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A topological index is a structural descriptor (derived from the molecular graph)
that represents an efficient way to express in a numerical form the molecular size,
shape, cyclicity, and branching. Using a large variety of mathematical equations, the
structural information encoded into the molecular graph is transformed into local
(atomic) and global (molecular) descriptors. As a result of the considerable interest
for structural descriptors, new topelogical indices were recently defined and used in
modeling physical, chemical, or biological properties. The molecular branching of
heptanes and octanes is characterized with these new descriptors and the properties
of the partial ordering of alkanes induced by each topological index is analyzed.
The advantages and limitations of each partial ordering of alkane isomers are
highlighted.

Introduction

Numerous attempts have been made in theoretical chemistry to express in a numerical
form the chemical structure with structural descriptors from various classes, such as
constitutional, graph-theoretical, topological, geometrical, electrostatic and quantum
descriptors. Such structural descriptors, usually used in quantitative structure-property
refationship (QSPR) and quantitative structure-activity relationship (QSAR) models to
compute physical, chemical, or biological properties, can be interpreted as measures of the
molecular size, shape, branching, cyclicity, or electron distribution.

* Corresponding authors: E-mail:o_ivanciucchim.upb.ro, cabrol@unice.fr, and balabani@chim.upb.ro,
respectively



Each structural descriptor emphasizes different structural characteristics of chemical
compounds and organizes them on a numerical scale, providing a simple and useful tool for
ordering molecules. Obviously, different descriptors induce different orderings, each
numerical scale offering a partial view of the chemical structure. The whole process that
offers partially ordered chemical structures is the basis of the quantitative interpretation of the
paradigm that molecular properties are determined by the chemical structure.

The concept of partially ordered structures has a much larger relevance for
chemistry,"” but in this paper we consider the characterization of molecular branching by
topological indices. Topological indices (TIs) represent a class of structural descriptors
derived from the molecular graph. In the graph representation of molecules the geometrical
features, such as bond lengths or bond angles, are not considered and the chemical bonding of
atoms is regarded as being their most important characteristic. In molecular graphs vertices
correspond to atoms and edges represent covalent bonds between atoms Using various
mathematical formulas, numerous TIs were proposed to measure the molecular shape and
branching,”"® Graph theory is widely used in deriving branching rules and theoretical models
for ordering chemical structures.'”™ The majority of these studies consider alkanes as the
model compounds for devising branching rules, because they are devoid of the influence of
heteroatoms and multiple bonds

As a result of the interest for structural descriptors, new topological indices were
recently defined and used in QSPR and QSAR models. In the present study we use some of
these new TIs to investigate the partial ordering of heptanes and octanes. The way in which
the chemical structure is encoded into a TI determines the usefulness of that TI in devising
structure-property models. The advantages and limitations of each TI in establishing a partial
ordering of alkane isomers are emphasized.

Method

The theory of molecular graphs and the computation of topological indices are
presented in numerous review articles;”>** in order 1o make the paper more coherent, we will
present here the definitions of some graph operators recently introduced for the computation
of families of topological indices, derived with the same mathematical formula from different
molecular matrices.

Because alkanes represent a convenient model to study the partial ordering induced by
different TIs, we have selected heptanes and octanes to investigate how the molecular
branching is reflected by the new TIs. Bertz studied the same two sets of alkanes and
established an order in which branching increases in the two series of isomers.” The approach
proposed by Bertz comprises a mathematical process based on some axioms and theorems
that define the graph complexity in an objective way. The first axiom is applied whenever the
addition of a vertex to a graph can be made in several ways, resulting in a family of isomeric
graphs. This axiom is based on the fact that the order of branching at a vertex is determined
by the degree of that vertex.

Axiom 1. Of two graphs derived by the addition of a vertex or group of vertices to a
given graph, the one in which the new vertex or group has been affixed to the precursor
vertex with the higher degree is the more branched.

The first theorem states that whenever two graphs are joined together with an edge
the resulting graph is more branched than the two initial graphs:
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Theorem 1. If an additional vertex or group of vertices is affixed to a graph, the
resulting graph is more branched.

The second theorem has been assumed in all studies concerning branching in
molecular graphs:

Theorem 2. The linear graph is the least-branched member of a family of isomeric
graphs.

