 27 units
(amino acids) considering by Tang and coworkers [1]. Characterization of this
model proteins received recently attention [2, 3. Each structure and each
pattern of folding can be described using structural invariants obtaining thus
characteristic “signature” for each folded system. As long as one uses a single
number to represent each structure the structure can be simply compared and
can always be fully ordered, excluding occurrence of numerical degeneracies.
However, when structure is represented by a sequence ordering of structures
requires more attention. Typically comparison of sequences leads to partial
order (4], different partial orders for different sequences.  Ordering of
structures is of interest as it may illuminate regularities in variations of
selected properties of structures. For example, one may consider the

computed folded model structures for proteins reported by Tang and
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Fig. 1 Model proteins consisting of 27 units (amino acids) considering

by Tang and coworkers [1].
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Fig. 2 The first 92 basis of B Globin Gene (having 1424 nucleic acids} as

depicted by a graphical representation of DNA by A. Nandy
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coworker [1]. Can these structures be ordered by some inherently structural
criterion that may reflect different degree of folding of each structure?

In Fig. 2 we illustrate the first 92 basis of  globin gene (having 1424
nucleic acids) as depicted by a graphical representation of DNA by A. Nandy
[5,6]. Here the four direction of coordinate system correspond to the four
nucleic acids: A and G along + x axis and C and T along + y axis. The
problem again is that of numerical characterization of folded curves, which
as we see from Fig. 2 may also overlapping itself. Different DNA primary
sequences will have different pattern of folding. ~Moreover, alternative
graphical representations may yield a variety of distinct graphical forms for
the same primary sequence of DNA, Recently a 3-dimensional
representation of DNA was considered [7] in which the four directions
assigned to the four nucleic bases are the directions pointing from the center
to the four vertices of a regular tetrahedron. An advantage of this approach
is that the four directions assigned to nucleic bases are fully equivalent and no
proeference is given to specific pairings, such as A-G and C-T. In Fig. 3
we show the construction of the initial steps of the 3-dimensional
representation of the same DNA shown in Fig. 2 as a 2-dimensional graphical
diagram. It was interesting to find that when the 3-D spatial curve of Fig. 3 is
projected on the (x, y) coordinate plane one obtains as the projection precisely
to folded curve of Nandy shown in Fig. 2. The problem to consider, of
course, is finding structural criteria that would result in ordering of

structures in some logical way, and particularly ordering of structures that
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would parallel some of their known properties.

The conformations of normal alkane chains, that is, the
conformations of chains of n carbon atoms on a 3D diamond lattice, also
illustrate systems showing various degree of folding. The same is the case
with the corresponding problem in 2D, the conformations of chains of n
atoms on a graphite lattice. The nine conformers of 7-carbon atom chains
superimposed on a graphite lattice and the 18 conformers of 8-carbon atom
superimposed on a graphite lattice chains are illustrated in Fig. 4 and Fig. 5,
respectively. The corresponding “degree of folding,” outlined in ref. [8] and
ref. [9], to be discussed later at some length, are also shown under each
structure. The numerical values for the “degree of folding” are such that the
extreme values “1” and “0” correspond to a straight chain (unfolded
structure) and a hypothetical “mostly folded structure,” respectively. Hence,
the smaller values of the “degree of folding” belong to structures that are
more folded. The “degree of folding” as defined is, in fact, a measure of the
departure of a chain structure embedded in a space from a straight line form.
Thus TTTT (the first structure of Fig. 4) is less folded than TTTC (the second
structure in Fig. 4). Here T and C indicate three successive carbon-carbon
bonds in trans and cis configurations, respectively. The numbers displayed
in Fig. 4 and Fig. 5 under each structure appear plausible and support the
interpretation of these numbers as a particular measure of the folding or the
bending of chain structures. ~Not only the folding index is useful when

comparing structures of the same size but it allows also comparison of
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Fig. 4 The nine conformer of 7-carbon atom chains superimposed on a
graphite lattice. The numbers displayed in under each structure
are the leading eigenvalues of D/Dmatrices and represent a

