communications in mathematical

m@ﬁ@h no. 38, October 1998

and in computer chemistry
ISSN 0340-6253 MATCDY (38) 35-51 (1998)

SYMMETRIC POLYMETHINE DYES
WITH A CENTRALLY DISPOSED CONJUGATED BRIDGE:
A TOPOLOGICAL ANALYSIS OF FRONTIER ENERGY LEVELS

M. L. Dekhtyar and *V. M. Rozenbaum

Institute of Organic Chemistry, National Academy of Sciences of Ukraine,
Murmanskaya 5 Kiev-94, 253660 Ukraine
Institute of Surface Chemistry, National Academy of Sciences of Ukraine,
Prosp. Nauki 31 Kiev-22, 252650 Ukraine

For polymethine dye molecules constituted of two pairs of identical
end fragments symmetrically bound to a central bridge of C,,
symmetry, general expressions are derived within the long-
polymethine-chain approximation which relate the topology of
constituent molecular moieties to the frontier energy levels of the
integral system. The results are presented in terms of the Green's
function formalism and exemplified by squarylium and thiosquarylium
compounds containing a variety of end groups normally used in dye
chemistry. A simple relation has been obtained for the shift of the first
electronic transition wavelength of a bridged molecule relative to its
analogue with the opened polymethine chain. It is shown that the sign
of the shift depends on effective parameters of end groups and the
central bridge, as well as on the polymethine chain length.

Among n-conjugated polymethine molecules, a highly important place is
occupied by those containing various cyclic fragments in the middle of the
polymethine chain. For instance, photochemically stable and selectively absorbing
long-wavelength light squarylium dyes show much promise in electrophotography,
light energy conversion [1 ], optical information storage [2 ], nonlinear optics [3 ]
etc. The technological needs invite theoretical studies to reveal relationships
between chemical constitution and spectral properties of the compounds
concerned. Particular attention is deserved by description of frontier molecular

orbitals and those lying in close proximity to them, as these energy levels are
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responsible for optical behavior of molecules. For instance, a three-level model was
reported to be invoked in calculations of third-order nonlinear optical
susceptibilities for squaraines [4 ].

Theoretical analysis of molecular orbitals for conjugated compounds owes,
to a large extent, its remarkable progress to graph theoretical approaches which
proved to be in no case only the subject of mathematical interest (this line can be
exemplified by Refs. [5 ,6 ,7 ,8 ]; for comprehensive treatment of the subject see
monographs [9 ]). Two decades ago, this area was replenished by an original
methodology subsequently called the long-polymethine-chain approximation
(LPCA) [10,11,12,13 ] It takes advantage from the fact that molecules
containing a sufficiently long polymethine chain are characterized by a rather
small distance between frontier levels which in addition can be expressed as a
rapidly convergent power series in the reverse chain length [12]. As a result, the
model of a long chain provides an adequate description even for short-chain
species and the shifts of frontier energy levels caused by the attachment of
arbitrary end groups to the polymethine chain are expressible analytically. End
groups are characterized by a set of easily calculable effective topological
parameters which account for their effect on the molecular electron donor ability
as well as their contribution to the increased wavelength of the first electronic
transition. Among other applications, these parameters reported previously for a
variety of end groups proved to be very helpful in the analysis of nonlinear optical
properties of polymethine compounds [14 ,15].

Rationalization of chemical and optical behavior of bridged polymethine
dyes is also attributed much to LPCA. Qualitative prerequisites for this avenue in
the treatment of a cyclized conjugated chromophore burgeoned even in the early
sixties when Dyadyusha pioneered a qualitative symmetry-based consideration of
the spectral changes caused by a cyclic bridge centrally incorporated into the main
chain of polymethine dyes [16 ]. Further advance in research on bridged
polvmethine species was gained in the framework of the well-elaborated LPCA, by
the analysis of their energy spectra using the secular polynomial technique
[17 .18 ]. The conditions for the existence of local levels as well as absorption

maximum shifts in dye vinylogous series were thus studied in the above Refs.