With the aid of Axiom 1, one can demonstrate that the third theorem, which
determines the most branched graph from a family of isomers, is true:

Theorem 3. The n-star, K, ,, is the most highly branched isomer of the graphs with »
+1 vertices.

Bertz proposed also a branching index, which is consistent with Axiom 1, and permits
the ranking of graphs according to their branching. The branching index for the fused graph
M obtained from a graph R with branching index By and a graph § with branching index B by
joining with an edge two atoms from R and S, respectively, with degrees (before branching) »
and sis: By = Bp+ Bg+r+s.

The fourth theorem permits a simple calculation of the branching index B of a graph
without having to decompose it into simpler graphs with known values for B:

Theorem 4. The branching index By of a graph M is equal to the number of pairs of
adjacent edges in M, provided that for a vertex By, = 0:

] N
By, = Ez;‘deg,(deg, -1)

where deg; is the degree of the vertex v;.

There are many pairs of isomers which have identical branching indices and cannot be
ordered using Axiom 1 or Theorem 4, thus generating only a partial order. To order all trees,
Axiom 2 discriminates non-isomorphic graphs by repeatedly computing the branching indices
of their line graphs or derivative graphs:

Axiom 2. Pairs of graphs are ordered by comparing the sequences of branching
indices obtained by counting the number of edges in the iterated line graphs so that the one
which ultimately has the highest branching index is the more branched.

This axiom uses the property that the number of pairs of adjacent edges in a graph is
equal to the number of edges in its line graph. The rigorous mathematical derivation of the
branching order of graphs with the above axioms and theorems has clear advantages when
compared with other widely used to compare and order molecules according to their
branching. The largest eigenvalue of the characteristic polynomial, proposed by Lovasz and
Pelikan,® is of limited usefulness, since there are many non-isomorphic graphs with identical
spectral radius. The same drawback applies to all topological indices and other graph
invariants proposed as branching measures, which can induce only a partial order whenever
for two or more non-isomorphic graphs they present degenerate (identical) values.

Other procedures used to order molecular graphs are based on the use of Muirhead
and Kamarata theorems for comparing structures.'™'® This approach can be applied to any T1
or graph invariant, giving results that depend on the particular graph invariant. Moreover, a
number of graphs remain non-comparable, thus inducing only a partial order.

Due to its obvious advantages and straightforward mathematical definition, in our
investigation we adopt the order proposed by Bertz and we will investigate how a specific TI
varies with increasing branching of alkanes. The nine heptanes are considered in the following
order:



1 n-heptane 2 2-methylhexane 3 3-methylhexane
4 2 4-dimethylpentane 5 3-ethylpentane 6 2 3-dimethylpentane
7 2,2-dimethylpentane 8 3,3-dimethylpentane 9 2,2 3-trimethylbutane

The order of increasing branching of the 18 octanes, as proposed by Bertz, is

10 n-octane 11 2-methylheptane 12 2,5-dimethylhexane
13 3-methylheptane 14 4-methylheptane 15 2 4-dimethylhexane
16 3-ethylhexane 17 2,3-dimethylhexane 18 3,4-dimethylhexane

19 3-ethyl-2-methylpentane 20 2.3 4-trimethylpentane 21 2,2-dimethylhexane
22 2,2 4-trimethylpentane 23 3,3-dimethylhexane 24 3-ethyl-3-methylpentane
25 2,2,3-trimethylpentane 26 2.3,3-trimethylpentane 27 2,2,3,3-tetramethylbutane

In the following sections we investigate the branching properties and the partial
ordering of heptanes and octanes induced by several novel TIs; several TIs previously
introduced as branching measures will be also presented for comparison purposes.

The Graph Spectrum Indices MinSp(M) and MaxSp(M)

The matrix spectrum operator Sp(M,G) = {x, i = 1, 2, ..., N} represents the
eigenvalues of the matrix M or the roots of the polynomial Ch(M,G x), i.e. Ch{M,G x) = 0.
The spectral operators MinSp(M,G) and MaxSp(M,G) are equal to the minimum and
maximum values of Sp(M,G), respectively:**

