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Abstract

The Wiener index (W) of hexagonal chains (i.e., the molecular graphs of unbranched cata-
condensed benzenoid hydl‘ocarbuns) is examined. The index W is a graph invariant defined as
the sum of distances between all pairs of vertices in a graph. An efficient calculation formula
for W is put forward. This formula is based on simple structural parameters of a graph and
does not include distances between the vertices of the graph.

1. Introduction

Fifty years ago the first method for the calculation of the Wicner index (or Wiener
number) for trees was put forward [1]. Mosoya reformulated the Wiener index in terms
of distances between vertices in an arbitrary graph [2]. He defined W as the sum of

distances between all pairs of vertices of the respective graph G,

W(G) =3 d(u,v),

where d(u,v) is the number of cdges in a shortest path connecting the vertices u and v.



Up to the present, the distance matrix is a basic tool for computing the Wiener index
and related topological indices. Design and applications of topological indices based on
distances in molecular graphs are described in detail in [4-12]. Numerous articles in the
chemical and mathematical literature are devoted to the Wiener index (see monographs
[4, 6, 11] and reviews [7, 9, 12, 13]). Various methods for calculation of W were discussed
in [13, 15-23).

In this paper we derive a new formula for calculation of W for some classes of graphs
which include molecular graphs of unbranched catacondensed benzenoid hydrecarbons.
This formula depends on simple structural parameters of a graph and does not include

distances between the vertices of the graph.

2. Hexagonal chains

In this section we define a class of graphs which are called the hezagonal chains.
Hexagonal chains are exclusively composed of hexagons. Two hexagons have either one
common edge (and are then said to be adjacent) or have no common vertices. No three
hexagons share a common vertex. Fach hexagon is adjacent to two other hexagons,
with the exception of the terminal hexagons to which a single hexagon is adjacent. The
hexagonal chains have exactly two terminal hexagons. Hexagonal chains include the
molecular graphs of unbranched catacondensed benzenoid hydrocarbons [23].

The set of all hexagonal chains with £ hexagons is denoted by Cy. It is easy to see
that every graph G from C} has pg = 4h + 2 vertices and g = 5k + 1 edges.

Let S and S’ be arbitrary subgraphs of a hexagonal chain G such that they are
themselves hexagonal chains and S C §'. Suppose that S is isomorphic to the linear
polyacene and A(S') = h(S) + 1. It is evident that if S does not contain the terminal
hexagon, then S’ may be chosen by two ways. The subgraph S is called the segment of a
hexagonal chain G if every S’ is not isomorphic to the linear polyacene. In other words,

a segment is a subgraph between neighboring kinks of G.



The hexagonal chain (¢ shown in Fig. 1 has seven segments. Every segment is marked
by a straight line. The number of hexagons in a segment S is called its length and is

denoted by {(S). For a segment of a hexagonal chain G, 2 <I(S) < h(G).

G

FIGURE 1. Segments of a hexagonal chain.

A hexagonal chain consists of a set of segments Sy, Sz,..., 5, with lengths {(5;) = I
for some n > 1. Since two neighboring segments have always one hexagon in common,
hG) =L+ b+...+ 1, —n+ 1. Denote the vector of segments’ lengths by L(G) =
(lylay- .. tn). The second vector Z(G) = (21,22,...,2n) describes the mutual relation of
the segments. An entry z; = z(5,), either 0 or 1, is assigned to every segment S;. We first
choose z; = z, = 0. Note that three segments S;_1, S5, Sit1, 1 = 2,...,n— 1, induce a
hexagonal chain. Suppose that this chain is embedded into the regular hexagonal lattice
in the plane. Consider the segment S; and draw a line through the centers of the hexagons
of S;. Then z; = 0 if Si_; and Siy, lie on the same side of the line, and z = 1 otherwise.
If z; = 1, then the segments S;_y, 5y, Siyy form a “zigzag fragment” in the corresponding
graph. Therefore we will call S; the zigzag segment. The graph G in Fig. 1 has three
zigzag segments and L = (2,3,2,5,2,2,3), Z = (0,0,1,1,1,0,0).

