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Abstract

Simulated annealing belongs together with genetic algorithms and evolution
strategies to major new optimization methods. It is used for optimization of
highly multimodal functions, both for discrete as well as for continuous
functions. Though origin of the method in physics has been nearly
forgotten, it is useful to take into account also other terms connected with
simulation of processes in statistical physics. These terms can be helpful for
deeper understanding of the method. These terms can be also helpful in
evaluation of newly proposed modifications of the method, like force and
parallel simulated annealing in comparison with simple simulated annealing.
The paper introduces statistical physics terms into evaluation of
minimization process of simulated annealing. New modifications of
simulated annealing like forced simulated annealing and parallel simulated
annealing are described in Pascal-like algorithms, their performance is
illustrated by examples accompanied by figures describing processes in
simulated annealing in graph plots of time vs. statistical physics terms.

1. INTRODUCTION

Minimization of multimodal functions and combinatorial problems belongs to basic
problems in science, engineéring or operations research. Recently, the majority of
methods used for solution of this problem are based on stochastic approach, together
with some kind of heuristic. Such methods are genetic algorithms [1-3], evolution
strategies [4], and simulated annealing [5,6].

The connection of simulated annealing with its original purpose - to describe
physical processes - has been nearly forgotten, but we believe, that many terms used in

statistical physics can be still useful for deeper understanding of the method. The
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simulated annealing algorithm [7,8,12,13] is based on the analogy between the
simulated annealing of solids and the problem of solving large scale optimization
problem. In physics annealing denotes a process in which a solid placed in a heat bath
is heated up by increasing the temperature of the bath to a maximum value at which all
particles (molecules or atoms) are randomly arranged so that solid body is melted. This
process is followed by coocling by slowly lowering the temperature of the bath. All
particles arrange themselves in stable positions, which results in the Jow energy state of
a corresponding solid, assuming that the maximum temperature is sufficiently high and
the cooling is carried out sufficiently slowly. Starting off at the maximum value of
temperature, the cooling phase can be described as follows: At each temperature 7, the
solid is allowed to reach therntal equilibrium, described by the probability of being in a

state i with energy £; determined by the Boltzmann distribution

! ( E ]
w(E)=—exp| -— la
where £ is the Boltzmann constant and Q(T) is a normalization factor called the

partition function,
E
T)= Zcxp[—ﬁ) (1b)

where the summation runs over all states i of the solid. As the temperature T
decreases, the Boltzmann distribution favors states with lower energy, and finally,
when temperature approaches zero, only the state with minimal energy has a nonzero
(unit) probability of occurrence. Unfortunately, it is well known that if the cooling is
too rapid (the solid is not allowed to reach thermal equilibrium for each temperature),
defects can be “frozen” into the solid and metastable structures can be reached rather
than the lattice structure with lowest energy.

To simulate the evolution towards the thermal equilibrium of a physical system
(e.g. a many-particle crystalline solid) for a fixed value of the temperature 7,
Metropolis et al. [9] suggested the Monte Carlo method, which generates sequences of
states of the system in the following way: Given the current state of system
(determined by positions of particles) a small random perturbation is generated so that
particles are “gently” displaced (the perturbation should be symmetric, that is, if A and

B are two states, then the probability that a random perturbation of A leads to B must
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equal the probability that a random perturbation of B leads to A). If the difference
AE=E E

“ perturbed 1 current

between the perturbed state and the current state is negative
(£ prnirpea < Eurren )» then the process continues with the new perturbed state. In the
opposite case, if AE >0, then the probability of acceptance of the perturbed state,

Pr(perturbed«current), is given by exp(—AL / kT) (see Fig. 1)
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Figure 1. Plots of Metropolis criterion Pr=min(l,exp{-("-f)/T)) for different
temperatures 7, where f is a fixed functional value (f~4) and /" is an
independent variable taken from the closed interval [0,10]. For decreasing
values of T and for /*>/the probability Pr —0 as T—0.