MinSp(M.G) = min{Sp(M,G)} h)
MaxSp(M,G) = max{Sp(M,G)} 2)
Molecular graph descriptors computed with these two spectral operators were used with
success in QSPR studies to compute the boiling points, heat of vaporization, molar refraction,
molar volume, critical pressure, critical temperature, and surface tension of alkanes,"" to
estimate the boiling points of acyclic compounds containing oxygen or sulfur atoms,*® and to
model the amine boiling points * It is interesting to note that the BCUT descriptors,”™** used
in combinatorial chemistry, virtual screening, and diversity measure, are computed with the
same formula as the MinSp and MaxSp operators, using different molecular matrices; the
BCUT topological indices are based on Burden’s (B) modified adjacency matrix’ validated by
the Chemical Abstracts Service (C) as a similarity searching method and extended by
Pearlman at the University of Texas (UT). Lovasz and Pelikan demonstrated that the largest
eigenvalue (spectral radius) MaxSp(A,G) of the adjacency matrix of the graph G reflects the

graph branching ®

The values of the spectral indices MinSp and MaxSp computed from the adjacency
A, distance D, and reciprocal distance®** RD matrices for the nine alkanes with seven carbon
atoms are presented in Table 1 (since for alkanes MinSp(A,G) = -MaxSp(A,G), only the
MaxSp index is given for the adjacency matrix). For the nine heptane isomers, the values of
the MaxSp(A,G) index increases with branching; the least branched is n-heptane,
MaxSp(A,1) = 1.84776, and the most branched is 2,2,3-trimethylbutane, MaxSp(A,9) =
2.17533. A degenerate value for this index is found in this small collection of heptane
isomers, where MaxSp(A,4) = MaxSp(A,5) = 2, showing that MaxSp(A,G) is not a very
selective branching index. In the case of MinSp(D), one observes an increase with branching
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for heptanes 1-4, followed by an ordering that differs from that proposed by Bertz; a
degenerate pair of heptanes is found in Table 1 for this index, namely MinSp(D,5) =
MinSp(D,8) = —5.23607. The index MaxSp(D) decreases with the increase of heptane
branching, with two inversions for the pairs (4, 5) and (6, 7). The values of the index
MinSp(RD) decrease exactly with the increasing branching order, without degenerate values
or inversions; the least branched is n-heptane, MinSp(RD,1) = —1.34311, and the most
branched is 2,2,3-trimethylbutane, MinSp(RD,9) = —-1.45807. The values of MaxSp(RD)
increase with the increasing branching order with an inversion for the pair (4, 5).

Table 1. The graph spectrum indices MaxSp(A), MinSp(D), MaxSp(D),
MinSp(RD), and MaxSp(RD) for the alkanes with seven carbon atoms 1-9.

G___MaxSp(A) _ MinSp(D) _MaxSp(D) MinSp(RD) MaxSp(RD)
1 184776 —10.09783 1662538  ~1.34311 325530
2 193185 -8.89317 1540477 -1.37268  3.36485
3 196962 -7.69291 1486358  -138805  3.41768
4 200000 746410 1417597 -139003  3.47637
5 200000 -523607 1429695 -1.40120  3.46724
6
7
8
9

205288 -6.22265 13.63462  -1.41948 3.54053
210100 —6.82455 13.63526  -1.42336 3.56628
213578  -5.23607  13.0698] -1.44250 3.62569
217533  -5.02789 1239448  -1.45807 3.69539

Table 2. The graph spectrum indices MaxSp(A), MinSp(D), MaxSp(D),
MinSp(RD), and MaxSp(RD) for the alkanes with eight carbon atoms 10-27.

G MaxSp(A)  MinSp(D) MaxSp(D) MinSp(RD) MaxSp(RD)
10 1.87939 -13.13707 21.83635 -1.35275 3.51238
11 1.94986 -12.01667 2047922 -1.37659 3.61219
12 2.00000 -10.72999 19.11148 -1.39514 3.71089
13 1.98904 -10.75351 19.76280 -1.39344 3.67019

14 2.00000 -10.09783  19.54202 -1.39521 3.68911
15 2.04208 -9.35977 18.39644  -1.40652 3.77365
16 202852 -8.23539 1877877 -1.40806 3.74205