In the present paper, we aim at gaining an insight into bridge effects on the
frontier level positions for polymethine dyes. With this object in view, the long-
polymethine-chain approximation is generalized to conjugated molecules
constituted by four arbitrary fragments bound to a bridge of C,, symmetry.
Specifically, our concern here is with the systems constituted by two I'; and two T,
end fragments attached by bonds with the respective resonance integrals f, and f,
to the central fragment, or bridge, Q (see Fig. la). Let the four end fragments,
though unbound to each other, be regarded as a single molecular subsystem T.
From here on we switch from dyes as molecular objects characterized by a certain
geometry to the corresponding chemical graphs (with weighed vertices and edges)
which are determined by their adjacency matrices; spectra of such graphs coincide
(accurate to units of measurement) with the Hiickel energy spectra of molecules,
and this relationship is given much space in the literature (see, e.g., Refs. [5] and
[9]). It is also noteworthy that the above-mentioned symmetry referring to
molecular geometrical parameters is in fact even lower than that of the
corresponding topological objects; thus, we are allowed to use regularities resuiting
from this symmetry in the treatment of the chemical graphs concerned.

The elements of the inverse of the adjacency matrix of the subsystem I’
called also Green's functions (GF) which account for the indirect coupling and
perturbation transmission between the atoms j and j' binding the end subsystem to
the central bridge,

@)=(jz1-1,)"

J'> (1)

are the functions of the energy variable z and have poles at energy levels of the
subsystem T, i.e., at eigenvalues of the Hamiltonian Hr (coinciding with those of

the fragments Iy and T7,).
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Fig. 1. Topology of the bridged polymethine compounds considered: a - general
form; b - quasilinear form with @=r, -Q-T;; ¢ - reduced quasilinear form; d -
constitution of the end group T'}.

The energy spectrum of the whole system is determined by the roots of the
following equation [12]:

det[l - 92)p g(r)(z)BT]: 0 ¥)

that represents the generalized Heilbronner relation [19 ]. (Here g(m(z) is the GF
matrix of the bridge Q and B' denotes the transposed matrix B of interfragment
bonds). From symmetry considerations, this 4th order determinant can be

represented as follows:
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A (1B @) ™ (el ()

@) [ (@) Awg(m(z)gg%)(z)} -

(5

B (r,)(z)g(Q) () - B2 (Fz)(z)g(Q)(Z)
el Bzg(r‘)(z g9 (2) B2 F2)(2)g9, ()"

and g(r‘)(z) and g(ri)(z) denote the diagonal jj elements of the Green's

function matrix corresponding to the atoms through which the subsystem I is
bound to the bridge Q. The Eq. (3) breaks up into two equations describing
symmetric and antisymmetric states of the system:

() - ()] =1- e (el ) - e (e o)

B O PR R 10 S
de[C(2)-D(2)] = [1- Ble (2l |1 - Bl D@D (@) =0,
ot
e2i(2)= el (2) (). =12, ®)

The relations derived demonstrate that due to the linkage of fragments I'y
and I, through the bridge Q, their states mix to provide symmetric molecular

states transformed by the irreducible representations A, and A, of the symmetry
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group C,,. At the same time, antisymmetric molecular states originating from the
fragments T}, and I'; do not mix and are transformed by the irreducible
representations B, and B,; these are respectively described by the first and the
second bracketed expressions, when nullified, in Eq. (7).

