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Abstract

The Szeged index (Sz) is the extension of the Wiener formula (H.Wiener, 1947) on cyclic
graphs. Namely, 52(G) = ¥, ;) nuto, Where the summation goes over all edges (u,v) in an
arbitrary graph G, n, = |{w| d(w, u) < d(w,v)}|, no = [{w | d(w,v) < d{w,u)}|, and the dis-
tance d(u,v) is the number of edges in a shortest path connecting vertices v,u in G. It is shown
that if G) and G are complements of hexagonal chains H) snd H3, then Sz(Gy) = 52(G3) if
and only if the angular numbers of H; and H; coincide (the angular number counts angularly
connected hexagons in a hexagonal chain). The congruence relation $z(G1) = Sz(G3) (med 3)
is also established and the extremal graphs are found.

1. Introduction

In his classical work, H.Wiener introduced a new topological index (graph invari-
ant) and established correlations between this index and physico-chemical properties of
alkanes [23, 24, 25]. Molecular graphs of alkanes are finite connected trees. If u and v
are vertices of a tree G, then the number of edges in a shortest path connecting them
is said to be their distance and is denoted d(u, v). Then the Wiener’s invariant may be
presented by the formula

W(G) =Y nun,

{(w,0)



where the summation goes over all edges (u,v) in a tree G and n, = |{w | d(w,u) <
d(w, v)}], ne = {w | d(w,v) < d(w, u)}|. The most well known extension of W for cyclic
graphs was put forward by Hosoya [15]. He defined W in terms of distances between
vertices in an arbitrary graph. According to his considerations, the Wiener indez (or
the Wiener number) of a graph G is the sum of distances between all pairs of vertices

and it may be written as

WGy = Y. dxv).
{u,0}SV(F)

This graph invariant has been intensively investigated by many mathematicians
and chemists and numerous remarksble propertiies of W have been discovered (see
monographs [3, 4, 10, 22] and reviews [2, 13, 18, 19, 20, 21]). A new generalization
of the Wiener index for cyclic graphs was proposed recently by Gutman [14]. This
topological index is now referred to as the Szeged indez and the corresponding formula
for Sz has the similar form:

54G) = num,
(o)

where G is an arbitrary graph. Conditions for coinciding W and Sz was established
in [6, 7). Namely, W(G) = Sz(G) if and only if every block of G is a complete graph.
It could be shown [, 8, 9, 11, 16, 17] that certain properties of the Wiener and the
Szeged index are the same and the other properties are quite different. For instance,
values of every index congruent by modulo 8 for molecular graphs of catacondensed
benzenoid hydrocarbons having the same numbers of rings [11, 18]. For these graphs,
S52(@) = ¢(G) (mod 8), where ¢(G) is the number of edges in . However the later
property is not valid for the Wiener index.

In this note we study new properties of the Szeged index for graphs with small
diameter, which are obtained from hexagonal chains by complement graph operation.
We demonstrate significant difference between Sz and W for complements of hexagonal

chains.



2. Hexagonal chains

Hexagonal chaing are composed exclusively of six-membered cycles (hexagonal rings
or hexagons). We assume that a chain contains at least two hexagons. Any two hexa-
gons either have one common edge (and are then said to be adjacent) or have no common
vertices. No three hexagons share a common vertex. Each hexagon is adjacent to two
other hexagons, with the exception of the terminal hezagons to which a single hexagon
is adjacent. The considered hexagonal chains have exactly two terminal hexagons.
Evidently, all hexagonal chains are planar graphs, These graphs include molecular
graphs of unbranched cat densed hydrocarbons [12]. If all hexagons are regular,

then the above defined graphs contain non-planar molecular graphs corresponding to
helicenic benzenoid hydrocarbons. The set of all hexagonal chains with k hexagons is
denoted by H;. It is easy to see that every graph H from Hj has p(H) = 4h+2 vertices
and g(H) = 5h + 1 edges.

A hexagon of a hexagonal chain is in a mode [12]. A mode of fixed hexagon depends
on the number of its neighbor hexagons and their mutual position (see Fig. 1). Angu-
larly connected hexagons have mode A; linearly connected and terminal hexagons are
in mode L. The number of hexagons of mode A is said the angular number of a graph
and is denoted by a(H). If a(H) = 0, then H is called the linear polyacene.

