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Abstract

A landcape is a pair (G, f) of a configuration graph G and a fitness function f: V — R
defined on the vertex set V of G. It is a mathematical model for studying functions on
a discrete set V' where the neighborhood relation on the graph defines how one is able to
move within this set and how one gets access to the values of f. There are many situa-
tions where such a model is of high interest, in chemistry and elsewhere. Configuration
spaces in molecular biology, spin glass models in physics, QSAR models in chemistry or
pharmacology are landscapes in our sense, as well as the solution spaces of combinatorial
optimization problems together with a solution heuristic like simulated annealing or some
version of a genetic algorithm.

Autocorrelation functions are useful mathematical tools for a profound study of lands-
capes. These functions are defined in terms of random walks on G and represented
conveniently either using eigenvalues and eigenspaces of the configuration graph G or via
equitable partitions derived from its coherent algebra. In this paper we give a comprehen-
sive introduction into the use of equitable partitions for investigating spectral properties
of typical configuration graphs. The techniques demonstrated here are certainly useful in
a wide range of applications in chemistry, not only in the study of landscapes. Further
we present some basic notions from the theory of coherent algebras and show how these
notions enable us to work out a rich panel of autocorrelation functions for a fixed fitness
function f.
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1 Introduction

1.1 When one is asked to express a “landscape” in mathematical terms, then it seems
straightforward to start with a function f : §* — R that expresses the altitude of a
location in terms of its geographical coordinates. In fact, this is how topographical maps
are represented in a computer. Sewall Wright [82] used this picture to describe evolutio-
nary adaptation as an uphill walk on a “fitness landscape”, where altitude is replaced by
reproductive success and the geographic coordinates are replaced by a representation of
an organisms genetic composition.

Conceptually, there is a close connection between the (biological) landscapes and the
potential energy surfaces (PES) that constitute one of the most important issues of theo-
retical chemistry [52, 32]. As a consequence of the validity of the Born-Oppenheimer
approximation, the PES provides the potential energy as a function of the nuclear geo-
metry of the system, U(R). PES are therefore defined on a high-dimensional continuous
space and they are assumed to be smooth (at least twice continuously differentiable).

An important difference, however, becomes immediately evident. While geographic or
atomic coordinates are taken from a continuous space, genes are inherently discrete and
finite objects. While the analysis of PES makes extensive use of differential topology,
we need different tools to work with discrete landscapes. By replacing the sphere 5°
of geographic coordinates or the 3N-dimensional Euclidean space of atomic coordinates
for an N-atomic molecule by a discrete set, we give up all hope to use calculus on our
landscapes. For instance, the critical points of a PES, characterized by VU(&) = 0, have
no obvious discrete counter part. Local minima and maxima are easily defined given a
proper adjacency relation or metric on the set of genes. The proper analogue of a “saddle
point”, however, remains elusive.

1.2 A landscape, hence, consists of a finite set V' of configurations, which is usually
very large, and a fitness function that “evaluates” the configurations. In order to speak
about “geometric” notions such as a “hill” that has to be “climbed”, we need a notion
of closeness, accessibility, or distance among the members of V. In the simplest case we
assume a neighborhood relation among the configurations. In biological terms, we say
that two genes are neighbors of each other if and only if one can be converted into the
other one by means of a single mutation event. Qur set of configuration thus becomes
a configuration graph, with vertex set ¥V and an edge connecting “neighboring”, that is
mutually accessible, configurations.