Pr(perturbed « current) = min(], exp(-AE / kT)) ()

This acceptance rule of new states is called the Metropolis criterion. Following it, the
system eventually evolves into thermal equilibrium; after a large number of
perturbations, using the acceptance criterion (2), the probability distribution of states
approaches the Boltzmann distribution (1). This form of the Monte Carlo method is
known in statistical mechanics as the Metropolis algorithm [9]. In order to formalize
the Metropolis algorithm we introduce the following notation (useful also for our
forthcoming discussion on applications of the method of simulated annealing to
optimizations of large scale problems): A state of system is determined by a state
variable x (in general, a vector composed of many real entries) and an analogue of the
energy f{x) (treated as a function of x). A process of perturbation of the state x onto

another state x’ is represented by a stochastic function x'=Qp.r.(x) . The stochastic
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character of this function consists in its random changes of entries of x onto entries of

x’, see Algorithm 1.

procedure Metropolis_algorithm(X:ni, Xours Kuax, T) 7
begin k:=0; X:=Xj.i:
while k<Kg.. do
begin k:=k+1;
%7 ¢=0poreur (X) 5
Pr:=min(l,exp(-(f(x")-£(x))/T)):
if random<Pr then x:=x";
end;
Kour 1 =X}

end;

Algorithm 1. Implementation of the Metropolis algorithm. Input paramcters ar¢ Xy, Amar, 7, and
output parameter is X, The procedure is repeated ko times, sytmbol ., modifies a current state x
onto another state x', ils acceptance is solved by the Metropolis criterion performed for the

p T. The procedure is initialised by the input state x;,;, after finishing the algorithm the
current state is denoted by X,

In this algorithm random is a uniform random number from the semiopen
interval [0,1). The algorithm contains a while-cycle repeated k., times; this number
should be sufficiently large to achieve the thermal equilibrium. What is very important,
the Metropolis algorithm produces [5,6] a probability distribution approaching the
Boltzmann distribution (1)

w, (x) = = [—&c)) (a)

a0

where the summation runs over all states x. For simplicity, the Boltzmann constant & is
omitted (cf. eqs. (1a-b)), formally, it is shifted to the temperature 7.

The Metropolis algorithm can be used for the computer simulation of the
method of simulated annealing. Simulated annealing can be now viewed as a sequence
of Metropolis algorithms performed for a sequence of properly decreasing values of
the temperature and moreover, an output state x,, from the current Metropolis
algorithm serves as an input state x,, for the next Metropolis algorithm. Initially, the
temperature is set to a high value 7. and the Metropolis algorithm is applied until
equilibrium is achieved (by k.. times, where k.., is the parameter of the Metropolis

algorithm), The temperature is then lowered in steps {e.g. by 7'=af, where
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0 << a < 1), with the system being allowed to approach equilibrium for each step by
generating a sequence of states in the previously described way. The algorithm is
terminated at some small value of the temperature 7., for which virtually no states
with higher functional value than the current one are accepted anymore. The final
“frozen” state X, is then taken as the solution of the problem at hand, see Algorithm 2.
One of the major problems in simulated annealing is the specification of Ty, Tmn, and
the rate of decreasing of 7. For the starting temperature and cooling scheme elaborate
methods have been developed [5,6]. However, since the cooling scheme is not the
main topic of this paper, for clarity we have chosen the most simple cooling scheme.
Starting temperature was roughly set to a value, where about half of perturbations are

accepted by the Metropolis algorithm.

procedure Simulated annealing (Xepes Tmins Tmaxs Kmaxs @) ;
begin X, :=randomly generated state vector;
T:=Tmax?
while T>T,;, do
begin Metropolis_algorithm{Xins,Xouts Kmaxs T) 7
Xini $=Xout7
Ti=a*T;
end;
Xopt + =Xour 7
end;

Algorithm 2. Implementation of simulated annealmg, input parameters are Toiny Tory Kmars €,
and output parameter is x,,,. The algorithm is initialised by ion of the initial
state x,,; and by setting the temperature 7 to its initial value 7., The cycle is repeated while the
temperature T > T, the temperature T is decreased by parameter c. After finishing the cycle the
current state X, determines the solution of the algorithm denoted by x,.