measure of folding of chain structures
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Fig. 5 The 18 conformer of 8-carbon atom chains superimposed on a
graphite lattice. The numbers displayed in under each structure
are the leading eigenvalues of D/Dmatrices and represent a

measure of folding of chain structures
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structures of different size. Thus we find that TTTTT (the first structure in
Fig. 5) is to be viewed less folded than TTTT (the first structure in Fig. 4) and
this also appears plausible, because in the limit an all trans chain will
approaches a straight line in its appearance. Complete order, that is ordering
of the structures sequentially (i. e, “1-dimensionally”) is not necessarily
revealing underlying structural components that may critically influence the
magnitudes of various molecular properties. Can we arrive at partial order
for such structures?

Fig. 6 shows several mathematical curves representing initial stages of
construction of fractals illustrating different patterns of folding. Numerical
characterizations of such curves, which one considers when having
particular property in mind, are of some interest [10-18].  Additional
mathematical curves are depicted in Fig. 7. By visual inspection qualitatively
one can say that double spiral (Fig. 6 a) is more folded than simple spiral (Fig.
6b), and that both of them are less folded than the dragon curve (Fig. 6 c).
However, without a quantitative characterization it may be difficult, or at
least somewhat ambiguous, to claim that the degree of folding of the worm
curve (Fig. 6 d) is in between that of a spiral and double spiral. On the other
hand, given the numerical values of a property, like the “degree of folding,”
considered here one can completely order these mathematical curves.
However, just as was in the case of 7-carbon atom chains and 8-carbon atom

chains, the complete (1-dimensional) ordering will not illuminate inherent
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Fig. 6 Initial stages of several fractals: (a) Hilbert curve; (b) Koch’'s

curve; (c) Sierpinski arrow
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Fig. 7 Mathematical curves: (a) double spiral; (b) simple spiral; (c)

the dragon curve; (d) the worm curve
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structural components that contribute to the selected fractal property.

In this article we will consider problems related to ordering of folded
structures, that may be of mathematical, chemical, or physical origin. We
have selected relatively simple folded curves of Fig. 8 to outline a particular
mathematical analysis suitable for such cases.  Although the outlined
approach for this particular example need not be readily applicable to other
situations it is hoped that the underlying reasoning may nevertheless be of

more general interest and applicability.

Simply Folded 2D Mathematical curves

The folded curves of Fig. 8, labeled by letters from A - Q, represent all
possible cases of folded curves confined to 4 x 4 Cartesian block (hence
involving 16 points with integer coordinates) constrained so that the four
first points form the baseline. Hence, all curves of Fig. 8 start with a straight
line segment given by four point, the first point being at the left lower corner
of a4 x 4 block. We selected these folded curves because of their relatively
limited number (17 in all), while they apparently display fairly diverse forms
of the folding. The curve A represents the initial stage of a spiral, the curve
D corresponds to the initial stage of a double spiral, while the curve L
represents a simple stepwise folding. Among the 17 folded curves of Fig. 8
curve L is the only case that has some symmetry (horizontal plane of

reflection).  Other folded curves have no apparent interpretation, but a
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The folded curves, labeled by letters from A - Q representing all

possible cases of curves confined to 4x4 block of Cartesian

coordinate systems
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collection as a whole exhibits different folding patterns and represents a small
library of mathematical “fingerprinting” of possible folded curves. Observe
that curves C, G and M have the same peripheral contour (that of letter L)
and differ only by the site at which the “missing” link, that would close the
curve occurs. As we will see later all these folded curves are associated with
different values for the calculated “degree of folding,” pointing to the
sensitivity of the adopted measure of folding, which is given by the leading
eigenvalue of the so called D/Dmatrix of a structure [8].