1.3 Such a construction is by no means restricted to models in evolutionary biology.
Hamiltonians of disordered systems, such as spin glasses [7, 51], and the cost functions
of combinatorial optimization problems [26] have the same basic structure. Let us briefly
consider a few examples:



Spin glass Hamiltonians are a well studied model of disordered systems. These models
consists of a collection of n spin variables o; that may have the values up (+1) and down
(~1). The energy of a particular spin configuration is described by a Hamiltonian, which
most commonly is assumed to be of the form

Hio) = Z Jij0:0;
]
where the sum runs over a set of “interacting” pairs of spins. The coefficients J;; measure
the “interaction strength” of each pair of spins. Assuming that the spins are arranged
on a lattice 1 - j refers to lattice neighbors, while in a long-range model, such as the
Sherrington-Kirkpatrick model [64] the sum runs over all i < j. The dynamical behavior
of spin glasses is commonly investigated based on the assumption that the “elementary
move” is flipping a single spin, ¢; = —o;. This arranges the spin configurations {¢} in a
hypercube of dimension n, see 3.9.4.

Lattice models of protein folding (15] and RNA folding [21] belong to the same class of
models. The configuration sets in these cases, however, contain more complicated objects
than strings in these cases. One has to deal with self-avoiding walks on certain lattices
and a particular class of sub-cubic outerplanar graphs, respectively.

A combinatorial optimization problem, by definition, consists of a set V' of configurations
and cost function f : V — R. The configurations may be encoded as strings taken
from a alphabet A as is commonly the case in applications of genetic algorithms [36],
permutations as in the case of the Travelling Salesman Problem (see 3.9.5), or trees as
in genetic programming [44]. Similar constructions can be found in search theory [59]. A
large class of optimization heuristics, including simulated annealing, works by iteratively
testing “neighboring” configurations and accepting them under certain conditions. Hence,
they are implicitly defining a landscape, as emphasized in (39, 40].

1.4 The relationships between the chemical or pharmacological activity of a molecule and
its underlying structure is of utmost importance in drug design. The molecular structu-
res, represented by their structure formulas (graphs), take on the role of configurations,
while to cost function measures the activity. In methods such as QSAR (Quantitative
structure-activity relationships) [31, 45] so-called “descriptors” or “indices” (i.e., numeri-
cal parameters) are derived from a molecular graph, or via the detour of computing the
detailed three-dimensional spatial and electronic structure of the molecule. The vector of
these indices is then related to a particular physical, chemical, or biological property of
interest by means of multivariate statistical data analysis.

In the language of this paper we may interpret QSAR as a landscape problem. The fitness
function f : V —> R assigns an activity f(z) to each molecular structure graph z € V
taken from a predefined class V' of molecules. The computation of the descriptors and
their translation into activity is all encapsulated in the fitness function f in this picture.
A graph structure on V could be imposed by simple “edit operations” on the backbone,
preferably operations that correspond to reasonable chemical reactions.



The QSAR approach is generally based upon evaluation of sets of con-generic molecules,
where the relationship between structure and measured effect can be readily elucidated.
With diverse molecular sets, predictions are less precise and links between structure and
mechanism may be difficult to discern. The necessity to screen diverse compounds in the
drug development process requires QSAR analysis of diverse (non-con-generic) molecules
for predicting e.g. cytotoxicity. Recently this has lead to the application of combinatorial
optimization techniques, such as Genetic Algorithms, to improving and searching the
predictive models, especially in the context of diverse sets of molecules [60].

1.5 One crucial difference, however, separates landscapes in chemistry, biology, and phy-
sics from those of operations research and computer science. The neighborhood relations
are predefined by nature in the former cases as spin flips, point mutations, or chemical
reactions. When designing search strategies or optimization heuristics, on the other hand,
we have a free choice of the “move set”. In fact the efficiency of an optimization heuristic
depends crucially on selecting a suitable one.

The theory of algorithmic complexity [57] hence starts with the definition of V and f,
asking e.g. whether an efficient (i.e., polynomial) algorithm exists to find mingey f(z). In
most physical applications, however, the complexity of the problem in this strict sense
is irrelevant. Nature has already provided a search strategy (that is, a configuration
graph) and we are stuck with it. In this contribution we will therefore mostly investigate
properties of a landscape on a fixed configuration graph, although we will expand our
investigation to certain classes of related weighted graphs in section 5.