17 2.07431 -8.95139 18.18148  -1.42457 3.80437
18 2.09529 -7.97186 17.67587 -1.43195 3.84559
19 2.10100 -6.53114 17.41874 -1.43301 3.86113
20 213578  -7.46410 16.80790 -1.44362 3.92034
21 211199 -996804 1841326 -1.42756 3.80913
22 2.14896 -8.40425 17.03382 -1.43258 3.91287
23 215664 -7.91899 17.44265 -1.44596 3.89524
24 2.18890 -5.23607 1667049 -1.46144 3.96009
25 220595 -6.95518 1631517  -1.46521 3.99367
26 222158 -6.27701 16.06828 -1.47329 4.01941
27 230278 564575  14.93725 -1.50000 4.14575
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The partial orderings of the octane isomers 10-27 according to the values of graph
spectrum indices MaxSp(A), MinSp(D), MaxSp(D), MinSp(RD), and MaxSp(RD) are
presented in Table 2. The values of the MaxSp(A) index for the 18 octanes varies between
that of n-octane, MaxSp(A,10) = 1.87939, and that of 2,2,3 3-tetramethylbutane,
MaxSp(A,27) = 2.30278, exhibiting an increase with the increase of molecular branching;
however, three inversions from the Bertz order are observed for the pairs (12, 13), (15, 16)
and (20, 21). A degenerate value appears for 2,5-dimethylhexane and 4-methylheptane,
MaxSp(A,12) = MaxSp(A,14) = 2. In general, MinSp(RD) decreases and MaxSp(RD)
increases with the increasing branching order, but both present several inversions, A less
apparent order is offered by MinSp(D) and MaxSp(D) indices.

The Hosoya Operator Ho(M)

The characteristic polynomial operator Ch(M,G,x) represents the characteristic
polynomial of the matrix M = M(G) for a molecular graph G with N vertices:**
N

Ch(M, G, x) = det(xI - M(G)) = ¢, x"™" 3)
n=0

where 1 is the unit matrix of order N, and ¢, is the nth coefficient of the characteristic
polynomial. The Hosoya operator Ho(M) = Ho(M,G) is defined as the sum of the absolute
values for the coefficients c, of the characteristic polynomial of the matrix M-**

N
Ho(M,G) =Y |e,
n=0

@

When G is an acyclic graph and M is the adjacency matrix A, the Ho(M) index is
identical to the Hosoya index Z.” The values of the Hosoya indices Ho computed from the
adjacency A, Chi x,” distance D, and reciprocal distance RD matrices for the nine heptane
isomers are presented in Table 3. While Ho(A) and Ho(D) are indices with integer values,
Ho(y) and Ho(RD) have real values. The partial orderings of heptanes induced by the
Hosoya indices Ho(A), Ho(y), and Ho(RD) is not in line with the branching of alkanes. The
values of Ho(D) decrease with the increasing branching with an inversion for the pair (4, 5).
An inspection of the Hosoya indices from Table 3 shows that there is no degenerate value for
heptanes

The partial orderings of the octane isomers 10-27 according to the values of Hosoya
indices Ho(A), Ho(y), Ho(D), and Ho(RD) are presented in Table 4. An inspection of the
values of Ho(A) shows that the index is fairly degenerate in the set of octane isomers, with
Ho(A,21) = Ho(A,26) = 23, Ho(A,12) = Ho(A,23) = 25, Ho(A,19) = Ho(A,24) = 28, and
Ho(A,11) = Ho(A,18) = 29. Again, the variation of Ho(A), Ho(x), and Ho(RD) with
branching is not evident, while Ho(ID) decreases with the increasing branching, but several
differences from the Bertz order can be observed.

Noteworthy is the fact that unlike other indices where the minimal and maximal values
coincide with the Bertz ordering, Ho(RD) values and to a smaller measure also Ho(y) values
are scattered among the alkane isomers, and do do not follow a logical trend with only a few
reversions of this ordering. Thus, compounds 4 and 7 among heptane isomers, and compound
22 among octane isomers have extremal values; these compounds have a particular structural
feature, namely tertiary-butyl groups at the end(s) of linear chains.
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Table 3. The Hosoya indices Ho(A), Ho(x), Ho(D), and
Ho(RD) for the alkanes with seven carbon atoms 1-9.