A graph G is the complement of a graph H, G = H, if V(G) = V(H), and (u,v) €
E(G) if and only if (u,v) ¢ E(H) and u # v. Denote by G, the set of complements for
all graphs of Hy, i.e., Op = {G| G =T, H € H;). Throughout this paper, we assume
that GG always denotes the complement of some hexagonal chain H.

FIGURE 1. Modes of hexagons in a hexagonal chain.
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3. Calculation formula for Sz

Let [u,v] be a pair of nonadjacent vertices u and v of H € H;. The neighborhood
of a vertex v is defined as N(v) = {u | (v,u) € E(H)}. Let m,,(H) = N(u) N(v) for
a nonedge [u, v]. Since the minimal cycle in H is of length 8, my, € {0,1}. It is easy to
see that my,, = 1 if and only if d(u, v) = 2; my, = 0, otherwise. The sum of all distances
between a vertex v and other vertices of G, D(v|@) = }_, d(u, v), is called the distance
sum of v. By diameter of a graph H we mean diam(H) = maz{d(u,v) | u,v € V(H)}.

Since diam(H) > 5 for H € My (h > 2), every graph G € Gy is connected and
diam(G) = 2. This immediately implies

Proposition 1. For every G € Gy, W(G) =8h% 4+ 11h+ 2.
Proof. For an arbitrary vertex v € V(G), we have D(v|G) = dega(v) +2(p—1 -
dega(v)) = 2p—dega{v)—2. Then W(G) = } ¥ (2p—dega(v)—2) = p*—4(G)-p

P =[plp-1)/2-q(H) -p = (4h+2)° — (4h+2)(4h +1)/2+ (5h+1) - (4h +2)
8h?+11h+2 0O

Consider the fragment of the graph H shown in Fig. 2. Every nonedge [u,v] of
forms the edge (u,v) in G = H. It is easy to see that n,(G) = degg(v) + 1 — my,(H)
and n,(G) = degg(u) + 1 — my,(H). Therefore

S2(G)= Y (deg(v) + 1 — mu)(dega(u) +1 — mu,), Q)
[s,v]€eH

where summation goes over all nonedges in H.

FIGURE 2.



Let v be fixed and denote D*(v|H) = 3=, e nr(degn (v)+1—mu, ) (degr (1) +1—myy).

Then we can rewrite (1) in the form

53 el @

veV(H)

1
3 3 Y (degn(v) + 1~ mu)(dega(u) + 1 — muy).
vEV(H) [v,u]eH

52(G)

For a veriex v € V(H), we define the numbers of vertices of v-spheres in H as
33(v) = [{u | d(v,u) = 2,deg(u) = 2}| and s3(v) = {{u | d(v,u) = 2,deg(u) = 3}; the
numbers of vertices of v-balls as b5(v) = |{u | d(v,u) < 2,deg(u) = 2}| and b3(v) =
Hu | d(v,u) € 2,deg({u) = 3}|; the numbers of vertices of v-exteriors as ez(v) = |{u |
d(v, u) > 2, deg(u) = 2}| and es(v) = |[{u] d(v, u) > 2,deg(u) = 3}|.

If degg(v) = 3, then we can write D*(v|H) = 653 + 933 + 12e5+ 18eg; if degy(v) = 2,
then D*(v|H) = 4s3 + 635 + 9e; + 12e5. Let Vo(H) = {u | deg(u) = 2} and Vs(H) =
{u| deg(u) = 3}. Therefore equation (2) may be presented as follows

52(Q) = %[ 3 (4 +6s3+9es+1205) + Y (853 + 985 + 1265+ 16es) ).
vEVa(H) veW(H)

Let Ny = |V,} = 2(h + 2) and Ns = |V;5| = 2(h — 1). Hence e3(v) = N; — bz(v) and
es{v) = N3 — bs(v). Then we have the final formula for the calculation of Sz:

SH0) = & ( T sz + Bas + 9(Na — 1 — bs) + 12(N; — b)) (3)
2 vela(H)

+ E (635 + 985 + 12(N7 — b)) + 16(Ns — 1 — ba)]) .
vEVI(H)

The obtained formula shows that in order to calculate the Szeged index of G € G
it is sufficient to take into t only the bers of vertices in v-spheres and v-balls

of the corresponding hexagonal chain.
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4. Congruence relation for Sz

Let Gy, G be arbitrary graphs of G; and H,, H; be the corresponding graphs of H;.
There is a simple relationship between the Szeged index of G, G; and angular numbers
of Hl, Hz.