1.6 The main challenge to landscape theory is to determine which features of the fit-
ness landscape determine the evolvability of the systems on the landscape. It has been
known since Eigen’s [17] pioneering work on the molecular quasispecies that the dynamics
of evolutionary adaptation (optimization) on a landscape depends crucially on detailed
structure of the landscapes itself. Extensive computer simulations, see, e.g., [22, 23] have
made it very clear that a complete understanding of the dynamics is impossible without
a thorough investigation of the underlying landscape [18, 38].

The intuitive concept of the ruggedness of a landscape has been identified as one of the
most important characteristics of a landscape [78, 18, 67, 56, 42]. A rugged landscape,
so the intuition says, would contain many obstacles for optimization heuristics such as
simulated annealing of genetic algorithms, and hence “rugged landscapes” would be hard
to optimize in practice. There are at present three distinct approaches to define and
measure ruggedness: It is most easily quantified as the correlation of fitness values in
“neighboring” positions. Weinberger (78, 79] suggested the following procedure. Given
a Markov process on V, we sample the fitness values f(z(*)) along a trajectory of this
process, interpret them as a “time series”, and compute its autocorrelation function.

Alternatively, [56] proposed to use local optima, and [41] suggested the length distribution
of so-called adaptive walks. Some connections between these measures are discussed in
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[25]. The different definitions and measures for “ruggedness” that can be found in the
literature are not equivalent, albeit closely related with each other.

It should be kept in mind, however, that a landscape is of course not determined comple-
tely by its correlation functions, see [1] for an instructive example. Correlation measures
are good predictors for the “optimizability” of a landscape provided the landscape is ty-
pical in a sense which can be made precise in terms of maximum entropy type property
called “isotropy” [73].

1.7 Methods from spectral graph theory have been used in [71, 72, 74, 69] to explore
landscapes by ways of the structure of their correlation functions. Much of this work
is based on expanding a landscape into a “Fourier series”, with a “Fourier basis” that
is implied in a natural way by the configuration graph (or a more general so-called P-
structure in the case of recombination spaces [74, 69, 77]).

In this contribution we generalize previous results and put them into a unified perspective
making consequent use of two related contructions from algebraic combinatorics: equitable
partitions and coherent algebras.

This paper is organized as follows: In section 2 we define the notation and rehearse some
basic properties of landscapes on graphs and their “random walk” correlation functions.
Equitable partitions of matrices are employed in section 3 to simplify the task of com-
puting the spectrum of large graphs with a high degree of regularities. The problem of
finding usefully coarse equitable partitions is addressed in section 4. Coherent algebras
are used in section 5 to extend the notion of so-called elementary landscapes to certain
classes of random walks. We close with some concluding remarks in section 6.

2 Graphs and random walks on graphs

2.1 Let G be a graph with n vertices, vertex set V = {1,...,n} and edge set E. Unless
explicitely stated otherwise our graphs are undirected and have neither loops nor multiple
edges, i.e. E may be identified with an irreflexive and symmetric binary relation on V. If
uund v are adjacent vertices in G we denote this by writing u ~ v. An undirected edge
connecting v and v is denoted by [u,v], or simply by uv.

For v € V the set N(v) = {u : u~ v} is called the set of neighbours of v, its cardinality
|N(v)] is called the degree of v and is denoted by d,. A graph G is called D-regular, if all
its vertices have equal degree D.

All graphs considered in this paper are connected.

The adjacency matrix of a graph G is denoted by A(G), or simply by A, if G is fixed. It
is a symmetric matrix with entries from {0,1}. The 7j-entry of A is A (or sometimes
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(A);;). Vectors are understood as column vectors and denoted by bold letters like x, with
components 1, ¥, and s0 on. Let e be the n—dimensional vector of all 1's. The transpose
of a matrix A (or a vector x) is AT (or xT).

2.2 Let a connected graph G and a real-valued function f: ¥V — R be given. (G, f) is
called a landscape, G the configuration graph and f a cost or fitness function on G. If f
is constant we call (G, f) a flat landscape.