Ho(A)  Ho(x) Ho(D) Ho(RD)
21 437500 7669  32.01818
18 3.83333 6917  31.49106
19 416667 6789  29.54228
333333 6203 33.89429
20 450000 6657 2828271
17 377778 6041 3152951
14 325000  S807  34.39337
16 3.75000 5645  32.02860
13 3.00000 5105 35.16667

AN RES I T S A S e
&

Table 4. The Hosoya indices Ho(A), Ho(x), Ho(D), and
Ho(RD) for the alkanes with eight carbon atoms 10-27.

G _Ho(A) Ho(x) Ho(D) Ho(RD)

10 34 5.28125 34049 53.68894
11 29 4.62500 31028 55.87946
12 25 4.05556 28181 57.59097
13 31 5.04167 30513 48.78107
14 30 4.95833 30424 44.93234
15 26 4.38889 27656 51.51395
16 32 5.37500 29889 4293301
17 27 4.50000 27413 48.93445
18 29 4.94444 26969 46.44002
19 28 4.83333 26864 44.50488
20 24 4.07407 24572 51.15278
21 23 3.93750 26516 57.27768
22 19 3.41667 23897 59.76157
23 25 4.43750 25748 48.74943
24 28 5.06250 25049 4424243
25 22 3.91667 23168 51.56988
26 23 4.08333 22925 48.83931
27 17 3.12500 19685 55.53516

The Wiener Operator Wi(M)

The Wiener operator Wi(M) = Wi(M,G) of a molecular graph G with N vertices is

d from the sy ric NxN molecular matrix M = M(G):

Wi(M,G) =33 [M(G)), (%)

1=l =i
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When the molecular graph matrix M is the distance matrix D the operator is identical with the
Wiener index W,*® whereas when M is the reciprocal distance matrix RD, this operator
becomes the RDSUM index **

Table 5. The Wiener indices Wi(D) and Wi(RD), and connectivity
indices "y, 'y, and *y for the alkanes with seven carbon atoms 1-9.

G Wi(D) Wi(RD) Oy 'y X

1 56 11.15000 5.53553 3.41421  2.06066
2 52 1148333 569867 3.27006  2.53608
3 50 1161667 569867 3.30806  2.30210
4 48 11.83333  5.86181  3.12590  3.02340
5 48 11.75000  5.69867 334607  2.09077
6 46 12.00000 5.86181  3.18074  2.62955
7 46 12.08333 591421 3.06066 3.31066
8 44 1225000 5.91421  3.12132  2.87132
9 42 12.50000  6.07735  2.94338  3.52073

Table 6. The Wiener indices Wi(D) and Wi(RD), and connectivity
indices “x, 'x, and ?x for the alkanes with eight carbon atoms 10-27.

G Wi(D) _ Wi(RD) o % 75

10 84 13.74286  6.24264 391421 241421
11 79 14.10000  6.40578 3.77006 2.88963
12 74 14.46667 6.56891 3.62590 3.36504
13 76 14.26667  6.40578 3.80806 2.65565
14 75 1431667  6.40578 3.80806 2.68252

15 71 14.65000  6.56891 3.66390  3.14297
16 72 14.48333 640578  3.84607 247120
17 70 1473333 6.56891 3.68074  3.00998

18 68 14.86667  6.56891 371874 277106
19 67 14.91667  6.56891 371874  2.82059
20 65 15.16667  6.73205  3.55342  3.34715
21 71 14.76667  6.62132  3.56066  3.66421
22 66 1516667 6.78446 341650 415863
23 67 15.03333  6.62132 362132 326777
24 64 15.25000 6.62132 368198 287132
25 63 1541667 6.78446  3.48138  3.67532
26 62 15.50000 6.78446  3.50404  3.49684
27 58 16.00000  7.00000  3.25000  4.50000

Table 5 gives the partial orderings of the nine heptane isomers 1-9 obtained with the
values of the Wiener indices Wi(D) and Wi(RD), and connectivity indices . ', and *. The
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values of the Wi(D) index decrease from that of n-heptane 1, Wi(D,1) = 56 to that of 2,2,3-
trimethylbutane 9, Wi(D,9) = 42, with two pairs of degenerate values, namely Wi(D,4) =
Wi(D,5) = 48, and Wi(D,6) = Wi(D,7) = 46. The values of the index Wi(RD) increase with
the increasing branching order with an inversion for the pair (4, 5). Also, Wi(RD) is not
degenerate in the series of heptanes, showing that the reciprocal distance matrix can generate
more discriminant topological indices than the distance matrix. The partial orderings of the
connectivity indices does not parallel that proposed by Bertz.