The method of simulated annealing was formulated in a general way so that
“physical ballast” was removed, though some physical concepts still play a role of
fruitful heuristics useful for better intuitive understanding of the method. The main
purpose of the simulated annealing is looking for global solution of optimization

problems of the type
x,, =arg mrg f(x) 4)
where f{x) is a real function determined over the domain [ (usually discrete and finite),

and X, is a value of variable corresponding to the global minimum of f{x) over . The

variable x is considered as a state of hypothetical physical system and the function f{x)
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expresses its “energy”. Then, after the above considerations, the optimization problem
(4) may be successfully approached by the method of simulated annealing. The

parameter “temperature” plays now role of a control parameter of the method.

2. RELATIONS WITH STATISTICAL PHYSICS

As pointed out in the previous Section 1 there exists a clear analogy between the
annealing of solids (or, in general, physical systems composed of many particles that
are mutually interacting) and the solving of optimization problem (4). The physical
annealing process can be successfully modeled by using computer simulation methods
based on the Metropolis algorithm. This method in turn is based on the theory of
statistical physics which can be viewed as the central discipline of condensed matter
physics. We show that there exists very close relation between optimization problem
(4) and statistical physics. This interpretation of the simulated annealing when applied
to the finding of global solution of (4) is interesting not only because of a
phenomenological interest in the analogy but as a possible framework to model the
convergence and corresponding control of the simulated annealing.

The fundamental assumption of statistical physics [10] states that the physics of
many particle systems is compatible with a statistical ensemble and that time averages
of mechanical quantities of the system under microscopic equilibrium are equal to the
corresponding ensemble averages. A number of useful macroscopic quantities can be
then derived from the equilibrium distribution of states of the system. Applying the
principle of equal probability [10], we can show that at the thermal equilibrium the
probability that the system is in some microscopic state with a specified energy is
determined by the Boltzmann distribution (la-b). The relation between statistical
physics and the optimization problem (4) can now be made more explicit. Given a
hypothetical physical system in thermal equilibrium whose internal states x (variables
from the domain D) are distributed according to the expressions (3a-b) (formally
equivalent to (1a-b)) a set of microscopic quantities can be defined for the optimization
problem (4) in a similar way as for standard physical systems.

Let us consider a function f{x) defined over a discrete and finite domain D

D> AcCR, (5)
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where A is a domain (a discrete and finite subset of R, composed of nonnegative real
numbers) of functional values of f The probability distribution of a state x (i.e.
variable x from D), resulting as an application of the Metropolis algorithm performed
for a fixed temperature T, is determined by (3a-b). In our forthcoming considerations it
will be useful to know also the correspending density of functional values y=f{x). In

general, this entity is determined by

w,(y)= % exp( - %) (6a)

aT)=Z|oy) ‘D‘P(-%) (6b)

where D(y)(: D is composed of all x € D that give the same functional value
Y=

D(y)={xeD;y=1(x)} (6c)
and |D(y)| denotes its cardinality. It is easy to see that O(7) determined by (6b) is
identical to its counterpart determined by (3b). The following “macroscopic” quantities

are defined:

(1) The mean value of the function f{x)
{1 =Zyw() ™
(2) The mean value of the function f*(x)
{7} =2y w () ®
(3) The variance of the function f{x)

o*(1)= 2w, O, =) =(7), = (1), ©
(3) The entropy
S(T)=-Ew:(¥) m[%} (10)
(4) The specific heat

_oi D) _ ,28(r)
- 72 — 5T (11)

a1 =)



~14 -

Both right-hand sides of (11) can be simply proved by differentiating either (7) or (10)
with respect to T
The density of functional values determined by (6a-b) satisfies the following

asymptotic properties

tmw, () =w.0)=5100) (120

Tow®

1 (ITfJ’=J’W)
Izmw(y) w,(y)= E(yy,,,,) {0 (IF Yo B

where Yo =f{Xsp) is the optimal value of the function f{x) assigned to x,,; determined by

(12b)

(4) as the global minimum. The second limit property (12b) is very important for the
method of simulated annealing; it states that as the temperature 7" approaches zero
(through equilibrium states) the probability of appearing of states corresponding lo

the global minintum is unity.