A landscape f determines an n-dimensional vector f with f, = f(v). Define
il o
f:mz_f(z), f*=fe, F={f{v) :veV}
i€V
1 5 .
af'= m{fﬂ' V(e —£).
If f is considered as a random variable with uniform distribution over F' then

F=Exp(f), a; = Var(f),
Le. f is the expectation and o% the variance of f.

A Maurkov chain on V is a sequence of random Variables Zy, Z,, Z,, ..., with common
range V', a stochastic matrix T of dimension n x n (the transition matrix) and a stochastic
vector p such that

Prob{Zy =t} =p;, 1 <i<n,

Prob{Z =i} = (pTT*),.
If T is such that T, > 0 implies uvv € E then the Markov chain is called a random welk
on the graph G. We may consider a random walk on G as a stochastic process where
we start at a vertex v with probability p, and move along the edges of G from vertex to
vertex, the probability for reaching vertex u after k moves beeing (p” T*),.. The standard

rendom walk on a graph G is the random walk with transition matrix T defined with the
aid of the adjacency matrix A by

1
Tuv = d_u Auv -

If G is D-regular this reduces to T = D 1A.
A Markov chain is called stationary, if p is such that
p'T=p".
In this case, p is called the stetionary distribution of the chain. For random walks on

connected graphs there is a unique stationary distribution, namely

d

P=my
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where d is the degree vector of G. In the case of a k-regular graph this reduces to the

uniform distribution 5

P =7
Vi

2.3 Consider the set F' as a (in general huge) ensemble of datas and G as a system of rules
specifying how one is able to move around in this ensemble. As it is most frequently the
case in dealing with a huge amount of datas the final goal ist to get a "global” description
of the function f “belonging” to F', i.e. one would like to know the details of the fitness
function f. A more realistic goal is to gather some amount of information about f and
infer statistical properties of the set of fitness functions that fit the given data. Such
statistical properties are conveniently expressed by values of statistical parameters like
the mean f and the variance a';‘. Another convenient way is to use a stationary random
walk on G and investigate its autocorrelation function.

Let Zy,Z), Zs,... he a stationary Markov chain on V' with transition matrix T and
stationary distribution p. Define F; = f(Z;), 7 > 0. Then

Exp(F) = Y f(k)pe,
k=1

Var(F) = 3 (f(k) — Exp(F))ps,
k=1
Cov(F, F) = 33 (f(k) = Exp(F))(f(1) — Exp(F;))pe(T )i,
k=1 I=1
Cor(F, Fy) Cov(F,, F)

Var(F;)\/Var(F)

Here the expressions Exp(F}) and Var(F;) are independent of i, while the covariance
Cov(F;, F;) depends on i and j only via the difference k = j — 4. The same observation
holds for the correlation Cor(F;, F;). Given f, the function r¢(k) = Cor(F;, Fiyy) is called
the autocorrelation function of the Markov chain.

2.4 If G is D-regular, then for the standard random walk T = D~'A, Exp(F,) = f
Var(F) = o}. Further,

f—f)TARf - f*
Cor(F;, Fix) = %17%*“)

The autocorrelation function is

= [f ;,f‘]T [DAM] [f ;ff‘] |
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Hence, ry(k) is a quadratic form

sl l—‘l/lfTT"f

where

, TF=— k>0

Since f has mean F =0 and 0;- =1, we have

T'f(k) = T'f(k), k> 0.

For this reason, in what follows we may assume w.l.o.g. that f = 0 and a} = 1. Under
this assumption we have
1
re(k) = !—v—lf'TT"f.

The function r; depends on the landscape only, ie., on f and on the graph G. It is
therefore a characteristic of this landscape. Its “shape” has been the topic of several
investigations reported in the literature, see e.g. [24, 37, 42, 65, 72, 78]. An important
result of these investigations is expressed by the following proposition.