Proposition 2. If a(H,;) = a(H,) + 1, then S2(G,) = Sz(Gy) - 3.

Proof. In order to calculate the Szeged index, we apply formula (3). Consider the
fragments of graphs H; and H, as illusirated in Fig. 3. Subgraphs A and B have the
same structure, i.e., H, and H; have only different subgraph C. Note that degrees of
the vertices vy, vs,vs and vy are the same in graphs H; and H;. Therefore, without
loss of generality we assume that these degrees are equal to 2. By definition, we have
D*(v|H,) = D*(v|H,) for every v € V(A) U V(B). This implies

SZ(Gl) L Sz(G;) =

L

( 3 Do) - Y D'(vIHz))- (4)

vEC(H1) v€EC(H3)

Consider the graph H;. Vertices of AU B contribute equal quantities into (4). For

the marked vertices of C, we have

D(u|H) =401+ ) +6(1+.)+9(NM—=1-1+.)+12(Ns—2+..)= —32+4...;
D (vs|Hy ) =4(2+..)+6(2+ ..} +9(Na—1-24+ ..} +12(Ns — 4+ ..} = —65 +...;
D (w|H) =6(2+..)+9(1+..)+12(Na —4+..)+16(Ny —1—2+..) = —T5+....

FIGURE 3.



Here and further the dots in formulae mean values that are the same in H; and
H,. By symmetry, all calculations are similar for the vertices vq, vs, vs, vs a0d ug, Us, tiy.
Therefore

3 DelE) =538+ ...
vEC(H1)

Now consider the graph H,. It is easy to calculate the corresponding values for
marked vertices of C:

D*(n|H) =40+..)+6(2+ .. )+ 9(Na—1-0+4 )+ 12(Ns -3+ ..)=-33+ .5
D (va|Hz) =4+ .. ) +6(1+..)+9(Na—1—1+ . )+12(Ns -2+ ..) =32+ ..
Dr(v|H) =41 +..)+6(2+..)+9(Na—1 -2+ .. )+ 12(Ns — 3+ ..) = —4T+ ...;
Dy |Hy) =6(3+..)+ 90 +..) +12(N2— 4+ ..) +16(Ns —1 -3+ ..) = -85 +...;
D (us|Ha) =8(2+..)+9(1 + ..) +12(Ng — 4+ .. ) + 16(Ns -1 -2+ ..) = -T6 +....

For the vertices vg, vy, vg and ug, g, we have analogous values. Then

S D) = -544 4.

vECG(H3)

Substituting all necessary terms into (4), we have Sz(G,) — Sz(G;) =3. O

The obtained result shows that the change of the Szeged index does not depend
on location of hexagon of mode A in a graph. It is clear that every hexagonal chain
may be constructed from the linear polyacene by changing modes of the corresponding
hexagons from L to A. Applying Proposition 2 to every hexagon of mode A, we get

Corollary 1. If a(H;) = a(H,) + n, then S2(G;) = S2(G,) — 3n.
Corollary 2. For arbitrary graphs Gy, Gz € Ga, 52(G:) = 52(G3) (mod 3).

Corollary 3. Let G1,G; € Gy. Then Sz(G,) = S2(G) if and only if a( H,) = a(H:)
for the corresponding hexagonal chains H,, H, € M;.

Obviously the minimal angular number is equal to 0, and the maximal angular
number is equal to h — 2.
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FIGURE 4. All hexagonal chains with A = 5 and Sz of their complements.

Corollary 4. The complement of linear polyacene has the maximal value of the
Sseged index and this graph is unique. A graph G € G, has the minimal value of Sz if
and only if a(H) = h — 2 for the corresponding hexagonal chain H € Hx.

As an illustration of the above corollaries all graphs with A = 5 and Sz of their

complements are shown in Fig. 4.

5. Graphs with extremal Sz

In this section we calculate the Szeged index for the complements of two extremal
hexagonal chains. First consider the graph H; depicted in Fig. 5, where some nonedges
are shown by dotted lines. In order to calculate Sz(H,), we again apply formula (3).
All vertices of degree 3 in H, may be divided into two classes with respect to vertex
degrees in its spheres and balls. We have four vertices of type w, and 2(h — 3) vertices
of type wy (see Fig. 5). Therefore

D*(wy|H,)=6-3+9-1+12(N; —5) + 18(Ns — 1 — 2) = 56k — 65;

D (wy|Hy) =6-2+ 92+ 12(N; — 4) + 16(N; — 1 — 3) = 56k — 66.
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FIGURE 5.