The partial derivative of ( f )T with respect to T is determined by (11), we get

an._om,,
TZ

ar (2

This means that the mean value ( I )T is decreasing as the temperature T is also

decreasing (through equilibrium states) . Then, according to (12a-b) ,we get

lim (== iD| ,,r (¥ (14a)
’;’ﬂ (f>r = (f)o = Vo (14b)

The mean value ( f’)r satisfies similar asymptotic properties

tm (), =(77). =y Zie0)y as»

U (f2), = )e =Y (155)
For the variance determined by (9) we get
lim *(T) = o*() = (1), = (/. (16a)

ITH??O'( cr(O):(_ )0—(f>;=y:‘w—(ym)2=() (16b)
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The entropy determined by (10) satisfies the following two well-known asymptotic
properties
lim 8(T) = S(e) = In|D) (17a)
lim S(T) = $(0) = In|D(y,, )
=nl=0 (ff D(y,,.) = 1)

Their proof can be simply done introducing (6) into (10) and then turning the

(17b)

temperature 7" either to 7—c or T—0 . The second property (17b) is known in
physics as the third law of thermodynamics. In the case of simulated annealing, the
entropy can be interpreted as a guantitative measure of the degree of optimality.
According to (11) the partial derivative of the entropy with respect to the
temperature T is determined by
&1)_o(n)
ar 7 il

Then, with the decreasing temperature T (through equilibrium states), the entropy

(18)

should be also decreasing, in particular as 7—0 then S(7)—0 (cf. eq. (17b)). In the
neighborhood of 7=0 the entropy S(7) may be approximated by a power series of I’

S(T)=4,+ AT+ AT +... (19
where A=in(| Dy, |), and A,>0. Then the heat capacity C(T) in the neighborhood of
T=0 (cf. eq. (11)) is approximated by

C(T)= Té;[i) =T(4, +24,T+.) (20)

According to this formula and the asymptotic property (16a) of variance, the heat
capacity C(T) satisfies

lim C(T):J;izf c(r)=0 @an
This means that C¢T) should have for 0<T<co at least one maximum and as the

temperature T is turned either to zero or infinity C(7) is vanishing.
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3. MODEL CALCULATIONS
Let us consider a function f:D = {U,I}N — A < R_, with domain composed of
all N-dimensional binary vectors, defined as follows

1 if x| <
f(x)=f(x,,x2,,,_,xN):{fxi+ (i |x|<p)

. (22)
N-|x (if|x]>p)

f(x)

1(x)

p=4
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Figure 2. Plots of function (22) for N=10 and p=4, 7. For p=7 the function contains a
lengthy foot beyond which it rapidly decreases to zero (global deceptive mini %

where |x| =2, is the L; norm of x&{0,1}", 0<ix|<N. The parameter p is bounded by
0sp<N. For p<N this function has two minima, the first minimum is f{x)=1, for |x|=0,
and the second (global) minimum is f{x)=0, for [x|=N. For p=N, the function has only
one (i.e. global) minimum fx)=1/, for |x|=0. The set 4 of functional values is
composed of nonnegative integers bounded from above by fuu, A={0,1,2,... fuut
where f=max(p+1,N-p-1). Schematic plots of ffx) for N=10 and for p=4 and p=7
are displayed in Fig. 2. Parameter p determines the so-called deceptiveness [11] of the
function f{x). If p is slightly smaller than N, then the function contains lengthy foot
starting at |x/=0 and ending at |x|=p, beyond which (for p+/<ix|<N) the function
rapidly decreases to zero (see Fig. 2, plot B). This feature of the function f{x) is called
the deceptiveness [11] and represents a hard task for evolution methods when applied

to find global (deceptive) minima.
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The operator Opemess from the Metropolis algorithm that transforms a binary

vector x ££0, 13" onto another vector x*&f0,1}" is now realized by making use of the

so-called mutation operator il (terminology used in the genetic algorithm [2])

mt

2 = (X, X)) = OFd(x)

mut

23
SO K ) e
where entries of x” are determined by
1- if random < P,
o L B (24)
X (otherwise)

Puar 18 a probability whether the entry x; (for Vi) will be changed to its complement (if
randon< P, or not (otherwise), and random is a uniform random number from the
semiopen interval [0,1). Its value should be small (0<P,.,<<[) , in the opposite case
the mutation operator produces new binary vectors that are very different from their
original counterparts.