Proposition 1. Let (G, f) be a non-flat landscape on a connected, D-regular graph G
with adjacency matrizr A. Then r; is an ezponential function if and only if f is an
eigenvector of A.

Proof. A proof of this statement has been given in [72]. Since it needs only a few lines,
we add it here for the convenience of the reader.

Since A is symmetric, there is a system on n orthonormal eigenvectors x*

A. Let Ay, Ay, ..., Ap be the corresponding eigenvalues. Then

X2y dor

T*x = (%)"x‘, 1<i<n.

Write

n
f= Ea,x‘,

=1

with appropriate constants a, ... , . Inserting this into the formula for r,(k) gives

=1

i=1 j=1
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Hence, ;(k) is exponential if and only if thereisa j € {1,... ,n} such that o; # 0 implies
Ai = A;. But this means

= Z ax' = fx

vA=A;

where (3 is a constant and x is an eigenvector for the eigenvalue A;. o

2.5 If G is not D-regular define a matrix D by Dj; =0ifi #jand Dy =d;, 1<i<n.
Then the transition matrix of a random walk on G is T = D' A. Since for a non-regular
graph the stationary distribution is

d

P=ﬁ,

in the definition for r;(k) no longer the arithmetic mean of the values of f appears. We
have to redefine f by

=3 ftiger
i=1

Further, the variance of the stationary distribution is
n
B iy — PP
q-gmnnmm

Under analogous assumptions as before (f = 0 and o} = 1) the autocorrelation function
reads now
Tf(k) = fTka
where 1
Ty = —DT*.
T 2E]
Again using the representation of f via the eigenvectors of A we find

n

rylk) = %EIZ

i MDY
=1 i=1

Form this expression we see that Poposition 1 can be extended to non-regular graphs as
follows: A non-flat landscape has an autocorrelation function of the form

ry(k) = (DTN

if and only if f is an eigenvector of A for the eigenvalue A; (1 <1 < n).



- 224

2.6 Note that in the non-regular case the transition matrix T of the standard random
walk is not symmetric. In the case where this matrix is not diagonalizable, the x',... ,x"
are not necessarily eigenvectors of T. For this reason, when studying the properties of
random walks on a graph, the matrix L = D — A is a another useful tool which for certain
goals is more convenient than the adjacency matrix A, The matrix L is symmetric and,
therefore, we can represent any vector f as a linear combination of the eigenvectors of
L. However, if G is D-regular, then L and A have the same eigenvectors, and if ) is an
eigenvalue of A, then D — X is an eigenvalue of L, and vice versa. For a non-regular graph
@ this is not true. The matrix L is often called the admittance matriz of G, and —L is
called the Laplacian of G (for an explanation of this name see [11, 53, 54]). For the study
of the autocorrelation function of a landscape, the Laplacian —L is in general not more
advantageous than the adjacency matrix A.

In many practical applications an idealized model is used where the configuration graph
is regular (even in a stronger sense than D-regularity expresses). The non-regular case
becomes important when one wants to investigate the effects of slight perturbations of
the idealized model.

2.7 The autocorrelation functions of landscapes have been studied in numerous papers,
see e.g. [24, 37, 42, 65, 72, 78]. Its shape can be determined using the eigenvalues and
eigenspaces of the configuration graph. Therefore for this field of research the spectral
theory of graphs is of considerable importance. Spectra and eigenspaces of graphs ha-
ve been intensively investigated in the literature for several different reasons. Standard
books on this topic are [6, 13, 14, 28]. In many cases, combinatorial considerations allow
(at least partly) the determination of the eigenvalues of graphs, i.e. of their adjacency
matrices, without applying numerical methods. Numerous combinatorial tools have been
developed for this aim. In this paper we give an introduction into the use of one particular
useful combinatorial tool for investigating the spectra of graphs, the so-called equitable
partitions. Combined with a second powerful combinatorial tool, the coherent algebra of
a graph, we will be able to formulated further interesting results about autocorrelation
functions of landscapes.