The molecular system depicted in Fig. la can be reduced to a quasilinear

form if the fragments I',-Q-I"; are combined into a new one, Q (see Fig. 1b). GF

for the complex fragment Q and for its constituents are interrelated by the

Dyson-like equation [12]:

g(é) (Z) - g(Q)(Z)+ g(Q) (Z)B g(rz )(Z)ﬁT g(G)(Z) =0 )

having, in our specific case, the following solutions:

¢92) = o 9(2)+(2)

2 (10)
-e0(0)+ 43P @[] 1B e @]

£ = @)~ - e, i

As evidenced by the latter relation, the antisymmetric GFs for the complex

fragment G and for its constituent original bridge Q coincide. Due to the

quasilinear tepresentation, the spectrum of the molecular system concerned is

expressed in terms of the compact system of equations:

e (e (2) =1, BV (2™ (@)=1, (12

B3 (2D (2)=1. (13)



Indeed, substituting Eq. (10) into the first of Egs. (12) allows us to return to Eq.
(6), whereas the second Eq. (12) (with regard to (11)) and (13) constitute Eq. (7).

The attractive feature of the representation involved is that each of the
equations in the above system specifies an energy spectrum of some efficient
molecule consisting of two fragments bound by a single bond (see Fig. lc).
Systems of this kind and the corresponding formalism were treated previously, in
the analysis of effects caused on the energy spectrum of the polymethine chain by
end fragments locally attached to it [12, 13]. In the framework of the long-chain
approximation (valid even at n = 1 and hence applicable to the system under
consideration), the positive energy level which is the nearest to the Fermi level is
expressed (in units of |B|, the magnitude of the resonance integral for a carbon-

carbon bond in the polymethine chain) as:

2oy =278, B [I [e' et Fs )F‘”asa],

£y =[n+1+ ?5,3]4

(14)

KB, #Rap Ba=ly whas Bl + 8 (15)

where curly bracing of an expression means taking its fractional part and the

effective parameters of end fragments, Fy, £, and /), for M = y,, 5, and a are

determined by the corresponding GFs g™(z) with M =y,, &,, and @, :

-
FM = l%;mcctgm

2[g(M)(Z)] [g( )(Z)]

z»n ]+[g(M)(Z ]

(16)

ty=

a7
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HU 1+[g(M)(z)l2
s[g (z][ [g (z]) [g(M)(z] =
{l 5 [g(M)(Z)]Z}

(The fragment y,, along with the n-methine chain, constitutes the end fragment

f e
(h=—

(18)

g(M)(

I'y, as shown in Fig. 1d). The negative energy levels nearest to the Fermi level are
obtainable by the same relations (14) on substituting l?s‘a —1 for Era.

For many applications, the long-chain approximation linear in €52 which
is hereinafter designated by LCA-0 (as distinct from the approximation (14)

accurate to ss . and designated by LCA-1) proves quite sufficient. Within the

LCA-0 context, the parameters F ,, €;,, and 75,;; have a straightforward

sa?
physical meaning. The value E‘a characterizes the positions of levels of the same
symmetry relative to the Fermi level, and the value £, describes the energy gap

between them that depends on the end-group effective length,NES,a. If the central

bridge is represented by a N-methine chain, then we are led to:

@)\ cos[(N-18/2] (@), , sin[(N-1)8/2
g (e)=- cos[(N+1)0/2] #)=- sin[(N+1)0,2]’ (19)

0 = arccos(—z/2)

and effective parameters assume the form:



N+1 N-1 N-1
Fsz{_“—}* F, ={_}’ b,=1, =T’ ti=1t,=0 (20)

As evident from Eq. (15), in the case concerned we have: E —E =1/2 and
—{?s=~é’a , which implies equidistant alternating symmetric and antisymmetric levels
(see Fig. 2a). The interlevel gap amounts to 211:/(N +1+2n +2£Y1)’ in

accordance with the result obtained for polymethine compounds with the
unbridged chain [12,13].
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Fig. 2. Energy spectrum in the vicinity of the Fermi level (z = 0) for open-chain
polymethine compounds (a) and their squarylium analogues (b).
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The relations (14)-(18) can be exemplified by squaraine-like dyes, i.e., by
polymethine molecules with a four-membered conjugated cycle regarded as the
bridge Q and two identical heteroatoms, with the Coulomb integrals o,
representing  fragments I',. With this parametrization, symmetric and
antisymmetric GFs as well as the GF gﬁ‘f)(z) for a square bridge Q appear as

follows:

