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Abstract

The Schultz index (or molecular topological index. MTI) is a topological index based
on distances between vertices of chemical graphs. This index is examined for isomeric
benzenoid graphs (i.e., molecular graphs of benzenoid hydrocarbons). It is shown that
the Schultz index and the Wiener index (W) have the same discriminating power, i.e..
MTI(G,) = MTI(G?) if and only if W(G,) = W(G3;) for arbitrary catacondensed hen-
zenoid graphs 7y and (.

1. Introduction

The Schultz index and the Wiener index (or Wiener number) are topological indices
based on distances between vertices of molecular graphs. The Wiener index was intro-
duced as structural descriptor for characterization of alkanes [1]. The first generalization
of W for an arbitrary molecular graph &' is due to Hosoya [2]. Now his formula is a

conventional definition of the Wiener index:

W(G) =

B -

Z d(u.v),
eV(G)

URY

where d(u.v) is the standard distance of the graph G, i.e., the number of edges in a
shortest path counecting the vertices w and v in G. Mathematical properties and chemical
applications of the Wiener index have been intensively studied in the last twenty live vears

(see books [3-5] and reviews [6-8]).
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I'he Schultz index of a chemical graph (7 was also put forward as a topological index

of alkanes [9]. Nowadays, it is usually referred 1o as the molecular topological index.

M), and it may be presented as
MUHG) = Y 3 deglu)|ag, + d(u. o).
wEV(G) v ()
where deg(e) is the degree (valence) of vertex ¢ in G and a,, is the clement of the
adjacency matrix for (7. Namely, an entry a,. is equal to unity il vertices « and ¢
are adjacent and zero otherwise. The molecular topological index has found interesting

chemical applications [10-13). A number of mathematical propevties of M1 were al

discovered [14 18], It has been demonstrated that MT1 and W are closely mutually
related for certain classes of molecular graphs [15,16].

Discrintinating power of a topological index reflects its ability to distinguish hetween
isomers. Discriminating power of the Wiener index has been investigated for various

'.|A

cs of molecular graphs (sce selected articles [19-21]). In this paper we shall study

discriminating power of MT'1 for benzenoid graphs.
2. Benzenoid graphs

In this section we define a class of graphs which include molecular graphs of cata-
condensed benzenoid hydrocarbons [22). Benzenoid graphs are composed of six-membered
cycles (hexagonal rings). We assume that a graph contains at least two hexagonal rings.
Any two rings cither have one common edge (and are then said to be adjacent) or have
uo common vertices.  No three rings share a common vertex. Each hexagonal ring is
adjacent to two or three other rings. with the exception of the ferminal rings 10 which
a single ring is adjacent. The characlevistic graph of a given benzenoid graph consists of
vertices corresponding to hexagonal vings of the graph; two vertices ave adjacent if and
only if the corresponding rings share an edge. A benzenoid graph is called calucondensed
il its characteristic graph is a tree. By construction. every vertex of a henzenoid graph
has degree 2 or 3. An example of a catacondensed benzenoid graph and its characteristic
araph is shown in Figure 1. The set of all catacondensed benzenoid graphs with / vings
is denoted by Hj,. Every graph H from M, has py = 4h + 2 vertices and ¢ = 5h + 1

cdges.
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Figure 1. A catacondensed henzenoid graph and its characteristc grapl.

3. Main result

There is a simple relation between the Wiener index and the Schultz molecular topo-
logical index of graphs in H,.

Theorem. Let I and 1" be arbitrary catacondensed benzenoid graphs in Hy,. Then
MTI(H) - MTI(H") =5W(H)-W(H").

This result shows that W and MTI have the same discriminating power among
isomeric catacondensed benzenoid graphs.

Corollary 1. Let H,H' € Hy. Then MTI(H) = MTI(H') if and only if W{H) =
W(H').

Properties of the Wiener index provide also the similar properties of MT/. Tor in-
stance, it is a well-known fact that W(H) = W(H') (mod 8) for arbitrary /. H € H,;
[23,24]. This implies the following regularity among values of MT1.