3 Equitable partitions

3.1 Let G be a graph and let 7 = (V),...,V,) be a partition of the vertex set V into s
non-empty and pairwise disjoint cells V;. The partition 7 is called equitable (with respect
to G) if for each 7 and k the number of neighbors of a vertex u € V; which belong to Vi,
te. {v : v~ u}n V|, depends only on the cell indices ¢ and k and not on the vertex u
selected. We denote this number by Ry,
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An equitable partition is accompanied by a so-called quotient graph G/r. This is a
directed multigraph having the cells V; of = as vertices and Ry arcs leading from V; to
Vi (1 < i,k < s). The quotient graph is not necessarily symmetric, since in general
Rix # Rii. It can be considered as a visualization of the matrix R = (Ri), which plays
a crucial role in the study of the spectrum of G, as will be shown below.

To have an example, consider the graph in Figure 1. In a copy on its right side an equitable
partition is indicated by using different symbols for the vertices in different cells. The
third figure is the corresponding quotient graph.

Other examples one finds with the help of groups of automorphisms of a graph G. Let
Aut[G| be the group of all automorphisms of G, H any subgroup of Aut[G]. The orbits
Off,...,0f of V under the action of H is an equitable partition. In the example of
Figure 1 the mentioned equitable partition is the partition into the orbits of the group of
those automorphisms which fix the set of the two vertices marked by a full circle.

There are two trivial examples for equitable partitions: the trivial pertition n = {V},
where s = 1 and V) = V, and the discrete partition m = {V,,... ,V,}, where s = n and

Figure 1

Equitable partitions and the notion of the quotient graph have been introduced by Sachs
[62, 63]. The notation equitable partition was introduced in [66]. In [49] equitable par-
titions were studied to some extend in connection with their use in graph isomorphism
algorithms. Today, these concepts are well-known and treated thoroughly in several mo-
nographies (see (10, 14, 28]).
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3.2 For the aim of this paper we shall use a somewhat different approach to the notion of
equitable partitions. We will define them not as partitions of the vertex set of a graph G
, but as a partition of the rows and columns of an arbitrary matrix A. A similar approch,
however in a different context, can be found in [28].

Let again V' = {1,2,...,n}. For a partition = = {Vy,Va,...,V;} of V into s cells let
gl,g?, ... ,g° be the characteristic vectors of the cells, i.e. (g) = 1 if k € V;, and
(g*)k = 0 otherwise.

A partition 7 is called row equitable with respect to a matrix A if there exist real numbers
Ry, 1 <14,k < 5, such that

Ag =Y Rueg* 1giss
k=1
It is called column equitable with respect to A if there exist real numbers Cy such that

5
gTA=) Cug'” 1gi<s.

k=1

For two cells Vi and V; let A'%*) denote the submatrix of A (of dimension |V;| x |Vi|)
consisting of all entries A, with s € V; and ¢t € V}. In terms of these submatrices row
equitable means that all rows of A®* sum up to the same value Ry, i.e.

Ry, = ZAM:

LEVR
independent of s € ¥;. Column equitable means that all columns of A*) sum up to the
same value Ciy, 1.e.

Cu=Y_ Ag,

SEV

independent of t € Vi. By summing up the entries in A®® in two different ways, once
row-wise and once column-wise, we get the equalities

ViR = Cue|Val, 1 <4,k < 5.

Clearly, if A is symmetric, then row equitable implies column equitable, and vice versa.
In this case we call 7 simply equitable. If A is the adjacency matrix of a graph G, then 7
is equitable with respect to A if and only if 7 is equitable with respect to G.

Assume that 7 is equitable with respect to A. The numbers R;; and C;; are called the
structure constants of (A, ). The matrices

R = (R;j)1cijes and C = (Cyj)icijes
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are called the structure matrices of (A, ). Obviously, if A is symmetric, then C = RT.