All vertices of degree 2 may be divided into three classes: four vertices of type ws,
four vertices of type w, and 2(h — 2) vertices of type ws. Then we can write

D*(us|Hy) =4-1+6-1+9(Na—1—3)+12(N; — 1) = 42h — 26;

D (wiHy) =4-2+6-1+9(N; — 1 —3) + 12(Ns — 2) = 42h — 34;

D*(ws|Hy) =4-24+6-2+9(Na—1—2) +12(Ns — 4) = 42h — 43.

Summing all necessary terms, we obtain
S$2(Gy) = Sz(H,) = 98h* — 81h + 34.

Consider the graph H; shown in Fig. 6. It is easy to recognize in H, the vertices
are of types w; (2 vertices), wy (h — 3 vertices), wy (4 vertices), and w, (2 vertices) as
above. Other vertices of degree 3 we divide into three new classes: h — b vertices of
type wy, 2 vertices of type wy and 2 vertices of type wy. For the vertices of new types,

we have
D*(wy|Hy) =6-24 944 12(N; — 2) + 16(N; — 1 — 7) = 56k — 88;
D*(wg|H;) =6-3+9-3+12(N; — 3) + 16(N; — 1 — 6) = 56h — 8T7;
DM (wy|H3) =6-83+9-2+12(N; —4) + 16(Ns — 1 — 4) = b6k — 76.

FIGURE 6.
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Other 2(h — 1) vertices of degree 2 are of type we. In this case, we have

D*(welHy) = 4-1+6- 2+ 9(Ny — 1 — 2) + 12(Ns — 3) = 42h — 35.

Summing all corresponding terms, we arrive at

52(G3) = Sz2(Ha) = 98k — 84k + 40.

As a result we can formulate

Proposition 3. The extremal values of the Sseged index for complements of hexago-
nal chains with h hexagons are Szpin(h) = 98h2—84h+40 and Szmas(h) = 98h?—81h+34.

6. Degeneracy classes for Sz

The previous results demonstrate that every admissible integer is realized as the
Szeged index of the complement of a hexagonal chain. Calculated degeneracy classes
of Sz for graphs of Gy, 3 < h < 10, are presented in Table 1. Here N is the number of

graphs with the same Szeged index. For two graphs of Gs, Sz € {673, 670}.

Table 1. Degeneracy classes for Sz.

h=4 h=>5 h=6 h= h=8 h=9 h=10
Sz N Sze N Sz N Sz N Sz N Sz N Sz N
1272 22070 3|3084 6|4254 10| 5640 20| 7222 36 9000 72
1275 12073 4| 3067 8 (4257 22 |5643 48 | 7225 116 | 9003 256
1278 1 {2076 2|3070 84260 22| 5646 66 | 7228 174 | 9006 464
- -|2079 1|3073 2|4263 12| 5649 40| 7231 146 | 9009 448
- - - 3076 14266 3 |5652 18 | 7234 73 |9012 292
- - - - - -]4289 1|5655 37237 249015 112
- - - - - - - | 5658 17240 49018 32
- - - - - - - - - - | 7243 1| 9021 4
- - - - - - - - - - - - | 9024 1

In order to count numbers of graphs in G; having the same Szeged index, we can
examine graphs of H; with coinciding angular numbers. It is well known the number
of graphs in ), [1]. Let N(h,a) be the number of hexagonal chains of 7, with a > 1.




By simple considerations, we derive the following formulae:

if h i8 even, then

9o ("; 2) + 22 ((" v /22)/ 2) , if a is even

N(hya) =
94-3 (h;Z), if a is odd;
if h is odd, then
9a-2 (h = 2) + 9(e-2)/2 ((h ~3)f 2) , if a i8 even
a af2
N(h,a) =

o (h—2 v (h—3)/2 id s
2 } 9(a—3)/2 i od.
24 ( ) 2(a (( 1)/2 , a 18 d.
Recall that the linear polyacene is the unique hexagonal chain having the angular

number a = 0 for every h.

7. Graphs with the same Sz and W

In this section we find hexagonal chains H such that W(H) = Sz(H). The well
known result from theory of the Wiener index states

Proposition 4 [11]. 1) The extremal values of the Wiener index for graphs of M;, are
equal t0 Woia(h) = (8h° 4 72h* — 26h 4 27)/3 and Wn..(h) = (163 + 36h + 26h+3)/3.
The maximal value achieves on the linear polyacene.