Corollary 2. Let H,H' € Hy. Then MTI(H) = MTI(H') (mod 40). i.c. the
difference MT'I(H) — MTI(I') is divisible by 40.

Other regularities of W-values for catacondensed benzenoid graphs can be found in

[23-27]. An explicit relation between MT'1 and W will be reported clsewhere [28].
4. Decomposition of vertex distances

Let V(H) be the vertex set of a graph . By D(v | H) we denote the distance of a
vertex v which is equal to the sum of distances from v to all vertices in /I, D(r | H) =
Tuev (i dlu, v). The vertex set of H may be divided into two disjoint subsets with respect
of vertex degree: V(H) = Vo(H) U V5(H), where V() = {v € V(1) | degle) = n}.
n = 2,3. For every graph H € Hy, [Va(ID)| = 2k + 4 and |Va(H)| = 20 — 2. The

Wiener index may be presented by the same way: 2W(H) = Dy(I) + Dii1l). where
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D) = Tagey=n Plo|H), 1 =2,3. The linear polyacene, Ly, has maximum 1~ among
all graphs of H,, [23].

The proof of Theorem is based on the following decomposition ol sums of vertex
distances D, and Dy.

Proposition 1. Let H be arbitrary catacondensed benzenoid graph in H,. Then
Dy(I1) = Dy Ls) — A and Dy(H) = Ds(La) — A, where A = A(H) > 0.

Proposition 1 will be proven in the subsequent sections. It should e noted that the
similar statement was formulated as conjecture in [29,30].

Corollary 3. Let H, [l' € H,, and the sums D3, D5 of vertex distances of these graphs
be decomposed with A and A’ respectively. Then W(H) — W{(H') = A’ — A,

Corollary 3 immediately follows from the equation W(H) = (Dy(H) + Dy(H))/2 and
Proposition 1.

Corollary 4. Let I, H' € H;, and the sums Dy, Dy of vertex distances of these graphs
be decomposed with A and A/, respectively. Then MTI(H) — MTI{(1l') = 5(\ — A).

It has been recently demonstrated that MTI(H)— MTI(H") = A(W(H) - W(H")) +
D3(1I) — D3(H') holds for any catacondensed benzenoid graphs H and £’ [18]. This
equality and Proposition 1 lead to Corollary 4.

The above corollaries imply Theorem.
5. Kink transformations of graphs

Hexagonal rings of a catacondensed benzenoid graph may be angularly or linearly
connected. Each angularly connected ring is said to correspond to a “kink™ in a graph.
As an illustration consider the graph shown in Figure 1. Big vertices of its charvacteristic
graph correspond to angularly connected rings. Kinks of a graph define a convenient
method to consiruct a henzenoid graph [rom the linear polyvacene.

Consider two graph operations of a catacondensed benzenoid graph I/ that consist of
transforming a linear terminal part of H into new parts as shown in Iligure 2 (see solid
arrows). In other words. a terminal part of H is displaced from its initial location to
another one making a new kink or branch in the resulting graph #'. Such operations are
called kink transformalions [27]. llere and further, A and B stand for arbiivary fragments:
in particnlar, they may be absent. Every transformation of type (b) may be decomposed

into two transforinations of type (a) and (¢) as depicted in Figure 2 by dotted arrows.
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Figure 2. Kink transformations of catacondensed benzenoid graphs.

Proposition 2. [27] Let H be arbitrary catacondensed benzenoid graph in Hy. Then
H can always be obtained from the linear polvacene Ly by a sequence of kink transfor-
mations.

Suppose that H € H), is obtained from L, in such a way. Based on the ahove result,
we try to cvaluate the change of distance sums [y and Dy for neighboring graphs from

the corresponding sequence of kink transformations.
6. Formula for sums of vertex distances

In order to examine properties of D, and Ds in detail, we define a numiber of additional
notations taking into account vertex degrce n € {2,3}. Let (v,v;) be an arbitrary edge

of a graph H. Then

V((e,o)[T) = {ue V(H) | dlu.v) < dlu,m)},
Vil(v, o )| H) = {uwe V{{v,o)|H) | deg(u) = n}.
d{v,u),

u€ln({v,n)|H)

Z d(vy,u).