1
2= @)= ePE)-400)--,

Z
1
gﬁ?’(z) == =

@n

Then, taking account of the explicit form of the GF for the fragment Ty
g(r’)(z)= (z— ocl,)_l and invoking Eq. (10), the symmetric GF for the fragment

Q is easy to derive:

2 2
: A BY A
W el @2)
Z°— 0,z —(4+ﬁ2)2+4(11
Substituting this function, along with g(c“)(z), into Eqs. (16)-(18) leads to:
2
F = larcm:g(— 4—(121) ~ -E—
b [32 g <Py <0 4Ttl(12i
(a2 +82)+ g4 4 5 5 (23)
g o (az+Bz)+Bz pr = og 2 B 1683 + 8] +128
S S i Vi = 202 7
SR PV (1603 +52)
1
F":E’ L, =1, £, =0 (24)



As may be seen from Eq. (23), £, > 1/2 and, with a, <B, <0, 7, < 1. Itis
noteworthy that the values of the effective parameters indicated in Eq. (24) for a
square bridge coincide with those for a three-methine chain (see Eq. (20) at
N=3). For this reason, antisymmetric states transformed by the irreducible

representation B, are invariant under the substitution of the three-methine chain

by the complex fragment (N) As the effective lengths ¢ and ¢, are not the same

and the difference F,—F, is not equal to 1/2, alternating symmetric and
antisymmetric levels are no longer equidistant (see Fig. 2b).
Eq. (13) for the energy levels of antisymmetric states transformed by the

irreducible representation B, can be written as the quadratic equation:

Zal(zal _a2)= B% (25)

For squarylium and thiosquarylium dyes which contain two oxygen or two sulfur
atoms as fragments T, (o, = -2, B, = -1 and a, = -0.7, B, = -0.7) bound to the
four-membered cycle, we respectively arrive at:

7, =04142, F =0039%, ¢ =06308, [ =-01676. (26)
z,, =04326, F =00551, ¢, =10000, ¢, =-14710. 27
The values indicated in Eqgs. (24) and (26), (27) remain constant, no matter what
end fragments y, are attached to the central bridge. In Table 1, various groups v,
are listed, with the corresponding effective parameters indicated. The values z, and
z,; calculated in LCA-0 and LCA-1 by formulae (14) and (15) with n=1 as well as
by the Hiickel method are also presented. The parameter F,; normally referred to
as the end-group electron donor ability falls into the range from 0.5 to 1 for the
groups listed and thus provides the situation when the z, and z,, levels nearest to
the Fermi level lie respectively below and above it (see Fig.2b). Groups of this
kind are classified with the class A, in distinction to the class B characterized by 0
< F,; < 1/2 and inverse symmetries of the frontier levels in the resulting

polymethine compound [16].
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The results listed in Table 1 demonstrate the high accuracy of the results
calculated by LCA-1, with reference to the Hiickel method, and also point to the
applicability of the LCA-0 approximation for obtaining quantitative estimates. The
wavelength of the first electronic transition polarized along the axis I'-Q-T, is

specified as:

h
T B (28)

C
Zy —Z }B‘

where % is the Planck constant, ¢ is the velocity of light in vacuum, and |B|
denotes the magnitude of the C-C bond resonance integral. As evidenced by the
comparison with the available spectroscopic data [10], the approximations involved
afford qualitative trends in absorption wavelengths, though with systematically
underestimated theoretical values. This shortcoming is attributable to the neglect of
electron-electron interactions in the Hiickel approach. Nonetheless, the
generalization of long-polymethine-chain approximation to bridged polymethine
compounds allows predicting their properties, just as for their unbridged
counterparts [10, 11, 12, 13, 15].

It is worth noting that in the case of z,;, < z,,, the first electronic transition,
if treated strictly, occurs between the levels z; and z,, and hence is polarized along
the axis T',-Q-I";, but it may be difficult to observe due to its low intensity.