Immediately the question arises: How do we know that these are all
the possible structures under the specified constraints? The answer follows
from the use of an algorithm for generating such structures to derives such
structure. In Fig. 9 we illustrate the beginning of the construction. We start
from the origin (0, 0) with line involving the first four points (0, 0), (1, 0), (2,
0), (3,0). The next point has to be (4, 1) as there are no other alternatives to
continue the “growing” of the line. Now there are two possibilities: either
we link point (4, 2) to (4, 1) or we link the point (3, 1) to (4, 1) as shown in Fig.
9, which illustrates also the next step that includes the available nearest
neighbor points of (4, 2) and (3, 1), respectively. We will not elaborate here
the particular construction algorithm which can be applied also to larger
curves, and to curves without constraints used here. Observe, however,
how the constraints (e. g, curves are restricted to a 4 x 4 block) limit explosive
combinatorial growth of possible cases. For example, after the fourth step

(the last step completely illustrated in Fig. 9) in one case we can continue
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construction because there is but a single choice for added line. In additional
two cases we could even complete the construction because at successive steps
there was but a single choice for addition of next line segment. As we see at
this early stages of the construction one can also detect unproductive
constructions, indicated as NP (not possible), that do not yield folded curve
subject to the constraints selected.

Below we give the count of the folded curves on Cartesian grids of
increasing size to illustrate fast growth of possible forms. The first count
refer to folded curves constrained so that they start with the base line of the
size of the grid, and the second count gives all possible forms. Only

symmetry non-equivalent folding forms were counted.

Grid size I1x1 2x2 3x3 3x4
Restricted 1 3 17 127
Unrestricted 1 3 23 282

The next question to consider is that of developing a code for such
structures and subsequent characterization of such folded systems. Codes
should be distinguished from characterization: A code depends on a
convention adopted, which may presume some rule for labeling of vertices.
On the other hand a characterization is independent of atomic labels.
Characterization is based on mathematical properties of a structure, just as
properties, such as the boiling points, the heats of formation, the entropy,

the density, or the molar refraction offer a physicochemical characterization
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of molecules, such as alkanes. For example, for the folded structure A we
can write a code: 3,3, 3,2, 2, 1,1 which indicates (starting with the point at
the origin) the lengths of the consecutive segments as the curve is folded. In
contrast, we may consider a characterization based on the length of
consecutive segments, such as the sequence: 3, 2, 2 which tells that there are
three segments of length 3, two segments of length 2, and two segments of
length 1. Construction of the sequence 3, 2, 2 is independent of atomic labels.
That is, it does not matter whether we start counting the segments from the
“beginning” or from the “end” of the structure. Clearly, there is loss of
information when characterization 3, 2, 2 is considered. In listing only the
size of segments and their number we have lost information on the
connectivity between the segments. On the other hand from the code, the
sequence 3,3,3,2 2, 1,1, one can reconstruct the shape of the folded curve
completely. A good code is characterized by no loss of information, which
means that reconstruction is possible, even if not straightforward and require

testing alternative possibilities for feasibility.

Partial order

In Table 1 (the left column) we have listed for the 17 folded curves of
Fig. 8 the segment-length codes defined in the previous section.  The
structures have been ordered lexicographically, that is by the magnitude of

the entries in their sequence code. If the sequential entries in two sequences
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Table 1 Codes for the 17 folded curves of Fig. 8

Segment-length code Partial Sums

A 3332211 3,6, 9 11, 13, 14, 15, 15, 15, 15, 15
B 33113 2.3, 1,1 3,69 11, 12, 13, 14, 15,15, 15, 15
¢ 3:38,1,27% 2 3,69 10, 12, 13, 15, 15, 15, 15, 15
D 3321112 3,6 89 10, 11, 13, 15, 15, 15, 15
E 3,31,2221,1 3,6 7,9 11, 13, 14, 15, 15, 15, 15
F 33221151, 1 3,679 11, 12, 13, 14, 15, 15, 15
G 33121212 3,679 10, 12, 13, 15, 15, 15, 15
H 33111122 3,67 8 9 10, 11, 13, 15, 15, 15

I 31,323, 1,2 3,4,7,9 12,13, 15, 15, 15, 15, 15
] 31,321,121,1 3, 4,7, 9 10, 11, 13, 14, 15, 15, 15
K 31,3%2%11,111 3, 4,79 10, 11, 12, 13, 14, 15, 15
L 31.,31313 3,47 8 11, 12, 15, 15, 15, 15, 15
M 31212132 3,4,6,7, 9 10, 13, 15, 15, 15, 15
N 3111113211 3,4,56,7 8 11, 13, 14, 15, 15