€V ((m.v)|H)

I

Dol H)

Il

Dy (e |H)
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It is clear that

Vi(H) Vil(es e I H) U Vi ( (g, 0) | H),
Va((v,00)|H) U Va((v, 1) H),

Vv, v [T UV (21, 0)| H),

V(e )| IT)
V(H)

D(v|H)

Da(v|H) + Da(v|H) + Z [d(v,01) + dlvrw)] + die,ey)
w€V((vr,w)|H)

= Dy(vlH) + Do) + Dy(vi|H) + Da(vi|[H) + [V ((ey0)| H)] + 1.

It is easy to verify that D(v|H) — D(v,|H) = |V((vy,v)|H)| = [V({(v.e0)|4])|. Further
we need the above parameters of the linear polyacene Ly (see the cdge (v.v;) of I7 = L,
in Figure 3):

L |Va((r,o)|La)] = h+2 and |[Va((v,00)|Ln)] = h — 1.
2. Dy(v|Ly) = h(h+2) and Ds(v|Ly) = h(h — 1),
3. D(v|Ly) =4h* +4h+1 and D(w|Ly) = 4h* 4 5.

Let H € Hy and H be obtained from the catacondensed benzenoid graph ¢/ and the
linear polyacene I7 by identifying the edges (u,u;) in G and (v,v) in F as depicted in
Figure 3. Then the sum of vertex distances of the graph /I can be expressed using the
analogous sums of its subgraphs G and F.

Proposition 3. For the graphs H, G and F shown in Figure 3, we have

Du(H) = Du(G) + DalF) + hp(D(u|G) + D(1,|G))
+  Ahp(Da(u|G) + Doy |G)) + ¢ulba, hp).
where &, (he. hp) is some polynomial. n = 2,3.
Proof. Let /I be obtained from ¢ and F as depicted in Figure 3. Then the vertex

sets V() and V3(4) may be decomposed as follows

V(1)

1

(VYU V(PN {u,uy 0,0}

(Va( (e, )] G) U V(g ) |G U Va((o,00)[F') U Va((wg, )| )N {0000 ),
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<
&
1

WBIGYU V() U {22}

V(o )|GY U V() |G U Vs ({es o) [FY U Va({e o)l B YU {202 b

First the vertices of degree 2 will be examined.

al). Lel w € Vi((u,)|(7). It is clear that

D(w|H) = Diw|G)+ Z (d{ro,u) + d{v.a))
ceV(F)\{vwr}
= D(w|G) + (pr — Dd{w, ) + D(v|F) - 1.

Summing the above equality for all vertices of Vy({u,1))|G) Y {u}. we obtain

D(w|H) =
weVa({eeun NG\ {ur} wEVa((aan )G\ {u}

(Ve {m, )|} = 1)(D(w[F) = 1).

D(w|G) + (pp — 2)D2{u|G)

¥k

a2). Let w € Vy((uy, u)]@). In this case
D(w|H) = D(w|G) 4 (pp — 2)d(w,wy) + D(vy|[F) — 1.

For all vertices of Va((y,1)|G)\ {u:}, we have

D(w|H) = Z D(w|G) + (pr — 2)D2(1,| )
weVa((ur u)|GN {1} weVa((ny )G\ {1}

+ (Va((ur, w)|G)] = 1Y D(wy [ F) = 1),

Summing the both parts of (1) and (2), we arrive at

P D(e|ll) = Dy(G) — D(u|G) = D) |G) + Ahp( Do(u|G) 4 Dsfay | ()
weVa(G)\ i }

:

+ She(he 4+ 1)(he + 1) (3)

a3). Let w € Va((v,#1)[F). Then

Diwe|ll) = D(w|F)+ Z (d(w,v) + d(u,.r))
r€V(GN {uaa }
= D(w|l) + (pa — 2)d(w,v) + D(u|F) — 1.