Table 6 gives the partial orderings of the octane isomers 10-27 induced by the indices
Wi(D), Wi(RD), °x, ’x, and zx. Both Wi(D) and Wi(RD) indices are degenerate for some
pairs of alkanes with eight carbon atoms: Wi(D,15) = Wi(D,21) = 71, Wi(D,19) = Wi(D,23)
= 67, Wi(RD,20) = Wi(RD,22) = 15.16667. The connectivity indices " and 'y are
degenerate also in the series of octanes, showing that the most used topological indices in
structure-property models are not very discriminant. The Wi(D) index decreases and the
Wi(RD) index increases with the increasing branching, but several differences from the Bertz
order can be observed.

The Ivanciuc-Balaban Operator IB(M)

The Balaban index J,"'"* used with success in structure-property and structure-activity
studies,”** initially defined from the distance matrix was extended for any molecular matrix
For any graph matrix M we introduced the vertex sum operator, representing a generalization
of the distance sum. The vertex sum operator for vertex v; in a graph G, VS(M,G),, is defined

as the sum of the elements in the column i, or row i, of the molecular matrix M:*
N N
VS(M.G), = [M]), =2 [M], 6)
= =l

If M is the adjacency matrix, the operator VS is identical with the degree vector Deg, if M is
the distance matrix, the operator is identical with the distance sum DS, while if M is the
reciprocal distance matrix RID, this operator gives the reciprocal distance sum RDS.**

Using the vertex sum local invariant, the Ivanciuc-Balaban operator of a graph G,
IB(M) = IB(M,G) was defined by analogy with the ./ index:**

IB(M, G) = - ZQVS(M),VS(M) )" )
p+l &€E(G :

where the summation extends over all edges from the edge set E(G). The IB operator
becomes the .J index when M is the distance matrix and G is the molecular graph of a
hydrocarbon. We investigate here the partial orderings obtained with the Ivanciuc-Balaban
operator 1B computed from the distance D, reciprocal distance RD,**** distance-path D,
reciprocal distance-path RD,,**** path Szeged Sz,,°**" and reciprocal path Szeged RSz,**
matrices.

Table 7 gives the partial orderings of the nine heptane isomers 1-9 induced by the
Ivanciuc-Balaban indices IB(D), IB(RD), IB(D;), IB(RD,), IB(Sz,), and IB(RSz,). The
IB(D) index increases with the increase of heptane branching, according exactly to the order
established by Bertz. For the remaining indices, they follow the increase of heptane branching
but several inversions appear: IB(RD) decreases with one inversion for the pair (4, 5); IB(D,)
increases with one inversion for the pair (6, 7), TB(RD,) decreases with one inversion for the
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pair (4, 5); IB(Sz,) increases with two inversions for the pairs (3, 4) and (5, 6); IB(RSz,)
decreases with two inversions for the pairs (4, 5) and (6, 7).

Table 7. The Ivanciuc-Balaban indices IB(D), IB(RD), 1B(D,), IB(RD,),
1B(Sz,), and IB(RSz,) for the alkanes with seven carbon atoms 1-9.

o

5__IB(D) _IB(RD) IB(D,) IB(RD, IB(Sz,) IB(RSz,)
I 244747 1104003 122323 1394827 064420 5226515
2 267826 1047812 1.44404 13.07753 0.69216 43.05439
3 2383182 1033926 1.62310 12.95444 074800 40.40862
4 295322 992441 1.74066 1222211 074777 3527743
5 299230 10.18771 1.83272 1280254 0.83904 37.02439
6
T
]
9

3.14421 9.76304 1.97988 1206732 0.83570 31.61949
315449 962625 195600 11.79443 085554 3237232
3.36044 945270 224389 1160798 0.95690 27.70063
3.54120 9.05452 245410 1091975 0.96770 23.24301

The partial orderings of the octane isomers 10-27 according to the Ivanciuc-Balaban
indices IB(D), IB(RD), IB(D,), IB(RD,), IB(Sz,), and IB(RSz,) are presented in Table 8.
All six descriptors present several inversions but overall, IB(RD), IB(RD;), and 1B(RSz,)
decrease, while IB(D), IB(D,), and IB(Sz,) increase when branching increases.