In order to calculate macroscopic entities defined in the previous Section 2, we
have to know cardinalities of sets Dy) for the function defined by (19). For instance,
for N=10 and for p=4 and p=7, they are constructed after simple combinatorial
considerations
p=4: D)=, \D(D)|=1, |D(2)|=55, |D(3)|=165, |D(H)|=330, |D(5)| =462
p=7:\D()|=1, |D(D)|=11, |D(2)|=55, |D(3)|=45 |D{4)|=120, |D(5}|=210,

|D(6)1=232, |D(7)|=210, |I(8)|=120

The plots of macroscopic quantities for the function f{x) specified by N=10 and
p=1,4,7, and 9 are displayed in Fig. 3, plots A to E. We see that all asymptotic
properties discussed in the previous Section 2 are satisfied. In particular, the mean
value <f>ris vanishing as 7— 0. This means that for small temperatures the state with
zero functional value is dominant with unit probability of appearance.

In the case of the simulated annealing an evaluation of macroscopic quantities
can be done by approximating densities of functional values. In particular, they are
approximated by appearances of functional values of states that have been accepted by
the Metropolis algorithm for a fixed temperature 7. Let z:()) be a number of

appearance of states x corresponding to y that have appeared in the course of



- 18 -

Metropolis algorithm for the temperature 7. Then the densities wi{}) are approximated
by

z:(%)
w,( y) R (25)
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Figure 3. Plots of macroscopic quantities calculated by theoretical formulae (7-11) for parameters
p=1,4.7, and 9 (plots A to E).

For k.. sufficiently large, this approximation should provide results that are closely
related to the correct values of wi(y). The plots of all five macroscopic quantitics
determined by (7-11) with densities approximated by (25) are displayed in Fig. 4, plots

A to E. Parameters of the simulated annealing used in calculations of these plots are
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bimax=10", Pri=0.1, Te=3, Trin=3/30, and a=0.95 26)

00 05 10 15 20
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Figure 4. Plots of all five macroscopic quantities calculated by the method of simulated annealing
specified by parameters (26). For the most deceptive case p=9, the final state x., corresponds to the
unit functional value (local minimum), ie. the method was unable to provide the correct global
minimum.

We see that the simulated annealing for p=1/,4, and 7 has provided correct results for
the mean value <f>r(i.e. </>r—0 as 7—{), whereas for p=9 (the function f{x) has the
highest degree of deceptiveness) the method was unable to provide the correct result,
in particular we got <f>7—/ as 7—{. This means that for p=9 the simulated annealing
was able to give only the suboptimal solution x=(0,0,....,0), |x|=0, for which f{x)=/. A

critical interval of temperatures for this case is 0.7-0.9, above this interval the method
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provides solutions with densities of y=0 closely related to their theoretical values, but
inside of this interval the incidence of states with y=0 was zero. Then, for lower
temperature the Metropolis algorithm was unable to create states with y=0 (due to
extended barrier of functional values, cf. Fig. 2, plot B). This fact is indicated, for
example, by a large maximum on plots of the variance and the specific heat, which may
be physically interpreted as “phase transition” to a configuration separated by great
barrier from the configuration corresponding to the correct solution. Consequently,
these macroscopic quantities might be of value as a valuable indicator of the range of
temperature 7" where decrement in 7" should be smaller to overcome successfully the
“phase transition”,