In Ref. [20 ], the shift of the first absorption maximum, AX, was measured
for squarylium dyes with end groups 6-8 relative to their open-chain analogues.
The shifts respectively amounted to 12, 18, and -9 nm. The possibility for negative
shifts AX to occur for this type dyes containing end-groups 1-4 was subsequently
pointed out and presumedly associated with the low basicity of the end groups
involved [21 ]. With the parametrization used in Table 1, only positive shifts are
obtainable for all the compounds concerned, since the position of the upper level
z,) remains unchanged on the substitution of a bridge for the 3-methine chain

fragment, whereas the lower one, z, rises.
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This issue can be studied in detail using LCA-0 analytical potentialities. For

simplicity sake, it is convenient to begin the consideration with the instance of B-

class end groups, i.e., those having 0 < Fﬂ <1/2. 1t may be strictly proved for

them that provided o, <3, <0 and odd values n, the Fermi level is embraced by
the levels z,; < 0 and z, > 0. The difference in the absorption wavelength (2§)
between bridged and corresponding open-chain polymethine molecules, if derived
with parameters (15), (23), (24), and (20) at N = 3, appears as follows, accurate

o g4
M —4hg[(n+2+£, JE+(1-£)F, |<0, n=13, .. e

The negative shift AL originates from the fact that the minimum positive level z
rises in passing from unbridged dyes to their squarylium analogues, whereas the
minimum negative level z,, retains its position (see Fig. 2 b). The next negative
level z, lies deeper than the frontier one of the same symmetry by the energy
distance of 2ne, and since g > ¢,, it may be found not only above but also below
the corresponding level of its open-chain counterpart. This feature is of
fundamental significance in the analysis of bridge-induced spectral shifts for the

dyes with A-class end groups characterized by 1/2 < FY: il

Indeed, switching from B to A class implies the exchange of symmetries for
dye frontier levels, so that they become: z, < 0 and z,; > 0. By analogy with Eq.
(29), we now arrive at:

T

Mxan[(n+2+8, JE-(1-£)(1-F )] n=13, .. (30)

As evident, the absorption shift Ax can in principle take on both positive
and negative values, depending on the polymethine chain length n, the end-group

effective length £Y| , and the electron donor ability F,,. To exemplify, the positive

shift is typical for the case of a rather long polymethine chain (n>>1) or a
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sufficiently great end-group effective length (/ 7 >> 1). At the same time, if the

inequality

1=E:
L8} >i._ (3[)

N2+, -4

holds, the negative shift should be observed. Thus, it can be realized at n=1 and

ﬁ'h >1, or for sufficiently low-electron-donor end groups, i.e. with the value F,

slightly exceeding 1/2, and also for bridges characterized by rather small values F,
and . Based on formulae (23), the latter condition is met with the proviso that
o, <<P, <0; then we arrive at F, << 1 and ¢, —1/2.

Interestingly, when passing from n to n+2, relations (29) and (30) yield a
negative and a positive change in AL (by the value 2X,F;) for B-class and A-class
end groups, respectively, which is consistent with the previously obtained results
[17]. Noteworthy is that the case with even values n is reducible to that with odd

n, provided one methine group is included into the end group y,. As a result,
Fh - {F‘n +1/2}, ﬂh _>fn +1, (if“ — f;l and the end group concerned

changes its class.

Fig. 3 presents the dependence (30) of the absorption shift, AA, on the
parameter B, of the exocyclic heteroatoms (with a, = -2) at the bridge for the
squarylium-like dyes containing end groups 6-8. As may be seen from the plot, the
shifts are the largest for end group 7 and the smallest for end group 8, in
qualitative agreement with experimental evidence [20]. The quantitative correlation
could be reached with the values B, ranging from -0.8 to -0.6. To obtain negative
shifts AA for squarylium dyes with end groups 1-4, still smaller magnitudes |B,|
would need to be involved. Regarding their thiosquarylium analogues, AL > 0
should be expected for them, as they are characterized by much larger values F,
(cf. this parameter in (26) and (27)).
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Fig. 3. Bridge-induced spectral shifts AL for squarylium-like dyes with the end
groups 6, 7, and 8 (from Table 1) versus resonance integral B, of exocyclic
heteroatoms (with a, = -2) at the four-membered cyclic bridge.