In the example of Figure 1, the structure matrices are

1200 1100
1010 2010 "
R = 3 C= =R".
0111 0112
0020 0010
REMARK. Define R(m) = span(g’,...,g*) (the subspace of the n-dimensional real space
R spanned by the characteristic vectors g',...,g* of 7). Note that 7 is equitable with

respect to A if and only if R(x) is a left and right invariant subspace of R" with respect
to the action of A on R".

3.3 The usefulness of equitable partitions is expressed in the following proposition. By
spec(A) we denote the set of different eigenvalues, by xa (z) the characteristic polynomial
of A.

Proposition 2. Let R and C be the structure matrices of (A, 7). Then
(1) spec(R) = spec(C) C spec(A).
(2) Ax = Mx, g7x # 0 for at least one i, 1 <i < s, implies A € spec(C).
(3) xr(z) = xc(z); if A is diagonalizable, then R and C are also diagonalizable
and xr(z) s a factor of xa(z).

Proof. Assume that Ru = Au, Cw = pw, for some u # 0,w # 0. Define a vector
x= S0, uig'. Then

8 $ s 5
Ax = 2 'U.:;Agi = Z Z u,-RMg" =) Z ukg" = Ax.
=1 k=1 i=1 k=1

Since |Vi| - Rix = Cux - |Vi|, we get

s s
ZRim = Ay; = ZC‘-MIV}:\ = du;|Vil,
= k=1

§ s
Wy w;
Ciapwg = pw; =% ) R = por
§ ' a ,CZ‘:I Vel TV

This proves (1) and the first part of (3).
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To prove (2) assume Ax = Ax, x # 0. It follows

s
g TAx = Z Cag"Tx = 2gTx.

k=1
Hence, C has eigenvalue A with eigenvector u, where u; = g"Tx, 1<i<s.

Recall that a matrix is diagonalizable if and only if its minimal polynom has only simple
roots. Thus, in this case (1) implies that also the minimal polynomials of R and of C have
simple roots only, and these matrices are also diagonalizable. The proof of (1) shows that
a set of linearly independent eigenvectors of R determines a set of equally many linearly
independent eigenvectors of A. This completes the proof of (3). [

REMARK. It follows from part (2) of the proposition that, if A is an eigenvalue of A the
eigenspace of which is not orthogonal to span{g',...,g"}, then A € spec(C). Note that
(3) holds for any symmetric matric A.

According to [14] the main part of the spectrum of a matrix A is the set of those eigenvalues
of A which have an eigenvector not orthogonal to e. Since a vector which is not orthogonal
to e cannot be orthogonal to all vectors g',... ,g* it follows from Proposition 2(2) that
the main part of spec{A} is contained in spec(R.).

REMARK. Condition (2) in Proposition 2 can be used to guide the search for graphs that
have equitable partitions with a 1-point cell V; and spec(R) # spec(A). Suppose V; = {v}
and let A be an eigenvalue of A. Then A € spec(R) whenever there is an eigenvector x
of A such that z, # 0. Hence, we have to look for eigenvectors that vanish on certain
vertices of a graph. Oftentimes, such eigenvectors occur in graphs with “small” symmetry
groups.

ExaMPLE. For the adjacency matrix A of the path graph 2-1-3 we get
A= 0, x'=(0,-1,1),
A o= V2, xt=(—v2,-1,1),
A= V2, X =(v2,-1,1).

The partition m = {{1},{2,3}} is equitable since it is an orbit partition. We find
spec(R) = {—v/2, 2} C spec(A).

Proposition 3. Let 7% = {Vl(k),... ,Vs(:’)}, 1 <k < v, be a sequence of equitable
partitions satisfying the condition that for every k € V there is a & with {k} € 7%, Then

U spec(CH)) = U spec(R¥%)) C spec(A) C U spec(R™),
k=1 k=1 k=1

where R¥ and C*' are the structure matrices of 1),






































































