Suppose now that L and Z are an arbitrary integer and an arbitrary binary n-
dimensional vector, respectively, and let [; > 2 for all 1. It is clear that they uniquely
determine a graph having n segments. We show that I and 7 completely determine also

the Wiener index of the corresponding graph.
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3. The main result

Let G be an arbitrary graph from Cj with L(G) = (Ii,{2,-..,0:) and Z(G) =
(21,22,-..,2n). Then the Wiener index of G may be calculated from these structural

parameters of (.

Theorem. The Wiener index of a hexagonal chain G is computed from the vectors L(G)

and Z(() as follows

DJI'—‘

E (1612 + 3617 + 261, — 78) + 27

+ 162(14 M

k=141

j=k+1

ki Bl 2B <Bam) T (1,-1)}) .

Note that the above formula does not contain distances between vertices of G. There-

fore it enables a very easy calculation of the Wiener index of hexagonal chains.

4. Proof of Theorem

For an arbitrary edge e = (v, u) of a hexagonal chain G, we define two disjoint vertex
subsets B,(G) = {w | d(w,u) < d(w,v)} and B,(G) = {w | d(w,v) < d(w,u)}. Let
ny(G) = |Bu(G)| and n,(G) = |B.(G)|. By D(v | G) we denote the distance of a vertex
v, D(v | G) = £, d(u,v). It is easy to see that D(u | G) = D(v | G) = n,(G) = nu(G) for
arbitrary adjacent vertices of a bipartite graph.

Let G and H be hexagonal chains. Suppose that F is obtained from these graphs by
identifying its edges (u,v) € £(G) and (u1,v,) € E(H) as depicted in Fig. 2.

F
u v
- - —_—
u v

FIGURE 2.
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It was shown that the Wiener index of the graph F may be calculated [rom the Wiener
indices of its subgraphs G and H [24, 25].
Proposition 4 [23]. For the graph F', we have
W(F) = W(G)+ W(H)+ (pg - 2)D(v | H) + (py — 2)D(u | G)
e 2{‘”“1(6) + n"-u(H) - n‘u(G)nvl (H” = (PG +PH) +1. (l)
Suppose that the graph F' consists of the segments S5), Sa,...,S.. The growth of F
may be understood as a sequential attachment of linear polyacenes H; with h(H;) =

I(S;) — 1 = — 1 hexagons. If H is the linear polyacene, then eq. (1) may be simplified
(see Fig. 3). Indeed, in both cases n,,(G) = 3 and n,, (H) = py/2 = 2k(HI) + 1. Then

Ll\ vy v
v G u / Vl

FIGURE 3.

W(F) = W(G)+W(H)+4h(G)D(v | H) + 4h(H)D(u | G) — 4h(G)
— (12h(H)+1). 2)

Consider the graph G, in Fig. 4. Then G| is obtained by attaching H; to (.
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Applying eq. (2), we have

W(G) = W(G)+W(H)
+ 4h(Gg)(D(U| | H]) == l) +4I,I(H|)D(U| | GQ) = 12’1(’[1) —-1.

FIGURE 4. The sequential growth of G;.

The graph W(G;) may be expressed in terms of W((41) in the same manner. Then
W(Gy) = W(Gs)+ W(Hy)

+ 4h(G3)(D(ve | H) — 1) + 4h(H;)D(vy | G3) — 12h(H,) - 1,



W(G) = W(Gin)+ W(H)

+ AR(Gipn)(D(vi | I = 1) + 4h(H)D(v; | Gisr) — 12h(H;) — 1,

W(Ga) = W(Guy) + W(H,)

+ Ah(Grs1 ) (Dl(vn | Hn) — 1) + 4h(Ho)D(vn | Garr) — 120(Ha) — 1,

where G4 denotes the hexagonal chain with a single hexagon.

As a final result we obtain

W(Grsa) + 32 W(H)

i=1

43 h(Gia)(D(vi | 1) = 1) + 43 h(H)D(v: | Gign)
i=1

i=1

W(Gi)

-+

- 123 h(H) -, 3)

i=1
where h; = h(G:).
1t is well known that the Wiener index of the linear polyacene with h hexagons is
equal to
1

W(H) = 5(16113 +36h% + 16k + 3)

and for the considered vertex of the linear polyacene, D(v|H) = 4h% + 4k + 1 [26, 27]. In
particular, for a single hexagon W(H) = 27 and d(v|H) = 9. Then we rewrite eq. (3) as

follows

W(G,) = 27+;—Zn:[lﬁ(!.—1)3+36(I;—l)2+26(l.v—1)+3]
+ mit,-(z,- — Dhigr + 4}1‘(:; —1)D(v; | Gipr)