2} If Hy, H; € Hy, then W(H,) = W(H,) (mod 8).

Let I(Gn) = {Szmin(h) + 3n | n = 0,1,...,}(52maz(h) — Szmin(h))} be the discrete
interval of Sz-values, |[[(Gr)] = (h—2)+1 = h— 1. Every element & € I(Gs) is realized
by graphs having the angular number (k — Szmin(h))/3. Denote the values interval for
the Wiener index as I{Hs) = {Wnin(h) + 8n | n = 0,1, ..., 2(Winae(h) — Wimin(R))}.

A graph H € M, is called the double reslization of integer k if W(H) = Sz(G) = k,

where G = H. The obvious necessary conditions for existence a double realization is



I(Hs)NI(Gs) # ©. Henceif k € I(Ha)NI(Gy), then Win(h) = k (mod 8) and Szmin(h)
= k (mod 3) simultaneously. By direct calculation, we establish

Proposition 5. If a double realisation exists, then k € {16,17,18, ...,25}.

For the corresponding classes of graphs, we have I{(H16)NI(G1s) = {23793, 23817},
I(Hy7) N I(Gyr) = {26955, 26979}, I(Hys) N I(G1s) = {30301, 30325}, F(Hae) N I(G10) =
{33831, 33855}, I(Hao) N I(Gao) = {37569, 37593}, I(Ha) N I(Gm) = {41515, 41539},
I(Hn) 0 I(G2) = {45645, 45669}, I(Hys) 0 I(Gas) = {49969, 49983, 50007}, I(Ha) N
1(Ga) = {54481, 54505, 54520}, I(Hz5) 0 I(Gas) = {59211, 59285, 59250}, Bounds of
the indices for considered intervals are shown in Table 2.

Table 2. Bounds of the indices.

16 16937 23784 23826 25057
17 19899 26934 26979 29819
18 23181 30280 30328 35149
19 26799 33822 33873 41079
20 30769 37560 37614 47641
21 35107 41494 41551 54867
22 39829 45624 45684 62789
23 44951 49950 50013 714389
24 50489 54472 54538 80849
25 56459 59190 59259 91051

Consider the value intervals for A = 16,17. Denote #;(W) the subset of graphs in
H;, with the Wiener index W. Then |7£,4(23793)| = 932 and |,4(23817)| = 689 [5].
There does not exist a double realizaiion for W = 23793. All double realizations for
W = 23817 are shown in Fig. 7 (their angular number is equal to 3). For A = 17,
we note that 26979 = S52,.:(17), i.c., H must be the linear polyacene. However,
Winas(17) = 29819. There are many double realizations among |#,,(26955)| = 8295
graphs of H;;. Two such graphs are presented in Fig. 8 (their angular number is equal
to 8).
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FIGURE 8. An example of double realization for A = 17.
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8. Sz for complements of branched hexagonal chains

Every nonterminal hexagon in a branched hexagonal chain may be adjacent with two

other hexagons {no three hexagons share a c« vertex). Such hexagon is in mode B

and is said the dranched hexagon. Let H;; be the set of all branched hexagonal chains
having b hexagons of mode B. Graphs of H;; include molecular graphe of branched

catacondensed hydrocarbons [12]. A graph of s has exactly b+ 2 terminal hexagons.
It is clear that Proposition 2 is also valid for complements of graphs of Hy;, i.c.,
5z(G1) = S2(G) (mod3) for G, = H, and G, = H,, where Hy, H; € Hy;. For the
angular number of a hexagonal chain of H, the inequalities 0 < a(H) < h—2b(H)-2
hold. Applying formulae from the previous points to graphs of H;5, we obtain

Proposition 6. Let H € Hys. If H has the angular number a, then Sz(H) =
Szmas(h,0) — 95 — 3a. The extremal values of the Sveged index for complements of
branched hexagonal chains of Hyp are Szmin(h,b) = Szmin(h,0) — 3b and Szmas(h,b) =
S%mas(h, 0) — 95,

For complements of the top graphs shown in Fig. 9, the Szeged index is maximal

among all graphs of H;03. Complements of the other graphs have the minimal value
of Sz.

FIGURE 9. Branched hexagonal chains with extremal Sz of their complements.
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