ad). Let w € Vi((iy. v)|F). By symmetry of ¢ and vy, we get

D(w|H) = D(w|FY + (pg = 2)d(w. 1) + Dy |[F) = 1.
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Using similar reasoning as in the case of the graph (7. we have

> D(elH) = Dy(F)= D(o|F) = D(on|F)
W€V (FI e )
+ AhG[Da(elF)+ Dol FY) + ([Va((v, 00)[F)] = DEO](7) = 1)
+ (Val(er ) ) = D(D0G) = 1)

= Dy(F)+ (hr + DND|G) + D |G + il hy) ()
Finally, sunuming (3) and (4), we obtain

Do(I1) = Dy(@) + Dol F) + hpe(D(u|G) + D{ay [GG))

+ Ahp(Da(ulG) + Da(ur] ) + dalhic. b,

In order to derive a formula for D3(H) we can apply analogous considerations for

vertices of Vy(H). In this case we arrive at

Ds(H) = Da(G)+ Ds(F) + ([Val(v.o) | F)| + D)(D{u|G) + D{uy|(2))
+  dhp(Da(u|G) + Ds3(w|G)) + dalha, hir)-

The prool of Proposition 3 is complete. O
7. Change of vertex distances under kink transformations

Clousider the first type of kink transformation.

Proposition 4. Let the graph H' be obtained from H as shown in Figure 2. Then
Dy(I1) = Dy(H') = Da(H) — Ds(I1").

Proof. First consider vertices of degree 2 in the graphs H and 117, In order to
calculate W, we decompose these graphs into two subgraphs as shown in Figure 4. Using

Proposition 3 for /I and H', we can write

Dy(H) = Do(G)+ Da(F) + (k+ D(D(u|G) + D(ay IG))
+ Ak + D(D2(|G) + Da(1d|G)) + dalliczs hip).
Dy(I') = Dy(G) + Do(F) + (k4 D(D(w]G) + D(wy|€))

+ Ak + DD (|G + Doy |G)) + dalhes hp).
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Figure 4, The first type of graph decomposition.
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Figure 5. Vertex sets associated with edges.

Since Dy(u;|() may be associated with two edges (uy,u) and (u,.w). in the above

equations this term is denoted by Da(u;|G) and D))(u;|G), respectively. Then

Dy(H) = Do H'Y = (k+ D(D(u|G) — D(w|G)) — 4(k + N1,y ()
+ 4k + D(Do(u]G) + Doy |G) — Dafae}(d)). (5

Now we compute every difference of distances in (5).

Consider subgraphs Gy and G5 of ¢ shown in Figure 5a. It is easy to see that [ u|(7)—
D(w|G) = 2pa, =2 = W2hp +m —1). Since Va((11,w)|7) = {wy.w v} (see Figure 5h).
Dy |G) = dlwy u) + d(uy, ) = 3.

The quantity 12,(w|() may be divided into two parts (see the edge (w.ouy ) in Figure
5b and graphs Gy, (7 in Pigure 5a):

Dy(w|() = P((h) + P((y) = > dw, ) + > Al o).

TV e GIAV (G) SEA (o V1PN Pt
deg(z)=2 degl)=2



Then we can write (the sets V({w, )]G and V({uy, )]G are depicted in Pigure 5e¢)

Dy(u|G) = P(Gy) = [Va(B) =24 (= 2) + d(ugw) =20y + i + 1.
Dy(u]|G) = P(Cy) = d(u,r) =L

Substituting all necessary terms back into (5), we obtain
Dy(H) — Do(11") = 8(k + {)(2hp + 1 — L).
Using Proposition 3 for the vertices of degree 3 in H and H'. we have

Da(Il) = Da(HYY = (k+D(D(|G) — D(w]G)) — 40k + DD [()
+ Ak + D(Da(u]G) + Da(wa|G) = Ds(e0)60)). (6)

Sinee Vi((uy, w)|7) = @ (see Figure 5b), Di(u;|G) = 0. By analogy with the case of

vertices of degree 2, Dy(w](7) may be also divided into two parts P(() aud P((7;). Then

Di(un|(7) — P((G2)

Va(B)|+2+ (m—1) =2hg +m — |,
0.