Few remarks should be made about the simulated annealing when applied to
the function ffx) for the most deceptive case p=9. We have demonstrated that the
simulated annealing with parameters (26) was unable to provide the correct solution.
In general, this failure may be simply surmounted so that the probability P is
substantially increased, say P,.,=0.5. But then it is impossible to consider the simulated
annealing as an evolutionary method; the scanning of search space is then more random
than systematic. The simulated annealing for high values of P, is reduced, in fact, to a
“blind” random searching. For fewer-dimensional cases this approach may be
successful (e.g. searching space of /) is composed of 2'=1024 binary vectors), but
for higher-scale problems such an approach would be totally hopeless. In the
forthcoming part of this Section we present two different approaches how to “gently”
modify the standard version of simulated annealing so that it will be able to give
correct solutions for highly deceptive function f{x) (with p=9), and simultaneously the

evolutionary character of simulated annealing will be saved.

3.1 Forced simulated annealing
In the original version of simulated annealing the resulting state from an application of
the Metropolis algorithm (performed with temperature T') serves as an initial state of
the next Metropolis algorithm (performed with decreased temperature af). This basic
assumption of the standard version of simulated version will be now relaxed so that
each Metropolis algorithm is initialized by the best solution found so far in the previous

history of the simulated annealing (i.e. for its runs with higher temperatures than the
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current temperature), we shall call such simple modification the forced simulated
amnealing. A modification  of  procedures  Metropolis_algorithm  and

Simulated_annealing outlined in Section 1 is displayed in Algorithm 3 and Algorithm 4.

procedure Forced Metropolis algorithm(Xepes Kmax,T) 7
begin k:=0; X:i=Xgt;
while k<k,.x do
begin k:=k+1;
X" 1 =0perrur (X) 7
Pr:=min(l,exp(-(£(x")-£(x))/T));
if random<Pr then
begin x:=x';
if f(x')<f(Xope) then xge:=x’;
end;
end;
end;
Algorithm 3. Implementation of the forced Metropolis algorithm with input parameters X, Kmax, 7.

The algorithm is initialized by x,,,, the best solution found in its course is recorded to x,,, This means
that x,;; serves simul Iy as the output parameter.

procedure Forced Simulated_annealing (Xopts Tmins Traxs Kmaxs Q) ;
begin X.::=randomly generated state vector;

T :=Tmaxs

while T>T,, do

begin Forced Metropolis _algorithm(Xope, Kpax:T) ;

T:= a*T;
end;

end;

Algorithm 4. Implementation of the forced simulated annealing with input parameters Topin, Tmaz, Kimasxs
o and output parameler x,,. The state x,,, , initialized randomly, records the best solution achieved in
the course of the whole history of the algorithm

In general, the forced simulated annealing algorithm does not satisfy a very
important condition that for sufficiently large Kn.. and for discrete temperature steps it
will produce states distributed in accordance with the Boltzmann formula (3). Since in
each temperature-decreasing step the Metropolis algorithm is now initialized by the
best solution achieved so far in the previous history of the simulated annealing, it may
happen (in particular, for lower temperatures) that the solution produced by the last
performance of the Metropolis algorithm represents a local minimum different from the
global minimum. However, k.., and therefore also the necessary computational time

can be smaller than in simple simulated annealing.
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to keep nonzero distribution of the state with zero functional value (i.e. a binary vector
composed only of 1s). Since the best solution is for the presented example usually
recorded in the very early stage of the process, the Metropolis algorithm produces for
smaller temperatures (7<0.6) acceptable states that are identical with the best solution.

A weaker version of the forced simulated annealing is based on an assumption
that the Metropolis algorithm is initialized by the best solution obtained not in the
preceding history of the method but only in the previous step. Unfortunately, its
application to our most deceptive case p=9 was not successful in overcoming the great
barrier between the local minimum (with unit functional value) and the global minimum

(with zero functional value).

3.2 Parallel simulated annealing
This version of the simulated annealing was successfully used for effective solution of
complicated combinatorial graph-theoretical problems [12,13,14], where the standard

version failed to give correct global solutions. Its basic idea consists in simultaneous




















































