That the experimental situation for specific molecules is better described
with non-standard parameter values is not new for the Hiickel method which
provides no explicit consideration of electron-electron interaction. With this effect
included, the bridge electron donor ability, F,, may somewhat decrease thus
making inequality (31) more realistic. However, the main emphasis should be
placed on the advantages provided by the analytical character of the long-
polymethine-chain approximation which, in contrast to the common Huckel
method, on the one hand, and to up-to-date computational strategies, on the
other hand, enables structure-property relationships to be revealed explicitly
(irrespective of the accuracy aspect). This serves as a basis for elucidation of the
origin and prediction of trends for bridge-induced spectral effects manifested by
compounds with the bridged polymethine chromophore.

Acknowledgment
The authors are grateful to Prof. A. 1. Tolmachev who gave impetus to the

present investigation.



References

N o0 3 SN L B L R e

. Law, K.-Y. Chem. Rev. 1993, 93, 449.

. Fabian, J.; Nakazumi, H.; Matsuoka, M. Chem. Rev. 1992, 92, 1197.

. Law, K.-Y. Chem. Phys. Lett. 1988, 150, 357.

. Dirk, C. W.; Cheng, L. T.; Kuzyk, M. G. Int. J. Quant. Chem. 1992, 43, 27
. Gutman, 1.; Trinajstic, N. Top. Curr. Chem. 1973, 42, 49.

. Gutman, L.; Milun, M.; Trinajstic, N. J. Am. Chem. Soc. 1977, 99, 1692

. Dias, J. R. J. Mol. Struct. Theochem. 1988, 165, 125

. Dias, J. R. Mol. Phys. 1995, 85, 1043

. a) Cvetkovic, D. M.; Doob, M.; Sachs, H. Spectra of Graphs - Theory and

Application; VEB Deutscher Verlag der Wissenschaften: Berlin, 1980;
b) Trinajstic, N. Chemical Theory (2nd revised edition); CRC Press: Boca
Raton, FL, 1992, Chapter 6.

. Dyadyusha, G. G.; Kachkovskii, A. D. Ukr. Khim. Zh. 1975, 41, 1176 [Sov.

Progr. Chem. 1975, 41, N 11, 52].

. Dyadyusha, G. G.; Ushomirskii, M.N. Teor. Eksp. Khim. 1985, 21, 268

[Theor. Exp. Chem. 1985, 21, 257].

. Dyadyusha, G. G.; Rozenbaum, V. M.; Dekhtyar, M. L. Zh. Eksp. Teor.

Fiz. 1991, 100, 1051 [Sov. Phys. JETP 1991, 73, 581].

. Dekhtyar, M. L. Dyes and Pigments 1995, 28, 261.

. Dekhtyar, M. L.; Rozenbaum, V. M., J. Phys. Chem. 1995, 99, 11656.
. Dekhtyar, M. L.; Rozenbaum, V. M., J. Phys. Chem. 1997, 101, 809.
. Dyadyusha, G. G. Ukr. Khim. Zh. 1964, 30, 929, 1186.

. Dyadyusha, G. G.; Ushomirskii, M.N. Teor. Eksp. Khim. 1987, 23, 10

[Theor. Exp. Chem. 1987, 23, 10].

. Dyadyusha, G. G.; Ushomirskii, M.N. Zh. Strukt. Khim. 1987, 28, 17.

. Heilbronner, E. Helv. Chim. Acta 1953, 36, 170.

. Yasui, S.; Matsuoka, M.; Kitao, T. Dyes and Pigments 1988, 10, 13.

. Kurdyukov, V. V.; Kudinova, M. A.; Tolmachev, A. I. Khim. Geterotsikl.

Soed. 1996, N 8, 1038.