= I2_Zn:(l.—1)—n. (4)
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It easy to see that

n

h;:h(G;)= Z(lk-—l)'i-l.

k=i+1
Simplifying eq. (4), we have

W(G,) = %E(IGI? + 3612 — 82L; + 30) + 27

=1

+ 15i (t.{t.»— 1) Z (b - 1)) +4i(1i = 1)D(wi | Gia) - (5

i=1 k=141 =1
In order to complete the proof we need to determine the vertex distances from the
above equation. The following result allows to compute these distances recursively.

Lemma. For the vertices v; and v} of the graph Gy, (see Fig. 4),

D(vi | Giv1) = D(wig1 | Giga) + f(lisr, higz),

D@} | Gia) = D(vinr | Gisa) + flinr, hivz) + 4(hiz2 = 1),
where [(Li, hiyz) = 4[higa(2hia — 3) + (b — 12 + 1]
Proof. Since V(Gi) = (V(Gipa) U V(H;)) \ {vi, w}, we have

z d(;n.n (Ufsu} + z dG.‘-u(uh u)

wEV(Hipr) u€V(Giga)\{vig1,w}

D(Ui l Hi+l) + Z [dG-qn (v"'v""i) +dG'+‘(v'.+1’u)]
weV(Giga)\{vis1w}

D(v; | Hipr) + X (g1 (V3 9i41) + Doy (vig1,w)] -
uEV(Gipz\{vigrw)

D(v; | G-’H)

It is not hard to calculate that D(v; | Hipy) = 4(liyr — 1)* 4 5 and dp,, (ve,v1) =
2(ln — 1) = 1. Then

D(v; | Gipr) dhiga[2(ligr — 1) = 1) +4(liga — 1) +5

=+ Z dG-H(UH'l\u) == dG.n(”iHyw)
u€V(Giyz)

D(vigs | Giga) + Alhiga(2higs — 8) + (liga — 1)* + 1]
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Next we present the distance of the vertex v} in Gy, through the distance of w in

Giya as follows

D! | Gia) = Z dG.“(U';, u) + Z dc.'m(”::“)
vEV(Hi41) weV (G 2\ {vis 1.0}
= D(vi| Hipa) + T [dri, (V5 w) + dg,,, (w, u)]

Y€V (Gis2)\{vig1.0}

D(w | Giz2) + f(liy1, higa) -

Since the vertices w and viy) are adjacent in the bipartite graph Giyz, D(w | Giyz) -

D(vit1 | Gig2) = nuy, (Gisa) — nu(Giga) = (p(Giy2) — 3) =3 = 4(hiya — 1). Then

D} | Giy1) = D(vis1 | Giga) + fllivrs hiva) + 4(hise — 1)
Note that the distances of v,_; and v} _; must be equal for i = n — 1. Indeed, in this
case higa — 1 = hpyy — 1 = 0. This completes the proof. O
Applying the above Lemma, we derive the final expression for the distance of the

vertex v;.

Corollary 2. Let G; be obtained from G4, by attachment of H; to the vertex v;. Then

D(wi | Ginr) = D(|Gnsr)+ 3 fllehinr) +4 Y zilhess — 1),

k=it1 k=i41

Further we rewrite the distance D(v; | Giyy1) in terms of the vectors L(Giy1) and

2(Gipa):

Corollary 3. Let G; be obtained from Gi;, by attachment of H, to the vertex v;. Then

D(v; | Gipa) = 4 E": e+ D)l = 1)+ (20 — 3+ z) f:(l,——l) +9.

k=i4+1 i=k+1



2

Substituting the corresponding expression for D{v; | Gi4,) back into eq. (5), we obtain

I

C

W(Gh) i(wt? + 3617 — 82l; 4+ 30) +27 + 16 Z"j (t;(zg -1) i (e - 1))

i=1 k=141

+ Hii((["fl) z“: [([i+[k+1)(lk7l)+(2fk—3+zk) i ([‘,—1]})

k=itl j=k+1
+ 36> (L-1).
i=1
The proof follows now by direct calculation. O

6. Examples

As an illustration we apply Theorem to calculate the Wiener index of three simple
hexagonal chains. Consider the graph G, in Fig.5. For this graph, L(G)) = (L,[),
Z(Gy) = (0,0) and A(Gy) = + 1 — 1.