Table 8. The Ivanciuc-Balaban indices IB(D), IB(RD), IB(D,), IB(RD,),
IB(Sz,), and IB(RSz,) for the alkanes with eight carbon atoms 10-27.

G__IB(D) IB(RD) IB(D,) IB(RD,) IB(Sz,) IB(RSz,)
10 253006 1398013 114189 1817862 057088 80.11318
11 271584 1336617 1.30055 17.18781 0.59862 6844253
12 292782 1276222 1.50029 1621209 0.62173 56.26337
13 286207 13.19414 144692 17.03695 0.63281 64.50685
14 291961 1315127 151419 17.00932 0.65258 64.47846
15 3.00883 1258787 168624 16.06167 066425 54.20246
16 307437 1295769 169294 1681028 071512 59.10240
17 3.17082 1251947 1.76354 15.99880 0.69799 5284661
18 329248 1237645 190704 15.84960 0.73502 49.86759
19 335488 1232028 199734 1579007 0.78627 49.01368
20 346423 11.89664 2.09183 15.00289 0.75405 4277430
21 301177 1241949 1.66720 1572596 0.68584 53.74073
22 338802 11.82604 197480 14.77399 0.72014 44.37901
23 337338 1215581 1.98010 1546061 077570 47.53725
24 358321 1192190 2.25702 15.19015 0.87944 41.50225
25 3.62328 11.60430 226141 14.54904 081669 39.41199
26 370832 11.52306 2.37922 14.45238 0.85517 36.81041
27 4.02039 10.84542 2.73986 13.27939 0.91108 29.11017
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The Information-Theory Operators U(M), V(M), X(M), and Y(M)

The indices U, ¥, X, and ¥ for information on distances are computed from the
elements of the distance matrix of the molecular graph,” and these TIs provided good
results both for structure discrimination and in structure-property models.”" Because new
graph matrices were defined in recent years,* it is possible to extended the definition of these
four indices for all dense molecular matrices M (a dense matrix is a matrix without zero non-
diagonal elements). We present below four information-theory operators that can be applied
to a matrix with integer value elements such as the distance matrix D, or to a matrix with real
value elements such as the reciprocal distance matrix RD. The graph vertex operators
VUinf(M,G), VVinf(M,G), VXinf(M,G), and VYinf(M,G) apply the information theory
equations to the non-zero elements of the matrix M that correspond to a vertex v,

i - N [M]u [M]u

VUinf(M), = )ZE vS(M), "% VS, (8)

VVinf(M), = VS(M), log, VS(M), — VUinf (M), i

VXinf(M), = V§(M),log, VS(M), - VYinf (M), S
N

VYinf (M), = 3" [M], log,[M]), an
J=l

where M is a molecular graph matrix, VS(M); represents the vertex sum of the vertex v, and
the summations in equations (8) and (11) are done for the non-zero elements of the molecular
matrix M, [M]; # 0.

For a general dense molecular graph matrix M, the matrix elements [M]; may have
values lower than 1, giving negative terms for certain vertex structural descriptors computed
with the graph vertex operators VUinf(M,G), VVinf(M,G), VXinf(M,G), and VYinf(M,G)
The Randi¢-like formula used in the case of the indices U, ¥, X, and Y is therefore replaced by
the following equation:

(Jr_y)m2 ifxy>0

(|er|)m2 ifxy<0

The operators U(M), V(M), X(M), and Y(M), representing information on matrix elements,
are computed with the equations:

S = (12)

l.T(l\'l,G)=-~A:{—1 Zf(VUinf(M)l,VUinf(M)J.) (13)
E(G)

vam,cy=M 3 £(VVinf(M),, VVinf(M) ) (14)
n+leG,

xm,G)=1 ¥ F(VXinf(M),, VXinf(M),) (15)
ntlig

Y(M,G)=—AL1 3 F(VYinf(M),, VYinf(M),) (16)
E(G)

In this section we explore the partial orderings of heptane and octane isomers
according to the information-theory operators U(M), V(M), X(M), and Y(M) computed
with the distance D, reciprocal distance RD, distance-path Dy, reciprocal distance-path RD,,
path Szeged Sz,, and reciprocal path Szeged RSz, matrices
















