0 31L1LLLL3L1L1L1 345678 11,12 13, 14, 15

P 31551812219 3,456 7 8 10, 12, 13, 15, 15

Q 31,1,1,1,1,1,23 1 3,45 6,7 89 11, 14, 15, 15
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are the same, comparison is shifted to the next entry in the sequence until
difference occurs. The column at the right side of Table 1 shows partial sums,
S,, Sy Sy Sy ... that are defined as the sequence: s, = a, S, =a, + a, s;=a, +
a,+a, s,=aj+a,+a,+a, ... Todetermine the dominance and the partial
order for a set of sequences (such as those of Table 1), according to Muirhead
(19], one compares the sequences of the corresponding partial sums. We will
assume that the sequences to be compared are of the same length. When this
is not the case one can make sequences to satisfy this requirement by adding
as many zeros at the end of the sequence as necessary. Thus, for example,
the sequence A is augmented into 3,3, 3, 2,2,1,1,0,0,0,0in order to have the
same length as the longest sequence of Fig. 8 (the sequence Oof Table 1). We
have left the sequences of segments in their original form, that is without
listing of the additional zeros at the end (shown on the left in Table 1) but the
sequences of the constructed partial sums (shown on the right in Table 1) are
augmented so to be of the same length. If for two structures A (a) and B (b))
the following inequalities hold:
a, 2 b,
a,+a, 2b +b,
a, +a,+a, =2 b, +b, + b,

ata,+a,+...+a =b+b,+b+ ... +b,

then we say that A dominates B. If any of the inequalities would not be

satisfied the two structures are said not to be comparable. This means that



neither A dominates would B nor B would dominates A. Two structures
that are not comparable can nevertheless be dominated by a third structure,
or can dominate a third structure.

In Fig. 10 we show the resulting partial order for the 17 structures of
Fig. 8. As we see A dominates all the remaining structures, while structure
C also dominates all the structures except B with which it is not comparable
(and of course A, by which it is dominated). The segment of the graph
depicting the partial order from structure A to structure N represents a lattice.
Lattice is defined as a partial order characterized by a single dominant
structure (the so-called master) and a single structure dominated by all (the so
called slave). However, when we consider all 17 structures we have a semi-
lattice: There is a dominant master structure, but at the bottom instead of a
single slave structure dominated by all there are two structures, O and Q
which are not comparable.

There is no unique graphical representation of the partial order. The
diagram shown in Fig. 9 is selected for its relative simplicity. One tries as
much as possible to avoid unnecessary crossing of lines in such diagrams.
Once a diagram is drawn one can modify it by shifting vertices of the diagram
at will as long as the dominance (the vertical relationship) is not affected. In
other words, two diagrams representing a partial order are equivalent if
along each path in the both diagrams the same sequence of structures are

obtained.
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Fig. 10 The resulting partial order for the 17 structures of Fig. 7 based on

partial sums of Table 1
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Alternative Codes

The codes of Table 1 represent list of segments of the folded curve
starting with the longer segment first. If we reverse the ordering rule and
start by listing the smaller terminal segment first we obtain the codes listed in
Table 2 (left column). As we see these codes lead to a different sequences of
partial sums (shown in the right column of Table 2) and result in a
completely different partial order (shown in Fig. 11).

Let us consider yet another code for the folded structures of Fig. 8.
Again we will start with the point (0, 0) to which we assign label zero. We
proceed sequentially along the folded line listing either 0 or 1 to each integer
coordinate point, depending on the orientation of the line relative to the
previous point. If the line maintains the direction we write one, if it changes
the direction, up or down, left or right, that is the point is the site of a
“kink,” we write 0. This definition gives for the structure A of Fig. 8 the
following sequence:

61,1011,01101,01000
By convention we will assigned label 0 to the last point in the curve. In
contrast to sequences derived from the codes based on the list of segment
lengths, which may have different lengths, here all the codes have the same
length, which is determined by the number of vertices involved. We will

refer to this as the “line/kink” codes.























































