Iy

FIGURE 5. A hexagonal chain with two segments.
By the Theorem, we have

W(Gh)

]

%(16!? + 36(7 + 26/, — 78) + %(16[2 + 3613 + 261, — T8) + 27
+ 160l = 1)[(h + 1 + 1)(l = 1) + (2L = 3) (4> — 1))

1

5[16h3 + 36k — 2h(12L, — 25) + 3(81% — 81, + 1)].

Ifly =l or ) = I; — 1, then we arrive at
W(G) = %(16!13 +30K2 4 38k) + (< 1)*,

a result obtained previously by Gutman and Polansky [28].

Consider the graphs (¢ and (5 shown in Fig.6. In this case L(G1) = (I, h(Gy) =1, -
Iy +2,45), Z(Gy) = (0,1,0) and L(Ga) = (b, h(G2) ~ hy — b5 + 2,bs), Z(Ga) = (0,0,0).



FIGURE 6. Hexagonal chains with three segments.

Then we have

3
W(Gh) = =3 (160 + 36! + 26/, — 78) + 27
i=1

| -

+ 16(0 = 1) i (bt b+ 1) — 1)+ (2= 3+2) 3 (55— 1)
+o16( - V)l + b+ 1)l — 1)

= %[16}5‘ + 36A% — 2h{120; + 1203 — 37)] + 8[(L; — 1) 4 (L — 12 + Lh13] —

For the graph G,
1
W(G) = 5[16}:3 + 36h% — 2h(121; + 120 — 3T)] + 8(1F + 12— 1l5) — 7.

Suppose that all segments of Gy and G, are of equal size, f.e., 1} = l; = I3 = (h+2)/3.
Then

W(Gi)

%(16/;3 + 28h* + 42k — 5),

1l

1
W(G,) §(48h’~‘ + 68h% + 158k —31).
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6. Congruence relations for the Wiener index

Let G, and G, be hexagonal chains with equal number of hexagons. A classical result
in the theory of the Wiener index states that W(G,) = W(G4) (mod 8) for every pair of
hexagonal chains G and G, i.e., the difference W(G,) — W((G,) is divisible by 8 [26, 27].
New congruence relations for some classes of hexagonal chains were recently established
[29]. In the previous sections we dealt with the ordered sequence of segments lengths.
Now we consider an unordered sequence {l1,15,...,l,} which is called the sei of segments

lengths.

Proposition 1. [29] If graphs G\ and G; have coinciding sets of segments lengths, then

W(G:) = W(Ga) (mod 16).

Proposition 2. [29] If graphs (G, and G have coinciding sets of segments lengths
{l,ba,....ln}and i = ke;+ 1 forall 1 = 1,2,...,n (k > 1,¢; 2 1), then

W(G,) = W(Gs) (mod 16k%).

It is easy to see that these relations immediately follows from the Theorem. By making
use of Theorem, we can establish an additional congruence relation for some subclasses

Of (J;..

Proposition 3. Let Gy and G, have coinciding sets of segments lengths {l1,1a,..., 1.}
and =k c;+1foralli=1,2,...,n (k>1,¢ > 1). Suppose that all {; and k are odd.
Then

W(G,) = W(G;) (mod 64k%).

Proof. Let G},G; € C}. Let all segments of the graphs have odd length i, I; = ke; + 1.

This implies that k ¢; is even for every i. Since k is odd, all coefficients ¢; must be even.



Therefore every term (I;—1) = k¢; is divisible by 2k. Applying the Theorem, we conclude
that the difference W(G}) — W(G,) is divisible by 64k?. O

Consider again the graphs G and G; shown in Fig. 6. Supposc that L(() = L(G3).
Then
W(G)) — W(G2) = 16(Lils — ), — I3 + 1) = 16k%¢1c5.

This example provides pairs of graphs with smallest possible nonzero difference be-
tween their Wiener indices for every k > 1. Indeed, if these graphs have coinciding sets
of segments lengths, then W(G,) - W(Gy) = 16k at ¢, = ea =1 ([, = Iz =k +1).
If all segments are of odd lengths and k is also odd, then W(G;) — W(G;) = 64k* at
a=c=2 (L=04L=2k+1).
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