Ds(u|G) — P(Gh)
Substituting all necessary terms into (6), we have
Da(H) = Dy(1F) = 8tk + 1)(2hg + m = 1).

The proof of Proposition 4 is complete. O

Let us consider the second type of kink transformation.

Proposition 5. Let the graph " be obtained from H as shown in Iigure 2. Then
Du(H) — Dy(11") = Ds(H) — Dy(H").

Proof. Because of Proposition 4, it is sufficient to examine a transformation of type
{¢) shown in Figure 2. The corresponding graphs H' and " we present as depicted in

IMigure 6. Using Proposition 3 for the vertices of degree 2, we have

DAY — Dy(H") = I(D(|G) = DRlGY) + 1D |G) — Dl |€6))
+ “[I’)z((t’(l’] = D—;{U'll(l')) + ‘”(Dz(u’lf(:') - ”-d(u"(:')). (7)

Consider subgraphs (7, and (7 of (¢ shown in Figure Ta. It is not hard to verify that
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U

Figure 7. Vertex sets associated with edges.

Pu|G) = D(w]@) = (2k+2)—2)(ps, — 1) + 2+ 1) +1=3)per, — 1)
= Ak+1)2ha+m—1)4+4k(2hg +m ~ 1),
Dy |G) — Dy |Gy = (2 +1)+1=3)(pg, = 1)+ 2k + 1) = N(pa, = 1)
+ Dlw|Lggr) — D(wr|Liyr)
= 4k(2hs +m = 1) + 4k ~ 1)(2hy +m — 1) + k.

Consider the edges (i, u;), (w,w;) and the vertex sets V{(u, u)|[(7), V({1 a)]¢7) and

V((w,wy)|(7), V{(zwy,w)|G) shown in Figures Th.c. By direct calculation, we have
Dy(u|G) = Do |G) = (k+ D)(k+3) — (2k% + Tk +3) = —k(k +3).

Da(m|G) = Do(w]) = (2k+ 1)+ 1= 2)[%(G)] + 2k + 1) = 3]V (650)]

ge

Dy(ua|Ly) — 2k

(2k +1)(2h4 +m) 4+ (2k = 1)(2hp + m) + 1.



Substituting the above terms into (7). we obtain
Do) = Dy(H") = 3201 ha + hg +m — L)+ 161y = lg) + Sk
Applyving Proposition 3 to the vertices of degree 3 of £ and ', we ean write
Dy = D31y = 1(D(u]() = De|GY) + LDy |F) = D{aey|€4))
+ D G) = Dy G + AUDS(n |Gy = Daae] ). (8)
For vertices of the edges (v, uy) and (w,wy) (see Figures Th.e). we have
D(u]C) = Do |G = k(k+ 1) — (M(k+ 1) + &) = =%
Consider again the graphs () and (7 in Figure Ta. Then

Da((5) = Da(ae|G5)

20k 4+ 1) = DGO+ (26 4+ 1) = 3)[Via6)]

+ Da(w|Ly) + 2k
= 2k+D2ha+m -1+ 2k—=1D2hg+m—-1)
+ k(k+1).

FFinally. substituting all necessary terms into (8). we arrive at
Ds(H") = Ds(H") = 32kI(h s + hg +m = 1) + 161(ha — D) + Sk,
The proof of Proposition 5 is complete, O
8. Proof of Proposition 1

Let FT be an arbitrary catacondensed beuzenoid graph in H;,. By Proposition 2. H

may be obtained from the linear polyacene Ly by a sequence of kink transformations:
Li=H—->H, = ... H,,—-H,=H.

Using Propositions 4 and 5 for the ncighboring graphs of this sequences. we can write
L(HY = Dy Ho )+ A and Dy(H) = Dy(Hi )+ Ay i = L20.om — 1. Therelore,
Dyill) = Dy(Li)=Nand D3(H) = Da(Ly) =N where A = A(/l) = N+ Ao+ 42,00
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